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PREFACE TO THE FIRST EDITION. 


Although I hâve entitled the présent Volume, 
“ Dynamics of Material Systems yet the investiga- 
tions contained in it are far from comprising ail 
which a complété treatise on that subject i-equires. 
They are indeed almost wholly confined to those par- 
ticular Systems in which the internai forces, brought 
into action, either eflfectively or potentially, by means 
of the external forces, enter in equal and opposite 
pairs ; so that they disappear in the équations of 
motion formed on D’Alembert’s principle. I say 
almost wholly, because, in the last Chapter but one 
of the Volume, the motion of the particles of an 
elastic body is to a certain extent discussed : and 
herein the elastic forces, which are internai forces, 
do not disappear, but enter as effective forces, the 
action of which is determined by Hooke’s law, or by 
an équivalent assumption of a property of such 
matter. In ail other cases, in a rigid body, in a 
rigid System which is maintained in a State of rela- 
tive rest by rigid rods and similar modes of con- 
straint, in Systems wherein every mutual action of 
attraction or repulsion is accompanied by an equal 
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and opposite reaction, the internai forces disappear 
from the équations of motion. 

The expediency, nay, almost the necessity, of giving 
a geometrical image to complicated mechanical laws 
demanded the insertion of a preliminary Chapter, 
which should contain the required geometrical theo- 
rems. The importance of familiarity with the sym- 
hols of this Chapter and their symmetrical manipu- 
lation, with the linear and angular directions, with 
the geometrical forms, which heing in tridimensional 
space are difficult of imagination, cannot be over- 
estimated. A System of notation lias also been hereby 
ohtained, and this is preserved uniformly throughout 
the Treatise. 

The motion of a System is of course more compli- 
cated than that of a single particle, and thus greater 
prominence has been given to the distinction between 
kinematics and dynamics than was necessary in the 
preceding Volume. A force surely cannot be perfectly 
apprehended as to its efifects on the motion of a Sys- 
tem, unless the effects hâve been previously exa- 
mined, and, I may say, examined in ail their gene- 
rahty. Hence arises the importance of the Chapter 
on kinematics, in which it is shewn that the most 
general motion of a rigid system is compounded of, 
and may be resolved into, a translation of any par- 
ticle and a rotation about an axis which passes 
through that particle. The applications of this ana- 
lysis of motion in the subséquent parts of the Treatise 
are many and varions. The Analytical Table of Con- 
tents will sufflciently indicate the course of inquiry : 
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it will manifest the logical sequence of thé several 
parts ; the first formation of the équations of motion 
hy means of D’Alembert’s principle : the theorems de- 
duced from particular forms of these équations : the 
more general theorems and principles which they in- 
volve : the transformation of the équations of rotation 
into angular velocities: the conséquent geometry of 
masses, and the theory of principal axes, and their 
distribution in space: the motion of a body subject 
to constraint either of a flxed axis or of a fixed point; 
that of a body perfectly free from ail constraint ; the 
theory of relative motion ; and the theory of machines 
in motion and of worh done thereby. I may, too, 
observe, that we are herein led to some curions 
properties of mechanical units, and to the mode of 
reducing ail force-action to an uniform standard of 
mechanical worh. 

The concluding Chapter is the worh of Mr. W. F. 
Donkix, M.A., F.R.S., of üniversity College, and Savi- 
lian Pi'ofessor of Astronomy, Oxford; “Theoretical 
Dynamics” is the subject of it; and the theory is 
discussed which assigns the number and the order 
of the differential équations of motion in the most 
general problem; the possibility of the solution of 
some or ail of them ; and the forms of the resulting 
intégrais. The Lagrangian and Hamiltonian équations 
are investigated ; and theorems, important in refer- 
ence to these équations, discovered by Poisson, Jacobi, 
Professor Donkin himself, M. Bout, M. Liouville, are 
demonstrated. Perhaps no one is better able to 
expound the difi&culties of the theory than the 
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accomplished mathematician who has contributed 
tbe Cliapter; he bas studied the subject, and bas 
made real advances in it. 

Investigations of problems of a spécial cbaracter 
are introduced more generally tban in tbe preceding 
Volume. Tbus tbe subject of tbe procession and 
nutation of tbe eartb’s axis bas been considered 
at some lengtb ; tbe apparent effects due to tbe 
eartb’s diurnal rotation on tbe action of tbe pendulum- 
experiment devised by Foucault, and of tbe gyroscope, 
on tbe déviation of beavy bodies, wbetber falling 
freely or projected witb bigb velocities, are discussed 
witb considérable minuteness. Tbis course bas been 
to a certain extent unavoidable; because cosmical 
pbenomena, and machines devised to illustrate tbem, 
are tbe most simple and most appropriate examples 
of general mecbanical processes ; consequently it bas 
been unnecessary to devise bard problems for the 
purpose of exbibiting the poAver of tbe équations, when 
they are best illustrated by tbe movements in which 
we ourselves daily take part, It is thougbt also that 
the utility of tbe work is hereby increased. 

The general principle on wbicb tbe équations of 
motion are formed is the same as that Avbicb is so 
frequently and so prominently stated in tbe pi-eceding 
Volume ; viz. tbe equality of the impressed and the 
expressed momentum on a single particle. Tbis 
principle is indeed directly applicable to the déter- 
mination of the motion of a material System, only 
wben tbe internai forces which act on tbe several 
molécules are taken account of; and as the nature. 
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the laws, and the action of these forces are generally 
unknown, some other mode of estimating the general 
results is required. If the System is so organized that 
the internai forces enter in equal and opposite pairs, 
they disappear in the équations of motion, and the 
circumstances are expressed without difi&culty in a 
snfficient number of équations. 

AU the incidents of motion which arise out of con- 
tinuons laws are expressed as infinitesimals, This is 
indeed the reason why the présent and the preceding 
Volumes, in which mechanical subjects are treated, 
are included in a course of Infinitésimal Calculus. 
Infinitesimals are, as heretofore, stated and applied 
in their barest forms; and subject to the axiomatic 
properties of Art. 9, Vol. I. Infinitesimals and finite 
quantities are the maieries of calculation according 
to the same laws. And it is submitted that con- 
tinuons laws can only thus be adequately expressed 
symbolically. 

The object of the Author has been the construction 
of an uniform scientific Treatise, pervaded by one idea, 
and applying one principle. Thus, at the outset, a 
certain form is given to the équations of motion by 
D’Alembert’s principle ; and in that form they are 
applied to ail subséquent purposes and processes ; for 
they are directly applicable to ail classes of dynamical 
problems. In some cases indeed they are conveniently 
applied in the transformed state, as they are known 
by the name of Euler’s Equations; generally how- 
ever ail spécial artifices, however ingenious they may 
be, and whatever abridgement of work they may 
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introduce, are avoided ; the circumstances of a pro- 
blem are resolved into their simplest éléments, and 
these are expressed by tbe general équations and 
tlieir intégrais. 

TJie object again is not to make new discoveries or 
to open new lines of researcb ; but to use tbe présent 
knowledge and tbe présent materials; to digest, to 
arrange, to consolidate ail iuto one barmonious Trea- 
tise ; to make sucb additions as are necessary for tbe 
process; and to présent ail to a student on an uniform 
plan. Tbe Treatise bas arisen ont of tbe want wbicb 
tbe A-Utbor bîmself bas frequently experienced in bis 
professional emplojnnent ; and tbe attempt to supply 
that want bas given to tbe work its didactic character 
and. its colloquial style. 

Tlie Autbor is of course under obligations to many 
writers on Mechanics and kindred subjects. Tbese 
obligations be bas attempted to acknowledge from 
time to time, as well as to specify tbe treatises 
wlierein certain subjects bave been originally or fully 
treated. It bas bowever been impossible to satisfy 
tbe daims of sucb writers in ail cases. In many 
cases, tbe Autbor bas found, tbat tbeorems, to wbicb 
lie was led in tbe course of bis investigation, bad 
been previously discovered, and be is also bound to 
say, tbat many tbeorems wbicb are attributed to 
certain antbors bave been known and proved long 
befbre tbe time of tbe writer to wbom tbe crédit is 
commonly given. Tbis is a disappointment to wbicb 
an inquirer in any brancb of science must be liable. 
He will rejoice bowever to find tbat trutb bas ad- 
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vanced, although his share in the work may not be 
as large as he miglit expect. The henefit of the 
progress will be permanent, his disappointment will 
be temporary; and if he will take heed to nse it 
aright, it will be an inducement to greater industry 
and further research. 


PREFACE TO THE SECOND EDITION. 


I HAVE little to add in the way of Préfacé to what 
has already been said in the former Edition. The 
Work has been corrected and revised throughout, and 
in some parts enlarged ; but the principle and arrange- 
ment remain the same. I hâve seen no reason for 
changing these. Many friends hâve favoured me 
with criticisms, and to them I give my best thanks. 
Two require especial mention, viz. the late Mr. Isaac 
Todhunter, M.A., F.R.S., Fellow of St. John’s College, 
Cambridge, who most carefully commented on the 
former édition from beginning to end, and Mr. John 
Purser, M.A., Professor of Mathematics in the Queen’s 
College, Belfast, to whom I am indebted for many 
observations on the Problem of the Gyroscope ; these 
hâve induced me to carry the investigation to higher 
terms than in the former édition. 


Oxford, Julÿ 19 , 1889 . 
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ANALYTICÂL MECHANICS. 


PAET IIL 

DYNAMICS j THE MOTION OF A MATERIAL SYSTEM. 


CHAPTEE I 

PEELIMINAET GEOMETRIOAL INVESTIGATIONS. 

Article 1.] In following* the course suggested by the nature 
of tbe science of mechanies, tlie subject next for discussion is 
tbe motion of a material System ; tliat is, of a System of mate- 
rial particles whicb. are related to eacb. other by means of cer- 
tain forces of attraction, tension, and such like. These will be 
explained bereafter. This motion I sball consider in its greatest 
generality, and by the light of the best processes which modem 
science has discovered : we shall hereby be enabled to apply our 
principles to problems of great interest and of practical import- 
ance, and to their solution by most élégant methods. I shall 
also enunciate and explain certain very general principles, which 
in their mathematical expression include ail Dynamical pro- 
blems. These will be introduced towards the close of our 
treatise; because I think that such and similar general pro- 
positions are more adequately apprehended, when they hâve 
been previously applied as it were piecemeal to particular pro- 
blems. This is the course which I hâve taken heretofore, and 
which I shall still take, in the conviction that it is that which 
is best suited to a didactic treatise. 

The general motion of a material System takes place in space ; 
and is capable of détermination only by means of properties of 
space ; by means, that is, of Systems of coordinates, or of some 
other équivalent mode of référencé. It is necessary therefore for 
us to be prepared with a sufficient knowledge of these properties. 

Moreover in the course of our treatise we shall often hâve 
occasion to translate mechanieal results into analogous geo- 
metrical theorems, whereby we shall obtain a fertile interprétation 
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of meclianical laws from a geometrical point of view. Now 
alttougli tlie theorems which we re^^^uire may be found scat- 
tered here and there in treatises on geometry, y et it is almost 
necessaïy to colleet them, that ail may be seen in one con- 
spectus. s And tbere is also another reason for tbis introdnetiory 
section ; we shall préservé an uniform notation tbrougbout : 
and this in complex formnlæ is a matter of importance no less 
than of elegance ; for when an algebraical équation or a geo- 
metrical form is difficult of compréhension, it is surely nnde- 
sirable to increase the difficulty by a confused symbolism. 

2.] I shall assume in my readers a knowledge of the ordi- 
nary équations of the straight line, and of the plane ; and of 
their common properties : and I shall begin with the investiga- 
tion of the transformation of coordinates from one rectangular 
System of axes to another rectangular System, both of which 
originate at the same point. Let us suppose a point P to be 
(£, 17 , C) in reference to these two Systems respectively ; 
and the Systems to be connected by direction-cosines indicated 
in the folio wing scheme : 



æ 

y 

Z 


«1 

^2 

^3 

V 

^1 

h 

^3 

c 


H 

^3 


( 1 ) 


so that 

^ 17 + %C> J 



^ = « 2^+52 17 + C2C, V 

( 2 ) 


z = asi + ds 77 + C3C; ) 

and inversely. 




t} = dj^x + y + V 

(3) 


C==c^x+C2 y +C3Z. ) 


As the Systems are rectangular, we bave 


a-i + V 

'' + c^^ = + + + = 1 , 

(4) 

+ o-i 

+ «s" = V + V + V = ^1^ + ^2® + = 1, 

(5) 


ûfg <^3 + ^2 ^3 + ^2 ^3 — + + ~ (®) 

dj^Ci + + + + = 0 . ( 7 ) 
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From the last two équations of (6) we tave, 
ct^ ct-^ 4 “ "bc) ^2 O 7 
aaÆi + JgJi+CgCi = Or 

c^i bj^ " 

^ 2^3 ^ 2^3 ^2 ^3 ”“^ 2^3 ^ 2^3 — ^ 2^3 

{ (^2^3~^2y^ +(^2^3~^2^3)^ + (^2^3--^2«3)^}^ 

= ± 1, (9) 

As to the double sign in tbe rigbt-liand member of this last 
équation I would observe, that it indieates the two orders in 
wbieF the positive axes of the two Systems of eoordinates may 
be taken : that is, if both are taken in the same order, when £ 
and rj coincide with æ and respeetively, C will aiso eoineide with 
z: but if they are taken in a contrary order, C wiU coincide 
with —Z when £ and y] coincide with æ and y. Let us assume 
the order of the two Systems to be the same : so that when the 
two Systems are coincident the foUowing simultaneous conditions 
must be satisfied : 

=1, «2 = ^5 ^3 = Oj ) 

= J2=l> h^oA (10) 

= Oj C2 = Oy C3 = 1 ; ; 

and for the fulfilment of these conditions the upper sign must 
be taken in (9) ; so that from (9), and similarly from the other 
pairs of équations of (6), we hâve 


^2 ^3 ^2 ^3 

Cq Æg Q/c) Cg 

^ 2^3 ^ 2^3 1 



~ h ~ 

— 1, 

y±X} 

ÔgCj — Cg^l 

C3 Cl-^ ÛJg C-j^ 

^ 3^1 ^ 3^1 1 

( 12 ) 


~ h " 

— i-, 

^2 


^1^2 ”“^1^2 

C-^ Ct() âz-j ^2 

Qf-^ b 2 b-^ etc) 1 


do 


Co 



These results may also be deduced from (5) and (7), which are 
équations inverse to (4) and (6). 

3.] In the preeeding Article the new System of coordinate 
axes of (£, rj, C) is eonnected with the original System of z) 
by means of nine direction-cosines : those, that is, of (1) : these 
however are related by six équations of condition, either (4) and 
(6), or (5) and (7) : so that only three of the nine direction- 

B 2 



4 


TJg^ANSEOEMATIOlSr OP SYSTEMS OP EEPEEENOB. [3. 

cosines are îndependent. It is however to be observed tbat tîie 
transformation is thus effected hj means of symmetrical linear 
équations ; in many cases tlie advantage of employing siicli 
formnlæ is greater tkan tbe inconvenience of introducing many 
variables wkicb. are not independent ; but in otker cases it is 
more convenient to introduce as few variables as possible ; and 
I proceed tkerefore to explain Euler’s process of transformation, 
in which. only three new quantities are required. 

Let, as beretofore, æ, y, 0 refer to tbe original System, and 
ii C fo tbe transformed System. 

(1) Let tbe System of axes be tuined about tbe axis of in 
a positive dii-ection tbrougb an angle \jr : see Fig. 1 ; and let 
æ', y, z' be tbe values of cg, y, -2? wben tbis rotation bas taken 
place ; so tbat 

æ æ' cos \}/ —y' sin \ 

y = smxp- -j- y cos \lr, > (14) 

Z =z z\ ) 

(3) Let tbe System of a?', y, / be turned tbrougb an angle 0 
about tbe line on, wbicb is tbe axis of û:)^; and let be tbe 

coordinates wben tbis rotation bas taken place ; so tbat 

x' = \ 

y = y'cos0— /'sin^, ( (15) 

^' = y'sin^ + /'cos^, ) 

(3) Let tbe System of x'\y'\z" \,c turned about tbe axis of 
2" in a positive direction tbrougb an angle ^ ; and let 97, ^be 
tbe coordinates wben tbis rotation bas taken place ; so tbat 

x'' = ^eos(j)—7]sm(j), \ 

y'= fsin0 + r]cos(^, [ (16) 

) 

Tben by tbese successive transformations tbe System of axes 
will be transformed in tbe most general manner possible ; and 
substituting in (14) from (15) and (16), we bave 

a? = ^(cos(j> cosylr — sin <p sm^p■ cos 6) A- rj (— sincjî) cos\l/ — cos cj) smxj/cosO] 

•\-Csm\lrsm6, (17) 

y^ ^ (cos sin ^ + sin ^ cos yjr cos 6)-^ rj sin </> sin -}- cos (j) cos ^ cos 0) 

— CG0s\lrsm9, (18) 

= £ sin <j5 sin(9 + 77 coscj) sin^ -f f cos^, (19) 


QUADEIO STJEFACES. 


5 


5.] 

whereby the relations between the old and new coordinates are 
expressed in terms of three lindetermined quantities Ô, <(>, and -v/r. 

4. ] The comparison of (17), (18) and (19) with ( 2 ) indicates 
the following équivalences : 

cos( 5 f) cos\/^— sin^sin\/rcosd, \ 
b^z=z — sin(jf)eos^/r— eos^sini/rcos^, V ( 20 ) 

= sini/r sin^, ) 

a 2 = coscj) sin\j/ *f sijKj) cos\/r cos 0^ \ 

^2 = -~sin<ÿsin^-f cos<j^)COST/^cos^, > ( 21 ) 

Co = — eosi//'sin^, ) 

âjg = sin< 3 [) sin^, 

^3 = cos (}> sin 0 , 

<?3 = cos 0 ; 

these équations also satisfy the conditions (4) ... (7) ; and from 
them we hâve 

Cf> c 

cos^ = ^ 3 j iSLix(j) = j^} tam//* = — 1; (23) 

so that the nine direction-cosines are expressed by means of 
three quantities 0 ^ < 56 , yjr* 

5. ] In the course of our work we shall frequently require for 
illustration quadric surfaces, or surfaces of the second degree. 
The most general form of the équation of which is 

+ q.0^2^2Dy^ + 2B<2:a? + 2Ficy + 2Ga? + 2H^q-2r^ + K=0: (24) 

but as we shall need only central surfaces, and these referred 
to the centre as the origin, and to rectangular coordinates, it is 
convenient to reduce (24) to the most simple form which the 
équation of such surfaces admits of. 

Let us transform the équation to a new origin («?', y', /) ; and 
let the new origin be the centre ; then substituting -P a?', y +y', 
z-i-/ severally for i 2 ?,y, z, (24) becomes 

-f By^ + c + 2 ny - 2 ; + 2 e< 2 ?æ? - h 2 My 

+ 2 (Aâ?' + py' + E/-|-a)^ + 2(p^î?'4’By' + i>/ + H)y 

+ 2 (E^'-f Dy'q- c/ + j) ^ 

+ A^'^ + By'2 4. c + 2 Dy'/ + 2 e/^' + 2 - fcc '/ 

+ 2Ga?'+2]3[y' + 2j/ + E: = 0; (25) 

as {a)\ /, /) is the centre, this équation is to be unaltered when 




QÏÏADRIO SUEFAOES. 


6 


[ 6 . 


îor SD, y, Z we substitute -x, —y, — therefore the coefficients 
of X, y, Z mnst vanish ; so tbat 

e/ + g = 0, \ 

f/ + b/+d/+h = 0, > (26) 

e/ + d/ + c/+j = 0; ; 

wbence we bave finite vaines for a?',/, / ; nnless 

ABO—AB^-BE^— ce2 + 2dee = V (say) = 0, (27) 

in wMcb case tbe vaines of x\y\ / are infinité. Let ns however 
snppose V to be finite : tben the équation to the surface becomes 
Ait?2 + By2 + c^2^2By;2? + 2E^^ + 2Ei27y + k'= 0 ; (28) 

wherein k' is the constant term, and represents the last two fines 
of (25) : and as is évident from (26), 

k'= oa?'+H/ + j/ + K; (29) 

and if we substitute the values of x\ y\ z\ which are determined 
by (26), we bave 

k'v = (d^ — b c) + (e^ ~ 0 a) + (e^ ~ ab) 

+ 2hj(ad~ee) + 2jg(be-eb) + 2gh(ce— be)-~icv, (30) 
= v' (say). (31) 

In passing I would observe, that v is the déterminant of the 
three équations (26), when the last terms are omitted ; and 
that v' is, omitting a factor, the déterminant of the four équa- 
tions (26) and (29). This condition bas been already deter- 
mined in Ex. 3, Art. 355, Vol. I. Ed. 2. 

If V = 0, the coordinates of the centre are infinité : the sur- 
face in this case is non-central, and is a paraboloid, or one of 
its degenerate varieties. 

If v'= 0, the équation to the surface is 

AÆj2+By2 + c^2_|_2Dy^^2E^a?-f 2Ea?y = 0, (32) 

and the centre is on the surface. The surface is therefore a 
cône, or one of its degenerate varieties. 

6.] We can further reduce the general équation to central 
surfaces by means of another transformation of rectangular co- 
ordinate axes. Let the centre still be the origin, and let another 
System of rectangular axes originate at it. Let us omit the 
accent on x' in (28), and for y, z let us substitute the values 
given in (2). Then (28) becomes 
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P { h.a^ + + ca^ 4- -f 2 + 2 } 

^-'r\^{kl-^ +CÔ32 + 2DÔ2534-2E5351 +2^5^52} 

+ +B<?2^ +0^3^ +2 d<? 2<?3 +2i^C^C^ h- 2 fCjC 2 }• 

+ 2r]C + 'B&2^2 + ^^3^3 

+ B» (<^2^3 + h ^2) + E (^3^1 + ^1^3) + ^ (^1^2 + ^2^1) } 

+ 2 +^^2^2 + C<?3% 

+ D (<? 2^3 + ^3 ^ 2 ) + E (^ 3^1 + ^1 ^ 3 ) + ^ (^1 ^2 + ^ 2 ^ l ) } 

+ 2 £?] { AÛ^i + Bâ:2 ^2 + C 

4* P {^2^3 ^3^2} ^ (^3^1 ^1 ^3} ^ (^1 ^2 ^2 ^1} ]■ "I" X ” 

In this équation nine direction-cosines are involved, and these 
thus far are subject to only six conditions ; viz. (4) and (6), or 
(5) and (7) of Art. 2. Three other équations therefore are neces- 
saiy for their complété détermination ; assuming* the following 
conditions to be possible and sufficient, let us suppose the coefR- 
cients of r}(, Ci) ^^id irj in (33) to vanish : so that we bave 

^^3^3 *b B (^2^3 "b ^3^2) ® (^3^1 “b ^1^3) (^1^2 4* ^2^l) ~ ^3 J 

A Cl (3^1 + B (?2 ^2 + ^ ^3 ^3 + ^ (^2^3 + ^3 ^ 2 ) + ® ^s) + (^1 ^2 + ^2 ^l) = ^5 [ 

A ôi 4 B CJ 2 ^2 + c cjg ^3 4- D [a^ ^ 3 4 cîg Ô 2 ) 4 e (<23 4 ig) 4 B (c^i §2 + ^^2 ®i) = ^ 

Also let the new coefficients of £^5 C^ in the transformed équa- 
tion severally be a', b', c'; so that 

Aa-^^ + Baç^-{-ca^^ + 2'Da2ao + 2Ea^a^ + 2Fa^a.2^ \ 

aSi^ 4Bÿ2^4c53^4 2D^2^3 + ^®^3^i 4 ^bZ'i52 = b'j ( (35) 

ACi^ 4 BCg^ 4 ccg^ 4 2 DC 2 C 3 4 ^ECgCi 4 2 PC 1 C 2 = c'; ) 
whereby (if these équations are possible) the transformed equa- 
tion is ^,^2 ^,^2 + c'C^ + K = 0. • (36) 

Now the last two équations of (34) may be put into the fol- 
lowing forms ; 

(AC5i4E«2 + E<^3)^?l + (B^l4BC;2 4Dâ53)c2 4(Eâîi4B«2 + CâÎ3)c3 = 0, I , . 

A< 2 i 4 P ^2 "b P^s) 4 (pcfj 4 b<i 7/2 4 Bcjg) ^2 4 (e^i 4 T)Cl2 4 ^^ 3)^3 — 5 J 

and our hypothesis requires these to côexist with the second 
and third of (7), Article 2 ; viz. with 

d" ^2^2 “b ^3^3 = 0, ^ 

<^1^1 + ^2^2 + ^3^3= 0* ) 

But if we bave two pairs of équations of the forms 


( 38 ) 
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t 


= or 


from these we hâve 


La? + My + N-2 = O ) 
l£+m? 7 +nc= O r 


m 


yC-^r}Z — 

L M N 


(39) 


yi-y\z zi— Cl» !»t\-iy' 

l m n 

L M N 

As (37) and (38) are paii*s of équations of the same form as 
these, we hâve 

Aa^ + -pa,^ + 'Ea^ __ + + _ Ba^ + J)a,2 + ca^ 


1 ^2 ‘^3 

_ Aa^^+Ba2^ + ca^^-h2Ba2Ci^-i-2iia^a^ + 2Ya^a2 


(40) 


af + «2 + ^3 

= a', from (35) ; (42) 

(41) being inferred from (40) hy operating on the numerators 
and denominators of (40) severally with the factors ^^25 ^35 
by adding numerators and denominators. 

Similarly from the third and first, and from the first and 
second of (34), we hâve 

aJi + P^2 + ^^3 ___ B^1 + bJ2 + b 53 ESi + nJg + C^g 


Ui U2 

A + BC,2 + E^?3 + B^2 + T)Co 

^9 


h 


= B, 


EC^ + DCg + CCj _ , 

■ — ' — C • 


As these last équations are of precisely the same form as 
(42), let us take a type-expression of ail ; and assume x to be 
the type of a', b'^, c'; and 4 to be the type of : so that 

we hâve the following typical form : 


t ' 

(a— x)!;j+ E^2 + 

= 0, ) 


\ 

Fîfj +(B — X)4+ 

= 0, [ 

(43) 


+ D^2 +(c — x)4 

= 0; ) 



now from these three équations combined with the condition 

+ ^3^ = 1 

four unknown quantifies are to be determined, viz. and 

X. These quantifies we proceed to discover. 

Eliminating from (43) by cross-multiplication, we hâve 

(a— x)(b— x)(c— x)— d2(a— x)— e^(b— x)— e2(c-x} + 2dee = 0; (44 
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and this is the condition of the coexistence of tlie tliree équations 
of (43) ; and is also tlie équation for determining x. 

As (44) is a cuLic in x it has tlnree roots ; and these are the 
values of a', b', c' which are the coefficients of in équa- 

tion (36) : so that 

(a — x)(b— x) (c — x)— d^(a— x)— e2(b— x)~-p2^Q_x) + 2DEP 

= (a'— x) (b'—x) (c'— x) = 0 ; (45) 
multiplying ont each side of this équation, and equating 
coefficients of like terms, we hâve 

a' + b'+c' = a + b + c, \ 

bV+cV + aV = BC + CA + AB — 1>2 C 

a'b'c' = ABC — AI)2-_be 2 — Cp2H-2l)EB; ) 


as the left-hand members are fixed qiiantities, the right-hand 
members are Invariants. Their geometrical meaning is well 
known ; the naechanical interprétation of certain similar expres- 
sions will be given hereafter. It will be observed that the right- 
hand member of the last is the déterminant v, see (27), which is 
the condition of co-existence of the three partial a?-, y-, ^-derived 
functions of the équation to the surface (28). 

7.] As the roots of the cubic (44) are the coefficients of 
ÎB the reduced équation of the surface, and as these 
coefficients _must be real quantities, the possibilitj of the pre- 
ceding réduction dépends on the reality of these roots ; and 
this is demonstrated by the following process, due to Cauchy. 

Let the équation to the cubic be put into the form 
(O — x){(a — x)(b— x) — p2j_j)2^^_3r)— . e2(b-~ x) + 2dep = 0; 
let and ^2 be the two roots of 

(a— x)(b— x)— ~ 0, 


so that 


r. 


_ a + b 

A + B 


To 




and ^2 being evidently real quantities. In (44) let us sub- 
stitute for x, 

(1) + CO ; the resuit is négative ; 

(2) ; the resuit is positive ; 

(3) ^2 ; the resuit is négative ; 

(4) Qo ; the resuit is positive ; 
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therefore the roots of (44) lie respeetively between -}- go and r ^ ; 
between and rg ; between and — co ; and are ail real. Thns 
tbe assumptions made in (34) are demonstrated to be legitimate ; 
and a', b', c' are real quantities, wliich are determined by being 
tbe roots of tbe équation (44). Hencefortb we sball suppose 
tbem to be known. 


8.] Also from (43) anotber form of tbe cubic équation may be 
foundj wbicb is for many purposes more useful tban (44). Tbe 
several équations of (43) may be put into tbe folio wing form : 

A + A + A = A5x_a+ — J 

n E F EP ( B 3 


= -^ jx — B-f — l = jx — c + — l' 

• ED 1 E 3 PE ( E 3 


To simplify tbese expressions, let 


EE 

-_ = a, 


ED ^ BE 

B- — =/3, C-— = y; 


tben 


-^4- A q. . 
BEF 


A 

B 


hi. 

E 


A 

E 


EP 


ED 


BE 


;(47) 


b(x — a) 


e(x~^) P(x-y) 


wbence adding numerators and denominators, and dividing botb 

i "t "t 

sides of tbe resulting équation by + -A + -A , bave 


EE ^ ED ^ be ^ 

D(x~a) e(x— /3) P(x — y) ’ 
and multiplying up, 

(x-a)(x-/3)(x^y) 

EE VT) lUTT 

““ '-y)- - 7-(^ “ a) (x - ^) = 0, (49) 

wbicb is a cubic équation in x, and is tbe same expression as 
(44), but in a different form. 

Tbe reabty of tbe roots is at once apparent : for of tbe tbree 
quantities a, ^3, y, onè must be greater tban tbe otber two, and 
one must be less : to fix our tbougbts let us suppose a > /3 > y ; so 
that a is tbe greatest and y is tbe least : tben if x = oo, tbe 
resuit is positive ; x = a, tbe resuit is négative ; x = tbe 
resuit is positive ; x = y, tbe resuit is négative ; 



QTJADEIO SUEFAOBS. 


11 


9 .] 


conseqnently one root is greater tliarL a, anotlier root lies between 
a and /S, and the remaining root lies between /3 and y. 

9.] The values of a', b', cf having been found, the direction- 
cosines of the corresponding radii vectores may then be found. 
Let us take the radias vector corresponding to a' : then from 
(42) we hâve 

(A~A')âJj^+ + ^^3 = Oj \ 

+(B--A')â52+ = 0, V (50) 

H- Dâ52 +(c — A'')âJ 3 = 0; ) 

and taking these équations two and two together, we hâve 

^2 ^3 ^ 

(b— A'')(C— a')~d2 ^ DE-— f(C — A^) ED — e(b — a') 

___ ^2 ^3 

DE — e(C — a') (g — a')(a — a') — E^ EE — d(a — a') ’ 

^1 ^2 ^3 . 

ED — e(b— a') ~ EE — D(a — a') (a— a') (b — a') — E^ ^ 

from any one of which the direction-cosines may be found. Also 
we hâve 




(B-aO(C-a')-d2 


DE — e(c — a') 


ED — b(b — a') 

X. 2 

Ctn 


(c — a')(a — a') — E^ (a — a')(b— a')- 


(51) 


1 

~ (b — a') (c — a') + (c — a') (a — a') + (a — a') (b — a') — 

" (b'-a')(c'-a') ■’ 

the denominators of (52) and (53) being equal, as may thus be 
shewn. The derived function of the discriminating cubic which 
is given in (45), is 

(b — x) (c—* x) + (0 — x) (a — x) + (a— x)(B — x) — D^ — E^ — e2 

= (b'-x)(c'-x) + (c'-x)(a'— x) + (a'— x)(b'— x); (54) 


let X = a"; then the two members become the denominators of 
(52) and (53) respectively. 

Also from (50) we hâve 


, ^2 - % EE — d(a — a') * ED — e(b — A^) ‘ DE — F(C — a') ' 

this last System is also évident by (47). 


( 55 ) 
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As the principal planes of thé qnadrie are the central planes 
perpendiciilar to the principal axes, the équation to the A-plane is 

J T L -J—. T h 7—7 T 0 , 

(a--a)d + ep (a— b)e4-fd (a— c)ï' + de ^ ^ 

and the équations to the other principal planes are similar. 

We hâve thus found Systems of symmetrical équations for de- 
termining the values of which correspond to a'. In a 

similar way symmetrical Systems may be determined in terms 
of b' and c', wherehy the corresponding values of 5^, ^ 3 , 

<^15 <^25 ^3 t)e found; and therefore generally as these values 
will be determinate, so will the position of the three lines per- 
pendieular to eaeh other to which b', c' correspond be also 
determinate ; and the équation to the sm'faee will be of the 
form + b '^2 + c'C" + k = 0. (57) 

This is the most simple form to which the équation of a cen- 
tral surface of the. second degree can be reduced. The three 
rectangular axes to which it is referred are called principal axes. 
These names are specially given to those parts of the coordinate 
axes which are intercepted between the centre and the surface. 
The three planes passing through the centre, which are per- 
pendicular to the principal axes, are called principal planes: 
they are the three coordinate planes of the surface (57). 

10.] As the équation of a central surface of the second degree 
wdll be applied hereafter for the purpose of iUustrating certain 
mechanical laws, it is necessary also to demonstrate other pro- 
perties of principal axes and principal planes. In the first place 
I shall shew that the central radii vectores of these sui*faces 
which coincide with the principal axes hâve eritical values ; 
that is, are maxima or minima, either totally or partially. 

Let us take the équation (28) to be the équation to central 
surfaces ; and let (a?, y, z) on its surface be the extremifcy of a 
central radius vector r ; then 

=: ^2 . 

and as r is to hâve a singular value, 

ri>r = -{-zclz = 0 : (58) 

but the differentials of these variables are connected also by the 
differential of (28), whereby we hâve 

(aæ? -f py + ^z) dos + (fo? + By + nz) dy + (eo? + ny + q>z) = 0 ; (59) 


13 


lO.] PRINCIPAL AXES AND PRINCIPAL PLANES. 


and therefore from (58) and (59), 


+ + __ l’âJ + By + D.2: _ + + 

X y ^ Z 


(60) 


Let r/L, % be the direction-cosines of the eritical radins vector 
r : so tliat 


l m ’ 

and (60) becomes 

+ __ eZ+B^ + D^ __ E^ + D?^^4 •C^^ 

l ^ m % 


(61) 


Now tKese équations are in form identical with (40) ; and there- 
fore the singular radii vectores are eoincident with the principal 
axes ; that is, with those Unes for whieh, when taken as coor- 
dinate axes, the terms in the équation to the surface involving 
V Ci CCi Cv disappear. 

Let each term of (61) be equal to ê ; then we hâve 
and (a— 5 )/+ + :e9i =0, ] 

I'/4.(B~5)mq- = 0, [ (62) 

EJ-h Bm -h(c— 5)^=0; ) 
whence we hâve the cubic équation 

(a — 5)(b — ^)(C-~5) — d2(a— ^)— e2(b — ^)--e2(c — ^)-f-2DEE = 0j (63) 
which is identical with (44) : and of which therefore the three 
roots are real and are a', b', c', and the corresponding values of 
l, w, n are because the équations for 

the détermination of the three different values of l, m, % which 
correspond to the three roots of (63) are the same as those by 
which, in the preceding Article, the direction-cosines of the 
principal axes hâve been determined. 

It is also évident from the form of the équation that the 
three singular radii vectores are at right angles to each other. 
Let us take the cubic which arises from (62) in the form given 
in (48): and let us take the équations which correspond to 
b' and c'; whereby, replacing a, j8, y by their values, we hâve 


EE ^ ED ^ 

d(b'— a) + BF e(b'— b) + ed 

EF ED 

1 }_ 

d(c'— a) + ee e(c'— -b) + ed 


DE 

e(b' — C) + DE 
DE 

e(c' — C) + DE 


-1 = 0 , 


- 1 = 0 ; 
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and subtracting the latter from the former, we hâve 

(c'— b') I ^ 

^ Ï{d(b' — a) + ef} {d(c^— a) + ep} 


{e(b'— b)4-PB} {e(c'— b) + EI)} 

{p(b'— . c) + i>e} {e(c'— c) + de}1 “ 
and hj reason of the équations which are analogous to (55) this 
beeomes (c'-B'}{è^c, + è,c, + è,c,} =0; 

and as b' is not generally equal to c', we must hâve 

+ = 0 ; 

and therefore the two corresponding singular radii vectores are 
perpendicular to each other ; in the same manner it may be 
shewn that the other singular radius vector is at right angles to 
each of these : so that the three form a System of reetangular 
axes ; and if the équation to the surface is referred to them as 
its coordinate axes, its équation is (57). 

It is also évident that the normals at the points where these 
principal axes meet the surface are coincident with the axes. 

11.] The theory of principal axes and planes may also be de- 
rived from another property of surfaces of the second degree. 
I shall in the first place demonstrate that the locus of the middle 
points of a system of parallel chords is a plane. 

Let us take (28) to be the équation to the surface ; and let 
the équations to one of a System of parallel chords be 
a? — y z—z' 
l m n ^ 

where (a?, y, z) is a point on the surface, y\ z') is a point 
through which the chord passes, and t is the distance between 
these two points. Tor a?, y, in (28) let us substitute x' + Ir^ 
y^ + mr, z' + 7ir respectively, and let us arrange the resuit in 
terms of r ; then (28) beeomes 

+ 2r{(A?4-E^ + E^i)a?' -f (E^ + B^ + D^^)y' + (E^ + D?î^ + C^)/} 

+ AÆ?'2 + By'^ + c/^ + 2Dy/+2E/ir' + 2pa?'/ + K = 0. (64) 

This is a quadratic équation in terms of r, and bas two roots ; 
and therefore from a point y\ /) two radii vectores can be 
drawn to a surface of the second degree along the same straight 
line. 
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Let us suppose (a?', y\ z') to be tbe middle point of tbe ehord : 
tben tbe two values of f are equal and of opposite dbections 
and signs, and eonsequently tbe tenu involving tbe first power 
of T in (64) mnst vanisb : benee we bave tbe condition 

+ + + + = 0, (65) 

As tbe cbords are ail parallel to eacb otber, and to a central 
radius vector wbose équations are 

^ _ y 
l m n 

m, n are constant: tberefore (65) is tbe équation to a plane 
passing tbrougb tbe centre, of wbîcb tbe current coordinates 
are / : and tberefore tbe middle points of a System of 

parallel cbords is a plane passing tbrougb tbe centre of tbe 
surface. 

Tbe plane and tbe line wbose équations are (65) and (66) re- 
spectively are called relatively to eacb otber a conjugate plane 
and a conjugate diameter. 

Now it is évident tbat generally a diameter will not be per- 
pendicular to its conjugate plane. Let us examine wbetber tbis 
relation between tbem is ever possible ; and, if so, tbe circum- 
stances under wbicb it may exist. 

If (66) is perpendicular to tbe plane (65), 

l m ^ n 

= a^ 2 + 05^2 — 2 Dm^^ + 2E?^^ 4-2 

= (67) 

wbere s is tbe coefficient of in (64). 

As tbese équations are identical witb (61), tbey involve similar 
conclusions. 

Tbere are tberefore tbree diameters wbicb are respectively 
perpendicular to tbeir conjugate planes ; and tbese are tbe prin- 
cipal diameters, and tbeir conjugate planes are tbe principal 
planes of tbe surface. 

We bave tbus considered tbe properties of principal axes 
under tbree different aspects: (1) if tbe surface is referred to 
tbem as coordinate axes, its équation takes tbe form (36), and 
bas no term containing tbe products of tbe variables : (2) tbey 
are critieal radii vectores : (3) tbey are diameters wbicb are 
perpendicular to tbeir conjugate planes. 
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Principal axes maj be defined by eith-er one of tbese pro- 
perties ; and ail three mutually involve eaeh other ; and are in 
fact identieal in the geometrieal conception of infinitésimal s. 

12.] Let us next consider tbose cases in wbicb tbe roots of 
the cuhic équation (44) hâve partieular values. 

( 1 ) Let two roots be equal : say, let a' == B ; then (54),^which 
is the derived funetion of ( 44 ), also vanishes when x = a = b ; 
and we hâve 

(B--AO(c~AO + (C-AO(A~.AO + (A-AO(B--AO-I)2->E2~-r2 = 0. (68) 

Also as eannot be infinité, by reason of (52) we 

must hâve 

(b~aO(c-aO-b2 = (c~a')(a~a')-e2 = (a-a')(b~a')-b2=:0;(69) 


that is, A— a'= - 


EE 


, ED 

B — A = 

E 


, DE 
c— A = — ; 
E 


(70) 


(71) 


and consequently, 

— — * 

•A ~A ^ ^ ^5 

in which case the direction-cosines <^25 ^35 ^^d similarly the 
direction-eosines are indetermînate ; but Cg, ^ 3 , which 

correspond to the uneqiial root c', are determinate as here- 
tofore. In this case the équation to the surface is 

A'(|2 + ^2)^c'C^-bK = 0. (72) 

The principal f^^is of f being determinate, any two axes in 
the plane of (f, 77 ) perpendicular to each other are the other 
principal axes. Equation (72), in this case, represents a surface 
of révolution, whose axis of révolution is the C-^^iis. If a' were 
the unequal root of (44), and b'= then the reduced équation 
would be ^ c' (^2 + ^ 2 ) + K = 0 , ( 73 ) 

which also represents a surface of révolution : the axis of ^ being 
the determinate axis and the axis of révolution of the surface, 
the position of the other two axes being indeterminate. 

It will be observed that (70) are affected with an ambiguity 
of sign ; but we hâve taken the only one possible, as otherwise 
the direction-cosines as given in (53) and (55) would not be 
indeterminate. 

(2) Let ail the roots of (44) be equal : that is, let a'=b'= c' : 
then taking the A'-differential of (69), we hâve 
2a'=b + c = C + A = a + B; 
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A = B = C = a'=: b'= c', (74) 

and D = E = F = O. (75) 

Thus ail the direetion-eosines are indeterminate, and any sjstem 
o£ rectangular axes originating at the centre is a System of prin- 
cipal axes. And the équation to the surface is 

e + V^+C^+^=0; (76) 

A 

and if K = — this is the équation to a sphere whose radius 
is a, 

(3) Let one root of (44) be zéro ; say^ c'= 0 ; then we hâve 
ABC — ab^-^be^ — cf^ + Sdee = 0; (77) 

and the équation to the surface becomes 

a"P + b'7?2^.k = 0; (78) 

and therefore C = ^ • (77) is the same expression as (27), the 


centre of the surface is at an infinité distance. Also (78) is 
the équation of a central conic in the plane of (^, 77 ) ; therefore 
the surface is a cylinder whose axis is the axis of C and whose 
trace on the plane of (£, rj) is the conic (7'8). 

(4) Let two roots of (44) be zéro; say, b'=c'=0 ; then, 
besides the condition (77), we hâve 

BC + CA + AB— B^ — E^ — F^ = 0 *, (79) 


and the équation to the surface becomes 

a'|2 + k = 0; (80) 

and as 77 = f ^ ? it represents two planes parallel to the plane 

of (v^ 0- 


(5) Let ail the roots of (44) be zéro ; so that a'= b'= c'= 0 ; 
then the équation to the surface becomes 

K = 0 ; (81) 

which represents a plane at an infinité distance. 


13.] "We may express these several équations in a more con- 
venient form. 

If V does not vanish, but if v'= 0, in which case the sur- 
face is central, and the constant K in the reduced équation 
(57) vanishes, then we hâve 

a'£2 + bV + c'C2 = 0; (82) 

and if a', b', c' are ail positive, the only values of 77, C which 
PEICE, VOL. IV. c 
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satisfy the équation are ^ = ?; = C = ^ équation 

représenta a point at the origin. 

If one coefficient, say c', is négative, and a' and b' are positive, 


then if 




(82) becomes ^ ^ ^ = 0 ; 


(83) 


wMch is the équation to an elliptical cône, ail plane sections of 
it perpendicular to the axis of C being ellipses ; and \i a the 
surface is a right circular cône, whose axis of révolution is the 
axis of Ç 

If however v' does not vanish, the équation to the surface is 

+ + (84) 

If a', b', g' and K are ail positive, the équation does not admit 
of geometrical interprétation. Let us however assume K to be 
négative : so that with obvions substitutions, and with ail the 
varieties of sign which the quantities admit of, the équation 
may take either of the forms, 


£:4.x+-^-i 
^ 2 + ^2 + ^2 - b 

(85) 


(86) 

1 

1 

II 

(87) 


which severally represent an ellipsoid, a hyperboloid of one sheet, 
and a hyperboloid of two sheets. Let us assume a>h>c\ then 
of (85) degenerate species are, (1) an oblate spheroid, when a b \ 
(2) a prolate spheroid, when i = <? ; (3) a sphere, when a = b :z= e. 
And if <2 = the hyperboloids of révolution are particular species 
of (86) and (87). We hâve not however space or occasion to 
enter into ail these particulars, or into the nature and forms of 
the surfaces. This information must be obtained from treatises 
wherein the properties of these surfaces are speeially treated of. 
The omission of this and similar matter is necessarily incidental 
to preliminary chapters which must be incomplète. It is our 
intention to demonstrate for the most part only those geome- 
trical theorems which wilL be required in the sequel ; not because 
other theorems are in themselves unimportant, but because the 
interprétation of our mechanical results will not require them. 
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I 4 .] I will first take the cône whose équation is (83) ; but 
will, for convenience of symbols, use æ, z for the coordinates 
of any point on its surface ; so that its équation is 


0. O . 

-.2 “I 7S ). .0, '-'5 


( 88 ) 

W/ ty U 

and I shall observe with respect to it that the vertex is its 
centrcj and that, like other sui’laces of the second order which 
are represented by (84), it has three principal axes ; which are 
respectively the axis of the cône, commonly so called, or, as we 
may call it, the internai axis ; and two lines through the vertex 
which are respectively parallel to the major and minor axes 
of those elliptic sections whose planes are perpendicular to the 
axis of the cône ; these are called the external axes. 

The plane which contains the internai axis and the major axis 
of the principal elliptic sections is the plane of greatest section 
of the cône ; and that which contains the internai axis and the 
minor axis of the elliptic sections is the plane of least section. 
The principal axes of a cône of the second degree, when its 
équation is given in the most general form, are determined by 
the i)i'ocess of Art. 6 ; for this is applicable to équation (28) 
whether k'= 0 or not. 

15.] At the vertex of the cône (88) let straight lines be 
drawn perpendicular to the tangent planes, these will ail lie in 
a second cône which is called the supplementary or reciprocal 
cône ; its équation may thus be found. The équation to the 
tangent plane of (88) is 

(89) 




and the équations to the line through the vertex perpendicular 
to it are ^ ^ ( 90 ) 

X y Z ^ ^ 

therefore squaring these, and multiplying the terms of (88) re- 
spectively by them, we hâve 

0; (91) 

which is the équation required, and represents a cône of the 
second degree, which has the same internai axis as (88), but 
whose major and minor external axes are respectively the minor 
and major external axes of (88). 

For the construction of the second cône (91) it is évident that 
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as every generating line is perpendieular to a tangent plane 
o£ (88), so is every tangent plane of (91) perpendieular to a 
generating line of (88). Thus the cônes hâve corresponding or 
reciprocal properties, and to a tangent plane of the first cône and 
to its line of contact correspond a generating line of the second 
and the tangent plane along that line. 

Again, to the first cône let two tangent planes be drawn, and 
let the corresponding lines on the second cône be taken; the 
plane containing these lines is perpendieular to the line of inter- 
section of the two tangent planes of the first cône ; and the 
tangent planes of the second cône along these lines are per- 
pendicular to the lines on the first cône ; and their line of 
intersection is pei-pendicular to the plane through the lines of 
contact on the first cône, so that to a line and its polar plane on 
the first cône correspond a plane and its polar relatively to the 
second cône. 

It is évident therefore that properties relative to the angles 
eontained by certain planes and right lines on the first cône will 
give rise to properties of corresponding right lines and planes 
in the second cône ; in other words the properties of cônes of 
the second degree are double ; and the principle of duality is 
applicable to them. 

16.] The plane sections of the cône whose équation is (88) are 
generally conics, and may be either elliptical, parabolic, or hyper- 
bolic: they may, however, in certain cases be circular, as we 
proceed to prove, The planes of circular section are called 
cyclic planes. 

Let us suppose cfi to be greater than ; the relative magnitude 
of each of these to is of no importance : and let (88) be put 
into the form 


+ . O / JL JL > 

which may be put into the form 




Let + \ 

^ ( (94) 

then (xs^ + 7/^ + z^+ — = 0 -, ) 

of which tke former represents a plane parallel to the *-axis, 
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r ^2 ^ -1 

^“ 2 1 3 latter represents a sphere passing througli 


and making witli the plane of y) an angle whose tangent is 
b 

the origin, whose centre is in the plane of (^, - 0 ), and whose 
radius = ^ ; the section is consequently a circle, and 

the plane wÜose équation is 


+ ( 95 ) 


is a cyclic plane of the cône (88). As h is indeterminate, (95) re- 
presents a sériés of parallel planes, ail being parallel to the plane 


|(a2_ÿ2)i_f(^2^e2)i ^ 0 , 

which contains the £î?-axis, 

Similarly in(93),if — i^)^’ -j- f (^^2 ^ ^ 

we hâve 

.e2+_y2+^2^.^'||(a2_J2)i_£(^2^.^2)i| ^ 0:^ 


(96) 


(97) 


which also represent a plane and a sphere ; so that the resulting 
section is also a circle. The plane is parallel to the ^r-axis, 
and makes with the plane of y) an angle whose tangent is 


— , ] "l 2 C ’ sphere passing through the origin has its 

0 I CL + c 3 j^/ ^ 1 ■!• 

centre in the plane of (y, ^), and its radius equal to + ■^) • 


also as h' is indeterminate, there is a sériés of parallel planes, each 
of which is a cyclic plane, and ail are parallel to the plane whose 


équation is 


y 


+ -(a" + c2)i = 0. 


(98) 


Hence there are two sériés of cyclic planes, parallel to the ir-axis, 
equally inclined to the plane of {Xj y\ and lying on opposite sides 
of the y-axis. Hence also the line of intersection of two cyclic 
planes, one being of each System, is parallel to the major axis of 
that section of the cône which is perpendicular to the internai 
axis. 

Now if through the vertex of the cône (88) two lines are 
drawn perpendicular to these cyclic j)lanes, as the line of inter- 
section of the cyclic planes is perpendicular to the plane of least 
section of (88), so will these lines lie in the plane of the greatest 
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section of (91) ; and becaiise everj plane perpendieular to one 
of th-ese right Unes dits the reciproeal cône in a conie, one of 
whose foei is on this right line, these lines are called focal Unes. 
The analytical proof of this property of focal lines is contained 
in the preeeding équations ; a geometrical proof will be found 
in the Memoir of M. Chasles, entitled, “ Sur les propriétés des 
cônes du second degré,'’ and contained in the VIth volume of the 
Memoirs of the Royal Academy of Brussels. 

17.] The folio wing are properties of the ellipsoid which will 
be required hereafter for illustration. 

Let the équation to the ellipsoid be 

where \ so that a is the greatest, and c is the least 

of ail central radii vectores ; ô, however, has also a critical value 
of a peculiar kind, for it is the semi-axis min or of the elliptic 
trace in the plane of and for that plane is a minimum, but 
it is the semi-axis major of the elliptic trace in the plane of 
(y, z), and for that plane is a maximum ; we shall immediately 
détermine the limits of these plane elliptical sections through 
the ô-axis, for which b has a maximum or a minimum value 
respectively ; these will be the cyclie planes of the ellipsoid ; 
and the surface will be by them divided into four parts, two 
equal and opposite pairs of parts, each part possessing distinct 
properties of its own. This division will, as shewn hereafter, 
indicate very important mechanical properties. 

AU plane sections of the ellipsoid are evidently closed eurves 
of the second degree, and aecordingly ellipses ; these may how- 
ever in certain cases be circles, as we propose to prove : the 
planes of such circular sections are called cyclic planes. 

Let the équation to the ellipsoid be put into the form 

which may be expressed as 

+ ( 101 ) 

let - (^2 - - («2 _ 

0 O, i 

then + — — ^ («2 _ ÿajj | = Q, ) 


( 102 ) 
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of whicb. the former represents a plane, and the latter a sptere : 
conseqiiently in combination tbey express a circle, whicb is the 
circle of intersection of the ellipsoid hy the plane ; the plane is 
parallel to the y-axis^ and makes with the plane of (œ, y) an 

angle whose tangent is - — ^ 2 ) 5 centre of the sphere is 

in the plane of (z, x), and its radins = {P — 5^) + 4^0^ 

Conséquent] y the plane whose équation is 

f (^2 _ c2ji - ^ («2 _ J = k (103) 


is a cyclic plane of the ellipsoid (99). As k is indeterminate, 
(103) represents a sériés of parallel planes, ail being parallel to 
the plane 

1 ( 104 ) 

which contains the y-axis, that is, the mean principal axis of the 
ellipsoid. 

Similarly in (101), if 
we hâve 


! 4. ^2 ^ ^2 _ ^2 + ^ f (^2 __ c2)i _ ^ ( a ?- - 1=0, 


(105) 


of which the former represents a plane and the latter a sphere : 
consequently in combination they express a circle which is the 
circle of intersection of the ellipsoid by the plane ; the plane is 
parallel to the y-axis, and makes with the plane of [p^y) an 




angle whose tangent is centre of the sphere 

is in the plane of {z, æ) and its radius is • 

.{^'2(^2_ÿ2)^4^2^.2)l 


_ô_ 

2ac 


Also, as k' is indeterminate, there is a sériés of parallel planes, 
eaeh of which is a cyclic plane, and ail are parallel to the plane 
whose équation is 

£ (^2 _ c2yj + 1 («2 _ = 0. (106) 

Hence there are two Systems of cyclic planes, each System being 
of parallel planes, parallel to the y-axis of the ellipsoid, equally 
inclined to the plane of {x, y), and lying on opposite sides of the 
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; -axis; -and if 0 is t'he angle betweon tkc planes and the plane 

( 107 ) 


= ± 



( 108 ) 


u<‘<'<ir(Ung t'<* fke net-utlnn of e(|naiiion (B4). 

If in (102) /■ = O, +7/" + ** ~ and the eyclic plane con- 
liûns the /-axis, and ilu> rndivis of ihe oirevdar section = i; the 
resulis un- nlso sindlar, if X''= 0: so iluit in thèse cirenmstanees 
the nu-an principal axis of tlu- (■llipsoi<l is the radius of the eircle, 
nnd the evelic plan<>s art- relatcd 1o the ellipsoid in the manner 
indicutr-d hy the lines in Kig. 2, xvhere 

roA = r'oA'= 0; or = or'= h. 

'fluis ail tlu- central radii veetores in these two eyclic planes 
arc ci|ual ; and are etpad t.o tlu- inean semi-axis of the elhpsoid. 
Fer ail ]-urts ef the surfaei- of the (-llipsui<l (umtained hetween 
these twu plam-s towards tlu- maximum axis, the radii veetores 
are -reuter than /> ; and for ail parts t< ma rds the minimum axis, 
thel'udli ve<-tores are less than//; tlu-se evelie planes therefore 
diviile the ellipsoid iuto four l'arls. e(a'responding to two of 
«hieh ut n is a minimum, and <-orresponding t.o the other two 

it is a maximum. „ , , n 

If plaïu-s are druwn touehing the i-Hipsmd and jiarallel to the 

«•Xelie planes, flu- indieatrix ut eaeh point of eentact will ho a 
oireie. ami tlu- four poiihs (,f eontaet. will he umhilies. 

'l’hi- SV stems of eyelie planes lluis determim-d are the only 
..,u-s ; for if we operu'te <.n tlu- équation (DO) with n-speet, to the 
a or îo the e-uxis in ihi* .-urne way as we havi- openited with 
.ret to the 4.nxis. the resulls are impossible, 
n.-m-e Iherc are two ami oïdy tuo Systems of evelic planes, 


nml onh four umhilies on the ellipMiid. 

dhe eotre.s of the .-ireleS lie <•.> the lineS dnlVVU from thc 
und-ilies to thi- centre. 

H,-nee also in t\v<. wuys. and in no more than two wuys, can at 
,-lUpoitl he o.-mu-uted hy the motion ol a envie. 

IH 1 Foi U. in the next l-luee investigute the leagths Uiulth 
of the maximum and mimmum radu veetoro 
.*f U c.mtrul plane H-elion of un ellipsoid, with the ol.ject < 
■ i. î. r.ninimr e. rtain properties whleh dépend on tlu-m. 
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Let tlie équation to the ellipsoid te 


L L 

^2 ^ ^ 


1, (109) 

and let tte plane of section be 

/iü + my + = 0, (110) 

where P + = 1 : and let r be the eritical radius veetor 

lying in tbis plane, so that 

(111) 

Then differentiating these, we bave 


^7 V 1 ^7 

-xdz ^ 0, 


( 112 ) 

Idx+mdÿ+'ndz — 0, ') 

xdx+^di/-\- zdz rdr =^0: ) ^ ' 

bence, multiplying tbe second équation by A, tbe tbird by fx, 
adding and equating to zéro tbe several coefficients of dx, dy^ dz, 
we bave 

+X^ + /xi» = 0 = ^ H-Xm + Jtxy = ^ +\n +ixz. (114) 
Multiplying these by x, y, z respectively and adding, we bave 

1 + /xr^ = 0, and M = - i ; (115) 


X = 


X la^ 


Kmh^T^ 




a^ — r^ 

wbence, multiplying tbese severally by l, m, and adding, we 
bave from (110), omitting tbe factor 

5 + + = 0 ; (117) 

wbicb is a quadratic équation in terms of and accordingly 
gives two eritical values : let tbese be and ; tben 
àH ^ {12 4. f.2) (^2 + ^2^ ^ ^2 ^^2 (^2 ^ J 2 ) 

: (119) 

^ + 6*- n-^ ^ 

9\ and ^2 are tbe principal semi-axes of tbe elliptic section. 

Tbese lines are at right angles to eacb otber. To prove tbis, 
let a^, /3i, be the direction- angles of Tj, and Ug, y 2 tbe 

direction-angles o£ r^: tben from (116), 


+ = 


. 2 , 


'klo^r. _ 

= ;;2yrr2’ cos = ^2_ 


knc^ T. 


. 2 ? 


( 120 ) 
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( 121 ) 


2 () 


cos a., 


X/a^r„ ^ XrtiW'r, Xjec^r., 


COS ttj cos a., + cos cos /Sg + cos cos yg 
'"l ^2 (^,2 2 \ + /;,2 _ 


-- - - 


a?^T} 




= 0, hy reason of (117); 
t.herorore '/\ and are at right angles to eacli other. 

Ilenee also as the area of the section = 'ïïr^?'^, 

Trabc lïahc 

tho area = j-j - — , ^ ^ ’ (122) 

if P is the length of the peri^endicular from the centre on 
either of the tangent planes which are i^arallel to the plane of 
Hcciion (110). 

Ilenoe tho area is tho same for ail sections for which p is 
constant. 


19.] If from the centre of the ellipsoid lines are drawn at 
rig-ht aiig'les to central planes, and lengths are taken on them 
from i.he centre equal to the principal semi-axes of tho sections 
made hy the planes, the extremities of thèse lines will form a 
locus surFaee, which have been callcd by Professor Maccullagh 
the apsidal surface of the ellipsoid. Its équation inay he found 
immcdiately from the preceding investigation. 

Lct the central plane be that given in (110), so that the 
i*((uations to the lino passing through the centre and perpcndicular 
io it arc x y z 

l ^ 7}i'^ n 



this being the line along which the lengths and as deter- 
îuincd by (117), are to be measured. Let {x, y, z) bc tho ex- 
t rcinit.y of r measured along the perpcndicular to tlie plane : 
ih(‘n elirninating* n by means of (123) and (117), we hâve 


(P-y^ 


y.2 .2 






0, 


which is the équation to tho apsidal surface. 


(124) 
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This équation may also be put into tbe follo-wing form : sub- 
tracting + from both sides of tbe équation, we bave 


ar 


r 


1 . 


(125) 


If the équation is put into an integra! form, we hâve 
^2 (^2^2 + ^2^2 ^ ^2^2) _ ^2 ^52 ^ ^2) ^ 2_12 (^2 ^ ^2) y 2 _ ^2 ^^2 ^ J2) ^2 

+ æ2^:2^2^0, (126) 

where -f ^2 ^ ^ 2 ^ 

The surface is of the fourth degree, and evidently from its 
mode of génération consists of two closed sheets : these sheets 
eut the axes of y, z respectively at distances l and c, c and æ, 
a and 2, from the centre ; a line drawn through the centre euts 
the surface in four points, except when the line is perpendicular 
to a cyclie plane of the ellipsoid, in which case the two sheets 
intersect, as ail the radii vectores of the plane section are equal ; 
they intersect in a point, and the surface takes the form of a 
conical cusp. There are evidently four such cuspal points, ail lying 
in the plane of (^, x)^ on Unes perpendicular to the cyclic planes, 

and consequently making with the ^-axis + tan“^ j (- ^ 


c 


.42 




Hence on the planes of {y,z) and of (^,y) the traces lie wholly 
one within the other ; whereas on the plane of (z, x) the traces 
intersect at the cuspal points. The geometrical properties of the 
cuspal points may be investigated analytically in the ordinary 
way by means of the équation (124) or of (125). 

Also the traces on each coordinate plane consist of a circle and 
an ellipse. Thus, if oj = 0, we hâve 

{f + ^ 2 ) (^2 y 2 ^ ^2 ^ 2 ) _ 12 (^^2 ^ ^ 2 ^ y 2 __ ^2 (^2 q. J 2 ) ^2 + ^2 ^2 

which is the same as 


(/ + ^2_^2) ^ÿ2^2 + ^2.2_J2^2) ^ Q, 

and is satisfied by y + ^ 2 ^ ^ 2^2 ^ ç 2 ^ 2 _ j 2 ^2 _ which 

represent respectively a circle and an ellipse. Similar rcsults are 
true for the other coordinate planes. It will be observed that in 
the plane of (^,^) the circle lies wholly outside the ellipse ; that in 
the plane of(;s,^») the circle intersects the ellipse at the cuspal points ; 
and in the plane of (x, y) the circle lies wholly inside the ellipse. 

The preceding processes are equally applicable to the other 
central quadrics, viz. the hyperboloid of one sheet and the hyper- 
boloid of two sheets. 
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20.] If from a given point perpendiculars are drawn to tlie 
tangent planes of a given surface, thé locus of the point of inter- 
section of the perpendicular with the tangent plane is called the 
peclal of the snrface with respect to that point. Let us investi- 
g'ate the équation to the pedal to the ellipsoid with respect to 
its centre, the resulting snrface heing the central pedal of the 

ellipsoid. 


Let the équation to the ellipsoid he 


^ ^ ^ 
' •> — 
/.J 


tlien the équation to the tangent plane 

.ÿn , iÇ_ -, 

"T "r .> — J-î 

and 

centre are 


^2 -i- ^2 ’ 

the équations to the perpendicular passing througli the 
:e are 


f 2 = («2 ^2 + ^2 ^2 + ,2 . 

■■■ {e+n^+ef = a^e+i>^v^+<^c-, ( 127 ) 

which îs the équation to the central pedal, and represents a 
closed surface of the fourth degree. 

21.] If and are the maximum and the minimum values 
of the radii vectores of the section of this s-urface made by the 
plane Ix + w.y -^nz = 0, 

then, as may easily he shewn, and are the roots of the 
équation ^2 ^2 ^^2 

r^ — a^ — — 6 *^ 

Consequently, if + the équation to the apsidal of 

this central pedal surface of the ellipsoid is 

y^ 

— f ^ — 

This surface is of the sixth order, of which however the origin 
is two coincident points. It consists of two sheets, and conse- 
quently a line drawn through the origin generally cuts it in 
four points, but in two particular positions the sheets intersect 
and the line cuts it in only two points. The traces on each 
principal plane consist of a circle and a central pedal of an 
ellipse- In the plane of {y^z)^ the radius of the circle is 
and the pedal lies wholly within it ; in the X)lane of {z, x) the 
radius of the circle is 5, and the pedal intersects it, so that 
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at this point, and similarlj on the other three quadrants of this 
principal plane, the line drawn from the origin euts the surface 
in only two points ; these points are evidently cuspal points ; in the 
plane of (co, the radius of the circle is c and the circle lies 
wholly within the pedal. This surface evidently resembles in 
general form that deseribed in the preceding' article. 

22.] We shall also require in the sequel the application of 
an other geometrical principle, viz. that of duality, which arises 
from the theory of reciprocation, as applied to central quadrie 
surfaces, of which we taie the ellipsoid to be the typical form. 

Let the équation to an ellipsoid be 


P 


4- Z-. -L 1 


(129) 


and from every point of it as a pôle let the polar plane be taken 
relatively to the sphere 



(130) 

the general équation of the polar plane is 


!»i+yr] + zC = : 

(131) 

we propose to find the envelope of these planes ; differentiating 


(129) and (131), we hâve 


0H(l^->ryàr\->rzclQ — 0 ; 
whence we hâve ^2^ 

and eliminating 77, Cy we hâve 

+ + = (132) 

which is the équation to another ellipsoid, and is called the 
sphero-polar reciprocal of (129). 

Now it is évident that a tangent plane of (132) corresponds 
to a point of (129) ; and to the intersection of two tangent 
planes of (132) corresponds a line passing through the two cor- 
responding points of (129); and to a point on (132) corresponds 
a tangent plane of (129). Also to a tangent line of (132) cor- 
responds a tangent line of (129). These surfaces therefore hâve 
reciprocal properties, and to a plane a line and a point on either, 
a point a line and a plane on the other severally correspond, so 
that ail properties admit of being doubled. It is manifest that 
the theory of the reciprocal cône which has been explained 
in Art. 15 is a particular case of this principle. 
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I may also observe that the sphero-polar reciproeal of any 
quadric is also another qnadric ; but as we shall require only the 
simple form which bas just been discussed, the more general case 
may be omitted. 

23.] It is neeessary also for us to investigate the relations 
which exist between an axis and its eonjugate plane relatively 
to the ellipsoid. We hâve already investigated the condition 
which generally exists between a central radius vector and the 
plane which bisects ail chords of the ellipsoid which are parallel 
to that radius vector ; but some further properties of axes in 
eonjugate relations to each other will be required in the sequel. 

Let the équations to a radius vector be 


(133) 

l m n 

then, by reason of équation (65), the équation to its eonjugate 
plane is Ix my nz 


4 - . 4 - 

3^2 b‘^ 


= 0 ; 


(134) 


and therefore if the équation to a central plane is 

+ + = 0, 

the équations to the axis eonjugate to it are 
X y Z 
“ Vhi ~ * 

If {oc\ y\ z') is the point where the central radius vector cuts 
the surface, then the équation to the eonjugate plane is 


(135) 

(136) 


XX 


,yy 

“T Z9 T" 


a- ■ 

which is evidently the plane parallel to that which touches the 
ellipsoid at y\ z') ; so that if a tangent plane be drawn to an 
ellipsoid at a given point, the central plane parallel to that plane 
is eonjugate to the axis drawn to the point of contact. 

Now if three axes of an ellipsoid are such that each is the 
axis eonjugate to the plane which contains the other two, these 
lines form a System of eonjugate axes. And if three planes are 
such that the line of intersection of any two is the eonjugate 
axis of the third, these planes form a System of eonjugate planes. 
Of such Systems we hâve already had an instance in the 
principal axes and the principal planes, Let us déterminé the 
relations w^hich exist generally between these linos and planes. 

Let (â?^, y^, z^) (iî? 2 , ^ 2 , z^) (%, j/ 3 , ^^ 3 ) be the three points on the 
ellipsoid to which the System of eonjugate axes corresponds ; so 
that the équations to the three axes are 
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X _ y _ Z _ 

and the équations to the eonjugate plar 


„2 + 7,2 + .,2 — ’^î 


^2 + + ^ - U, 

ffs , ^ , £^_ n 

^2 + J2 + ^2 - •' 


But sinee the first of (138) coïncides with the line of intersection 
of the second and third of (139), we hâve 

?!- HéO) 

C^(‘»2^3-J'2^3)’ ^ 

which équations are équivalent to the two équations, 

„% ■'■72 T" .2 — ) 

! (141) 

and as the other two lines of (138) must coïncide with the Unes 
of intersection of the other planes of (139), we shall, in addition 
to (14d), hâve also the équation 

^+-^ + ^-0= 

these are three relations hetween the coordinates of the ex- 
tremities of three eonjugate axes. 

By a similar process it may he shewn, that if 

Li5? + Mi + = 0, \ 

+ + = 0, i (143) 

L 3 0 ? 4- Mgy + 1^2-^ = 5 

are the équations to three planes of a eonjugate System, then 

âj2L2L3H- J^M2M3 +C^N2N3= 0, ) 

<22L3Li + (^-M3Mi + C^N3Ni = 0, > (144) 

dZ‘*^LiL2 + ^^MiM2 + 6-2]Sr3^N2= 0. ) 

With respect to these équations I would observe, that if a point 
(^13 J'iî -^i) given on the ellipsoid, the central plane eonjugate 
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to tlie axis tlirougli is also given : now any axis may be taken 
ia tkis plane as tlie second eonjugate axis : let it be tbat wkicb 
passes through thé point p 2 (^ 2 î<?^ 2 î ^ 2 ) î third conjugate 

axis mnst be tbat axis in tbis plane wbicb is conjugate to tbe 
axis passing tbrougb Pg : let tbis eut tbe surface in tbe point 
Pg ( 073 ,^ 3 , so tbat we tbus obtain a complété System of corn 
jugate axes. 

Hence if p^ is given, Pg and P 3 must be in a determinate plane ; 
tbat isj in tbe plane wbicb is conjugate to tbe axis tbrougb p^^ : 
Pg may be any point in tbis plane^ but P 3 must be sucb tbat tbe 
axis tbrougb it is conjugate to tbe axis tbrougb Pg : bence, as 
Pi is wbolly indeterminate, and p^ is indeterminate in tbe con- 
jugate plane, tbe number of Systems of conjugate axes is infinité. 

24.] Again, a System of conjugate axes may be defined by 
tbe following équations ; 

X-y = Æ \ X2 — CL ^ 2 , \ CCo — ^^3 5 \ 

= 5%, { ^2 = [ ^3 = ? (1^5) 

) ^2 = = ^^*3; ' 

in wbicb cases tbe équation of tbe elbpsoid gives 

4 . = 4^ 4- ^ 2 ^ + ^ 2 ^ = ^ 3 ^ + ^^ 3 ^ + = 1 . (146) 

and from (141) and (142) we bave 

44 'b 3 "b ~ 44 "b "b ^ 3^1 ~ 44 "b "b ~ (1 > (1 

and from tbese six équations we bave tbe inverse Systems 
4^ + 4^ + 4^ = "b '^^2 + "b — 1 ; (148) 

^1% + = %4 + ^24 + '^hh = 4^i + 4% + 4% = 

Also we bave tbeorems analogous to (11), (12), and (13) oJ 
Art. 2 . Now tbese relations are useful for tbe proof of man] 
properties of conjugate axes ; tbus, let r^, be tbree conju 
gâte axes ; tben 

^^2 + ^^2 + ^2 ^ ^2 ^^^2 ^ 12 + I2y^ + ^2 ^,^2 ^ ^^ 2 ) 

+ + ne? + n?) 

=,«2 + 524 .^ 2 . 150 

tbat is, tbe sr.m of tbe squares of tbree conjugate axes is cou 
stant. 

25.] Again, let tbere be tbree central radii vectores of a 
ellipsoid mutually at rigbt angles to eacb otber ; tben tbe sui 
of tbe squares of tbeir reciprocals is constant. 

Let ?!, ^ 2 , ^3 be tbe tbree central radii vectores, of wbicb b 
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the directioiiL-cosines be %), ®2> %)> ®3> %) ; 


we bave 


“ «2 + ^2 
- Üo. ^ 

.9. • 7.9. 




and therefore by addition 


^ i_ JL Ji-. 

cfi ^ 


26.] The normal and the tangent plane drawn at any point 
of a quadric central surface meet each of the principal planes at 
a point and along a straight line respectively, and these are sueh 
that in each principal plane the point is the pôle, and the 
straight line is the corresponding polar, relatively to a certain 
determinate conic in that principal plane. 

Let us take the ellipsoid whose équation is 

^ + ^+4 = 1, (158) 

¥ ¥ 

to be the typical case ; and consider the normal and the tangent 
plane at the point {coy y, ; and let us also take the principal 
plane of y), which is that of the greatest and mean principal 

axes. Then the normal pierces this plane at ~^y) » 

and the équation to the line of intersection of the tangent plane 
and the T)lane of fe, y) is 

^ + (154) 


— ¥ ¥ — ¥ \ , 

this is evidently the polar of the pôle ( ^2 ' J 

tively to the conic i 

Jiy a similar process we may shew that the like cornes in the 
other principal planes are expressed by the équations 

-^ + -T^=1> 

— ¥ 

f , -i- ri57i 

of these équations (155) is that of an ellipse in the plane of {x,ÿ) ; 
(156) of an hyperbola in the plane of (a?, «) ; and (157) of a curve 

PlUCB, VOL. IV. D 
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whieli is wholly imaginary in tlie plane of (y, 0 ). These curves 
are called the focal conies of the ellipsoid (153) ; and for this 
reason; tlie vertices of (155) are tlie foci of the elliptic sections 
of the ellipsoid by the principal planes of (y, z) and {æ, z) ; and 
the foci of it are the foci of the elliptic section by the plane oi 
(cOy y) : also the vertices of (156) are the foci of the elliptic sec- 
tions of the ellipsoid in the planes of (a?, y) and of y) ; and the 
foci are the foci of the elliptic section made by the principal 
plane of (x, z). The third curve is imaginary, althongh its foci 
are, as in the other two cases, real. It will be observed that the 
hyperbola (156) passes through the nmbilics of the ellipsoid. 

27.] Now we call those surfaces of the second degree confocal 
the principal sections of which are confocal; hence it appears 
that ail quadric surfaces, which hâve the same focal conics, are 
confocal. 

Thus the general équation of ail surfaces of the second degree 
confocal with (153) is 


+ 


r 




= 1, 


(158 


where which is called the parameter, is indeterminate, th( 
équations to its focal conics being (155), (156), and (157). Ane 
if (158) passes through a given point {x\ y\ z'), we hâve from ii 
the cubic équation in 0, 


{Q + a^) {Q + Ô2) {6 + (0 + (6 + c ^) ^ , 2 ) + ^ 2 ) 


^/^(û + a^)(Û + P) = 0; (159 


in which if we substitute for û successively + 00 , 




the results are severaUy +, +, — ; so that the roots 


ari 


real, and lie respectively between +00 and 


and —5- 


•—52 a,iid in which cases (158) represents respectively ai 

ellipsoid, a hyperboloid of one sheet, and a hyperboloid of tw( 
sheets. Thus, at the point (æ?', y\ /) these three confocal surface 
intersect. We hâve also proved (see Vol. I, Art. 411, Ed. 2 . 
that they intersect at right angles and along their lines of curva 
ture. Thus, at the common points of intersection of these thre 
surfaces, their normals are at right angles to each other. It i 
also évident that these surfaces intersect in eight points, one i] 
each octant of space about their centre. 

Now if ^ = — c 2 (158) requires that z = 0, and we hâve 


+ 


r 


« 2 . 


= 1, 


(16C 
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which is the équation to the focal conie in thé plane of (a?, y) ; 
similarly if ^ = -§ 2 ^ and if <9 = we hâve the focal conics 
in the planes of [z, x) and [y^z) respeetively ; whence it appears 
that the focal conics are only particular cases of quadrics confocal 
with (153). 

And therefore surfaces which are confocal may also he de- 
scribed as those which hâve the same focal conics. 


28.] If to a System of confocal ellipsoids tangent planes are 
drawn parallel to each other, the locus of the points of contact 
is a rectangular hyperhola. 

Let the équation to the System of ellipsoids be 
^2 ^2 _ 1 



where B is the variable parameter ; and let the équation to the 
tangent plane be loo^^my^nz^p (163) 

where ^ varies, and n are constant, being the direction- 
cosines of the common normals to ail these parallel planes. 
Then, since (162) touches (161), 

X y Z 

1 (163) 

IT ““ m n lx + my-{‘nz 

X y Z y Z Z X X y 

_ l ^ — L— { 


à^- 


■x + 




m 


-y + 




■ Z =i 0, 


(165) 


which is the équation to a plane passing through the origin con- 
taining the common normal to ail the planes and their points of 
contact ; and consequently perpendicular to every one of them ; 
the locus lies in this plane, and consequently is a plane curve. 

Also from (163) and (164) we hâve 


('•L ^ l') (Ix 4 my + nz\ = (166) 

and also two other symmetrical équations. Each of these is a 
central quadric, having its centre at the origin, and is evidently 
a hyperboloid of two sheets ; so that the locus is a plane central 
section of such a hyperboloid, and is consequently a hyperbola. 
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Also tlie planes whose équations are 


y Z 

^ — = 0, and nz = 0, 

m n 

are asymptotic to the surface ; and the asymptotes are tîie lines of 
intersection of these planes with the plane (165). If (1^^ n^) 

^2 5 %) fhese lines respectively, then 

^ ^ ^ ; and IL + + nn^ = 0 ; (167) 

l m n ^ ^ 

I 2 4- ^2 4- % ^^2 = ^ 5 (168) 

and eonsequently the asymptotes are perpendicular to each other, 
and the hyperhola is rectangular. 

The former of (167) shews that one asymptote is perpendicular 
to the tangent planes ; this theorem is also évident from the faet 
that the confocal ellipsoid beeomes a sphere when d =00, and the 
point of contact in that case Kes in the perpendicular from 
the origin on the tangent plane. 

As the other asymptote is the line of intersection of the plane 
(165) with the plane Ix-^my^-nz = 0, we hâve 




‘ ^2 — 52 

??22 4 ' — ^ 2 = 6 , 


m 71 

4 - n7i^ = 0 ; 

whence, if ■k-e^n?‘ ■=■ y;2, 


mnl^ _ nlm^ _ lm7i^ 


which détermine the position of the second asymptote. 

29.] If from any point (£, 77, f) an enveloping cône is drawn 
to the ellipsoid (153), the principal axes of that cône coincide 
with the normals of the three confocal surfaces of the second 
degree which intersect at the vertex of the cône. 

By Ex. 2, Art. 355, Vol. I, Ed. 2, the équation to the cône 
whose vertex is (^, 77, f), and which envelopes the ellipsoid 
(153), is 




[a^ 


+ ‘'^‘^ + ^2 (^2+ ^2+ ^2 (^2 + ^2 l)-0. (K 


/£»• 


.2 ^2 _ 


For the sake of abbreviation let 

-2 ^ JO. T J. 


1? 


K; 


(170) 
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so that (169) on expansion becomes 

/P 


the other terms being omitted beeause tbe position of the prin- 
cipal axes of the cône dépends on the first six terms only of the 
expanded équation ; see Article 9. 

In this case équation (48) becomes 

a ^( a ^ x -{- K ) ^^(ô^x + k) ^^(c^x + k) “ 

also from (170) we hâve 

il ^ Ü-1 i.. 

therefore by subtraction 

P ^2 (-2 

^ I / I i> 1 /T WO\ 


Now K and x are fonctions of the coordinates of the given 
vertex (^, 17 , C) and are therefore tnown : hence if we describe 
the quadric surface whose équation is 

+ (174) 

a‘^+l ^2^5 c2+- 

XXX 

(173) shews that that surface passes through the vertex of the 
enveloping cône; and this surface is evidently confocal with 
the original ellipsoid (153) ; and as x has three values which 
are the roots of (172), so, as we hâve shewn in Art. 27, the 
équation (174) represents three surfaces which are severally 
an ellipsoid, a, hyperboloid of one sheet, and a hyperboloid of 
two sheets, ail of which are confocal with (153) ; and which 
intersect orthogonally at (£, rj, ^). 

For the détermination of the principal axes of the cône, let us 
take the System of direction-cosines of Art. 9, and the forms 
of them given in (55) ; in the case of (173), these take the 
following values 

I +i) = ? +1) = r 

and to fix our thoughts let us suppose x in this équation to be 
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that root of (172) -wkicb. corresponds to the ellipsoid. Now the 
direction-cosines of the normal to the ellipsoid (174) at the 
point (^5 77 , f) are proportional to 

è V C , 


, , K 
Æ*' H — 


X 


(176) 




and a comparison of these values with (175) shews that the 
principal axis the position of which is determined by 

(175), coincides with the normal of the confocal ellipsoid which 
passes through the point. This axis is generally the internai 
axis of the cône. By a similar process we may shew that 
the two external axes of the cône, which correspond to the 
two other roots of the cuhic, are normal to the two confocal 
hyperboloids which interseet at the given vertex, 

The normals to these two hyperboloids are, as we hâve shewn, 
tangents to the lines of curvature on the ellipsoid at the point 
and therefore if a cône envelopes an ellipsoid, and 
if through the vertex of the cône an ellipsoid be described 
confocal with the former ellipsoid, the normal to the ellipsoid, 
and the tangents to the two lines of curvature on it, are the 
principal axes of the enveloping cône. 

M. Chasles has also proved that the generating lines of the 
confocal hyperboloid of one sheet which passes through the 
vertex are the focal lines of the cône. 

Now these same properties are true if instead of the ellipsoid 
(153) we had taken any other quadric confocal with it ; and 
therefore are true if the focal conics are the directors of the 
cône, because the focal conics are the limiting forms of the 
confocal quadrics. 

Hence also it follows that if two quadrics hâve the same focal 
conic, and if from any point in space as vertex two cônes are 
described enveloping these surfaces, these cônes hâve the same 
principal axes, and the same focal lines. 

For other properties of confocal quadrics and confocal conics, 
many of which are interesting and important, I must refer the 
reader to M. Chasles, Mémoire de Géométrie. 
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CHAPTEE IL 

THE KINEMATICS OE A EIGID BODT. ANGULAR VELOCITIES ; 

THEIR COMPOSITION AND RESOLUTION, AND RELATION TO 

LINEAR VELOCITIES. 

30.] Seveeal times in the course of the treatise on Me- 
chanics allusion bas been made to a division of the subjeet into 
two parts, Kinematics and Dynamics proper. In the former of 
these the affections of pure motion are investigated ; that is, 
motion and its incidents are discussed apart from ail considéra- 
tion of the action of forces which produce that motion ; thus, for 
instance, it is shewn that motion takes place in time and space ; 
that a particle moves with a certain velocity, and that veloeity 
dépends on time and space, and is measured by the ratio of 
space to time. In the latter, motion is considered as the effect 
of certain producing causes, and the relations between it as the 
effect and force as the cause are investigated ; thus the laws of 
motion and the équations of motion belong to Dynamics proper. 
In the exposition of the first principles of Dynamics, see Chapter 
VII, Vol. III, this division of the subjeet is made, and the parts 
are treated separately; but it was unneeessary to bring the 
division into more spécial prominence, because the Kinematics 
of a moving particle do not présent to the mind images difficult 
of formation. Every one can form a conception, more or less 
perfect, of the motion of a single particle ; it describes a certain 
line, which is its path, and we can easily imagine that path ; it 
moves with a certain velocity, and if its velocity varies, it is 
not difficult to conceive the rate of variation. But the motion 
of a System of particles is more complex ; we can indeed follow 
the path of any one particle of it ; it describes a line, just as if it 
were not connected with the other particles ; but what is the 
motion of ail the particles of the System relatively to that 
particle ? Let us however, at présent, confine our attention to 
the motion of a rigid body, which is a System of particles of 
invariable form, being such that the distance between every pair 
of particles remains unaltered. The body can, as it were, 
pirouette about any one particle in ail ways, but it is difficult 
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to imagine and to trace tte motion of any other particle. So if 
a body rotâtes about an axis absolutely fixed, we can easily 
pieture to ourselves tbe path described by every particle ; it is a 
circle, tbe plane of whicb is perpendicular to tbe fixed axis, and 
tbe centre of wbicb is in tbat axis. But wben tbe body lias tbe 
most general motion of wbicb it is capable, oui* conception is for 
tbe most part very obscure. Hence arises tbe necessity of re- 
solving that motion into its simplest éléments ; so tbat wben we 
bave an adéquate conception of eacb separate element of motion, 
we may combine tbem, and tbus obtain an adéquate conception 
of tbe motion of tbe whole body. We must tberefore first dis- 
cuss tbe several motions of wbicb a rigid body is capable, inde- 
pendently of tbe forces wbicb produce tbese motions ; and 
subsequently consider tbe relations wbicb subsist between tbese 
effects and tbeir causes. In tbe présent Cbapter we sball 
confine our attention to tbe former part, viz. tbe Kinematics 
of a rigid body; and in tbe folio wing Cbapters we sball consider 
tbe Dynamics proper, tbe fondamental axioms, and tbe tbeorems 
deducible from tbem. 

31.] Let us imagine a rigid body or a System of material 
particles of invariable form to be in motion. Tbe form of tbis 
System will be definite if (1) tbe distances from eacb otber of 
tbree particles wbicb are not on tbe same straigbt line are 
given; (2) tbe distances of every otber particle from eacb of 
tbese tbree particles are given, tbe distances being affected witb 
proper signs, as indicating dbection ; so tbat, as tbe System is 
rigid, if tbe positions of tbe first tbree particles are determined, 
tbe position of every otber particle is also determined, and tbat 
of tbe wbole body is also known. Tbe analytical proof of tbe 
sufficiency of tbis enquiry will be given bereafter. We sball 
bowever now présumé tbat it is suificient for us to consider tlie 
motion of tbe first tbree particles. 

Let tbe tbree particles of tbe System wbicb form a triangle, 
and relatively to wbicb every otber particle is known, be P, q, R, 
and let tbese be joined by straigbt lines. Now if tbe motion is 
sucb tbat tbe sides of tbis triangle are always parallel to tbeir 
original positions, it is plain tbat tbe line joining any otber 
point to eacb of tbese tbree points is also parallel to its original 
position ; sucb a motion is said to be a motion of translation 
of tbe body or System. In tbis case tbe patbs of ail particles 
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are equal and parallel Unes, whether straiglit or curved, and are 
described with. equal and parallel velocities ; and the motion of 
the whole body will be easily inferred from tbat of any one 
particle. As the incidents of such a motion bave been fully 
discussed in the previous volume of our work it is unneeessary 
to say more on this part of the subject. 

32.] If however the paths described by the several particles 
are not equal and parallel the body bas another motion besides 
that of translation. Let iis eonsider its nature. 

Now let Tj Q, R be the positions of the three particles of the 
body, to which the position of every other particle is referred at 
a given time ; and let p', q,', r' be their positions after a certain 
motion ; suppose moreover that the motion is most general and 
that the paths described by these three particles in their motion 
are not equal and parallel ; we may analyse the motion by the 
following process : first let ail the three particles be moved so as 
to describe paths equal and parallel to that described by P ; that 
is, let us suppose a motion of translation of the whole body such 
that every particle of it moves over a space equal and parallel 
to PP'; let the positions taken by Q, and R after this motion be 
r'^; through p', Q,'''', r^' let a plane be drawn, which is mani- 
festly parallel to the original plane pqr; and also let a plane be 
drawn through the three final positions p', q', r'; let these two 
planes intersect along the line p'n ; let the body rotate about the 
line p'n, until the plane q'V'p' is brought into the plane qVp'; 
and, if it is neeessary, let the body again rotate about a line 
passing through p' and perpendicular to the plane p'q^'r'', until 
and II'' coincide respectively with q' and r'; by these several 
motions the body will hâve passed from its first to its final 
position. The motions are three; the first is a motion of trans- 
lation ; the other two are motions of turning or of rotation about 
certain axes ; and as the motion bas been of the most general 
kind, so may ail motion be resolved into separate motions of the 
kinds which we hâve mentioned. 

This motion of rotation requires careful considération. It 
alv'ays takes place about a certain straight line or axis. If 
a body rotâtes ail points along the axis are at rest so far as 
the motion of rotation is concerned; they may move by reason 
of other circumstanceSj but they do not move by reason of 
the rotation of the body about that axis; and the straight 



ANGULAE 7EL0CITY. 


42 


[33- 


line along which. the quiescent points are is called the axis of 
rotation. 

Also this axis may or may not meet the body. If it meets 
tbe body, the partiales of the body along the axis are at rest ; if 
it does not meet the body, ail the partieles of the body move by 
reason of the rotation. 

Many rotations about different axes may co-exist; we must 
consider how this is, and investigate laws by which these may 
be combined into one or more résultants. 

33.] No w the most simple rotation is that of a body rotating 
about an axis fixed absolutely ; that is, relatively to it and to 
space. In this case every partiale of the body describes a circle 
in a plane perpendieular to the axis ; and the body being rigid, 
the times in which the circles are described are the saine for ail 
the partieles ; and their relative position is not changed by or 
duiing the motion. 

Imagine a particle m at a distance r from the axis of a rotating 
body ; and through the fixed axis and containing it let a plane 
be drawn fixed in space ; then the position of the particle may 
be determined at any instant by means of f and the angle at 
which r is inclined to this fixed plane. Thus in Fig. 3, let P be 
the place of m at the time t\ let oz be the rotation-axis, fixed 
relatively to the body and to space ; through it let the plane 
zox be drawn, and let it be fixed in space, so that when the body 
rotâtes, this plane as well as the axis remains fixed ; let ov be 
drawn at right angles to oz; oP = r, 0 ; then r and 6 are 

sufficient to déterminé the place of m. 

Firstly, let us suppose the body to rotate uniformly about the 
axis ; that is, let us suppose Ô to reçoive equal incréments in 
equal times ; let co be the angle by which 6 is increased, that 
is through which r revolves, in an unit of time ; then if is tbe 
angle through which r has revolved in t units of time, 

0 = coz5; (1) 

so that if OP coincides with ox when t = Oj vox = 6 = cùt. 
And from (1) we hâve ^ 

0 , = -. ( 2 ) 

We must enlarge our language ; let us take our nomenclature 
from that of motion of translation. Since the linear velocity 
of a particle moving uniformly is the linear space described 
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bj it in an unit of time ; so let the angle tbrougb wbicli an 
uniformlj rotating body rotâtes in an unit of time be called the 
angular veloeity of the body. Thus co is the angular velocity of 
tbe body, and is defined mathematically by (2). It is to be 
observed that the angular veloeity is independent of r and is the 
same for ail points of the body. 

Seeondly, suppose the body to rotate about the axis but not 
uniformly, so that the radius vector of any partiele does not 
describe eqnal angles in eqnal times ; then the angular velocity 
varies and is a fonction of the time. Let the time be resol ved 
into infinitésimal éléments ; and let us suppose the angular 
velocity at the time t to be io, and to be co+rZco at the time 
and let àQ be the angle through which the body has 
rotated in the time àt, Then since co is the angular velocity at 
the beginning of and co + c^co is the angular velocity at the 
end of the mean angular velocity with which dQ has been de- 
scribed in co 4- </)f/co if (jb is a proper fraction ; and <56 is positive 
or négative according as the angular velocity is increasing or 
decreasing ; so that by reason of (1) 

d ô = ^co -f" (jydco^ dt \ 

and omitting the infinitésimal of the second order, 

dB = (ùdt\ ^ 3 ^ 

thus dQ is the angle described in dt units of time by the body 
rotating with the angular velocity co at the beginning ç>idt\ and 
therefore dividing both sides by dt^ we hâve 

de 

dV 
do 

and therefore co or jj is the angle described in an unit of time, 
dt 

and is, according to our définition, the angular velocity of the body 

Thus in both cases, of uniform and of continuously varying 
angular velocity, angular velocity is the angle described by the 
radius vector of any partiele in an unit of time ; and is the ratio 
of the angle described in a given time to the time in which it is 
described ; in the case of varying velocity this ratio is the ratio 
of two infînitesimals. 

The unit angular velocity is that of a body which rotâtes 
through an unit angle in an unit of time ; and if the angular 
velocity of a body is 00, co is a number designating the number of 
unit angles through which the body rotâtes in an unit of time. 
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34.] Again let a rigid body rotate about a fixed axis ; at a 
given instant the angular velocity is tbe same for ail particles of 
the body ; but the linear velocity is evidently not the same for 
ail ; the linear velocity of those at a greater distance from the 
axis is greater than of those at a less distance ; the relation 
between the angular and the linear velocities of a particle is 
thus found. 

Let us take a particle at a distance r from the axis. Let 
CO be the angular velocity, dd he the angle described by r in the 
time dt, and let ds be the space described by m ; then ds = rd 6; 

aud ch _ de 

dt'^^dt 

= rcù ; ( 6 ) 

so that the linear velocity of m is the product of the angular 
velocity and the radius of m, and therefore varies directly as the 
distance of m from the rotation-axis. If therefore r = 1, the 
angular velocity is identical with the linear velocity. 


35.] Hence is derived the principle on which angular velocities 
are measured ; if two bodies rotate with angular velocities such 
that the particles in each at an unit distance from the axis de- 
scribe equal spaces in equal times, the angular velocities of the 
bodies being uniform during that time, these angular velocities 
are said to be equal. And this mode of determining equal an- 
gular velocities being adopted, it is évident that one angular 
velocity may be double, or treble, or n times another. If the 
equal spaces are described by each particle in the same direction, 
the angular velocities are equal and in the same direction ; 
but if the equal spaces are described in opposite directions, the 
angular velocities are equal and opposite. Angular velocities 
may therefore be affected with signs. Thus if co represents the 
angular velocity with which a body rotâtes in a given direction, 
— O) will represent the equal angular velocity of a body rotating 
in the opposite direction. As angular velocities hâve rotation- 
axes, intensities or magnitudes, and directions, it is evidently 
désirable to hâve some geometrical and graphical représentative 
of them, as of linear velocities. This is supplied by a straight 
line on a principle similar to that by which the line-representa- 
tives of couples are determined in Statics. Along the rotation- 
axis let a length be taken containing the same number of linear 
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units as co contains angle-units ; then tHs line by its position 
and its length. represents tbe axis of rotation and tbe intensity 
of the angnlar velocity. Let a point on tbis rotation-axis be 
taken as a fixed pôle ; as tbe body may rotate about tbis axis in 
eitber of two directions, so may tbe line-representative of tbe 
angular velocity be measured from tbis pôle in eitber of two 
opposite directions, and tberefore we must cboose a principle by 
wbicb direction of rotation may be determined. Let it be tbis ; 
if, as we look along tbe axis from tbe pôle, tbe body rotâtes from 
left to rightj like the bands of a watcb wben we face it, let tbat 
rotation be called positive, and let its line-representative be 
measured from the pôle in tbe direction in wbicb we look ; but 
if tbe body rotâtes from rigbt to left, tbat is in tbe direction 
opposite to tbat of tbe motion of tbe bands of a watcb, let tbat 
rotation be négative, and let tbe line-representative be measured 
from the pôle in a direction opposite to tbat along wbicb we 
look. Tbus in Pig. 4 ; let o be tbe pôle and ox tbe rotation- 
axis ; as we look from o towards x let tbe body rotate as tbe 
bands of a watcb wbicb we face ; tbat is, in the direction of tbe 
letters pqus, tben tbat rotation is positive, and its line-repre- 
sentative is to be measured from o towards tbe rigbt ; let oa be 
tbat line, tben oa is as to direction and length a représentative 
of the angular velocity. If, on tbe contrary, wben we look from 
o towards cc, the rotation of the body is in tbe opposite direction, 
tben the line oa is to be measured along ox produced back- 
wards *, tbat is, oa' is tbe line-representative of tbe angular 
velocity. I may observe tbat if we look from o towards a', tbat 
is towards tbe left instead of tbe rigbt, oa' is tbe représentative 
of the rotation in tbe second case according to tbe principle we 
bave adopted, for as we look from o towards a' tbe body rotâtes 
in tbe same direction as tbe bands of a watcb ; tbus tbe line- 
representative is independent of tbe direction in wbicb we look 
from 0. Tbese line-representatives are called vectors, and we 
sball bereafter use tbem as adéquate représentatives of angular 
velocities. Tbis mode of représentation is tbe foundation of 
Graphical Kinematics. 

36.] Tbus mucb as to single angular velocities, and tbeir line- 
representatives. We will now investigate tbe circumstances of a 
body wbicb rotâtes witb many simultaneous angular velocities ; 
tbat is, we suppose a body to rotate about a determinate axis 
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with a given angular velocit}^, and another angular veloeity to be 
communicated to it ; what change of motion is due to the addi- 
tion of this new angular veloeity, and wbat is the combined 
résultant of the new and tbe original angular velocities ? And 
again, we shall suppose other angular velocities to be communi- 
cated, and we shall bave to déterminé tbe résultant of ail of 
tbem. At présent we say notbing about the source of tbese 
velocities or tbe mode of communication ; we sball consider 
only tbe combined resuit of tbem as expressed angular velocities. 
Tbe problem tberefore is tbe composition and resolution of 
angular velocities; and we sball in order consider (1) tbose 
wbieb bave the same rotation-axis ; (2) tbose whose rotation- 
axes meet in a point ; ( 3 ) tbose wbose rotation-axes do not 
meet ; and, as a spécial case of (2), tbose wbose rotation-axes 
are parallel, tbat is, meet at an infinité distance. 

We consider first tben tbe composition of angular velocities 
whicb bave tbe same rotation-axis. Let a body rotate about the 
axis occ, Fig. 5 , witb two positive angular velocities co^, wbose 
représentatives are oa and OB ; let P be tbe place of a particle of 
tbe body, wbieb we will tate to be in the plane of tbe paper. 
Let PM be drawn from P at rigbt angles to occ, and let pm = r ; 
as botb tbe angular velocities are positive, ail particles of tbe 
body lying in tbe plane of the paper and above ox move from 
below to above tbe plane of tbe paper ; and ail particles lying 
below ox move from above to below ; tberefore tbe spaces 
tbrougb wbieb P passes from below to above tbe plane of the 
paper in tbe time cU are clt due to and (ù^rdt due to ; 
so tbat tbe wbole space over wbieb P passes in dt 
= {(ù^ + (^^)Tdt 

Now suppose û) to be the résultant of and ; so tbat if the 
body rotâtes witb tbis veloeity, P will pass in tbe time di over a 
space due to o) wbieb is equal to the sum of the spaces due to 
and to 0)5 ; but tbe space passed over by P due to the angular 
veloeity co in tbe time dt is (^rdt\ tberefore 
(^rdt = ; 

0 )= + ( 7 ) 

tbat is, tbe résultant angular veloeity is tbe sum of tbe two com- 
ponent angular velocities. 

If one of tbe components, say is négative, tbe positive 
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passcd O ver by P in the time dt will manifestly be 
(co,t — ; and \ve sliall hâve 

<o=a)„ — co^,; (8) 

and if thon from (7) û> = 0, and two equal and 

opposiii^ ano'ular velocities neutralise eaeh other. 

Siniilîirly if a body rotâtes about a given axis with coaxial 

angnilar velocities Wj, co^, , 6o,j,and if n is the résultant angular 

vcloeity, n=co,+<o,+ +co,„ 

■— 2.«; (9) 

and as this holds tnie whether the angular velocities are positive 
or ïu'gativü, :s. o) expresses the algebraical sum of the several coin- 
pottent angular velocities. 

la ail thèse cases the line-representative of the résultant 
îs th(^ algebraical sum of the line-representativcs of the corn- 
ponents. 

37.] Nexi. lot us suppose the body to movo with two simul- 
t a ruions atigular velocities and co^,, whosc axes oa and OB 
iniers(‘ct. eaeh other in the point o. 

L(‘ir us inhe o to l)e the pôle, and oa, ob, Fig. 6, to be the 
line-repr(‘sentatives of the angular velocities a)„, respcctively ; 
so ihai. diu^ i.<) ail particlcs of the body in the plane of the 
papt*r whu*h are above the line oa pass from below to above the 
plaiu* of the paper, and ail those l)olow oa pass from above 
t,o below; similarly by means of ail particlcs to the right 
nf (Ui pass from above to below and ail tliosc to the lei't from 
ludow i.o abov(‘. L(di us takc a point e within the angle boa, 
and from v let IM. and P K l)e drawn pcrpcndicular to oa and ob 
respcctively ; let OM = MP = y, BOA = y ; then P K = x siny, 
V L = y sin y. ïjet ns investigato tho paths dcscribed by P in 
the time r//, whieh a,ro due to thèse two angular velocities ; the 
n|Avard path of e due to cù.j sinyrf/. ; and the downward 
jiath of I* due to siny^?/: so that the résultant iipward 

path of P = (yco^j —irw,,) siiiy^//. Now let us suppose P to he 
lit H'st. undiu* the ellects of tho two angular velocities, thon 

O),, Cùf, ' 

and n‘plueing m,, and liy their representativoB oa and OB, 

OA ob’ 



(11) 
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but eitber of these is the équation to a straight line passing 
through O ; and as ail particles along it are at rest, it is the axis 
of the résultant angular velocity. From (11) it appears that it 
is tlie diagonal of the parallelogram of wliicli oa and ob are the 
containing sides ; so that the axis of the résultant angular velocity 
lies along the diagonal of the parallelogram of which the line- 
representatives of the component angular veloeities are the eon- 
taining sides. 

The intensity of the résultant may be found as follows ; let us 
suppose it to be ; then as the patli which a, or indeed any 
particle on the line oa, describes in (U in the case of the 
component angular veloeities is that due to co^, only, and is 
oùi^QA-sinyclt, and as the ]3ath described by a in dt in the case 
of the résultant angular velocity is to^OAsincoAr?^, thcse paths 
are to be equal ; and therefore 

coi sin y = cog sin co a ; (12) 

similarly if we equate to each other the two paths described by 
B in the cases of the component and of the résultant angular 
veloeities, we shall hâve 

6)^ sin y = O),, sin COB ; (13) 

from either of which équations it appears that is represented 
in length by the diagonal oc. Hencc it follows that if a body 
rotâtes with two simultaneous veloeities, whose linc-reprcsenta- 
tives meet in a point and are the adjacent sides of a parallelo- 
gram, the résultant angular velocity is equivalently expressed in 
ail respects by that diagonal of the parallelogram which abiits 
at the point of intersection of the line-representatives of the 
component angular veloeities. 

Hence if, as in Fig. 7, co is produced to c', so that (/o = co, 
then if oa, ob, oc' are the line-representatives of threo simul- 
taneous angular veloeities, the body is at rest; because oc, whicli 
represents the résultant of and co^,, represents an angular 
velocity which is neutralised by that of which oc' is the line- 
representative ; and therefore if aoc'= /3, boc'= a, from (12) 
and (13) we hâve ^ ^ . 

sin a sin sin y ’ 
hence also if a body rotâtes with three simultaneous angular 
veloeities whose axes meet in a point, and whose line-representa- 
tives are parallel and equal to the three sides of a triangle, the 
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angnlar velocities neutralise eaeh other, and the body remains 
at rest. 

Hence also it follows that if a body bas two simultaneous 
angular velocities and about two axes wbieb intersect 
at an angle y, tbese are équivalent to a single angular velocity 
0 )^, wbieb is given by tbe équation 

0)^2— + + (15) 

the rotation-axis of wbieb makes angles a and /3 witb tbe rota- 
tion-axes of CO;, and co^, wbieb are sucb that 

^ (16) 

sina sinjS siny 

38.] Now suppose a body to bave two simultaneous angular 
velocities co^; and co^ about two axes intersecting eaeh otber 
at rigbt angles ; tben, if co is tbe résultant angular velocity, 

co^ = co/ -h O)/ ; (17) 

and, if a is tbe angle between tbe axes of co and co^;, 

cog. = û) cos a, I 
co^ = co sin a ; ) 

so that angular velocities may by means of tbeir line-representa- 
tives be resol ved and compounded according to tbe projective 
laws of pure geometry, tbe laws of resolution and composition 
of statical pressures, and of dynamical linear velocities. 

Similarly if a body bas tbree simultaneous angular velocities 
co^, co^, co„ about tbree axes wbieb intersect at rigbt angles ; tben, 
if co is tbe résultant angular velocity, 

co^ = co^2 ^ ^ ^^2 . 1^19) 

and if a, /3, y are tbe angles wbieb tbe axis of tbe résultant angu- 
lar velocity makes witb tbose of tbe component angular velocities, 

( 20 ) 


co» 


cos a cos j3 cos y 
39.] Hence we can deduce tbe single résultant angular ve- 
locity of many angular velocities, wbose rotation-axes pass 
tbrougli a given point : let that point be the origin, and at 
it let" a System of coordinate axes originate ; let tie several 
angular velocities be a>i, their rotation-axes 

beVi> ^1= yi). (“2. / 32 . y2)> («»> A» y») ; 

city be resolved into tbree components along tbe tbree coor- 
dinate axes ; so tbat tbose, wbose rotation-axis is tbe axis of x, 
PRICE, VOL. IV. JE 
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are cos , cog cos a 2 co^ cos a„ ; and if 5 . co cos a is thé sum 

of ail these, 

:S . cü cos a = coj cos + 0)2 cos a 2 + + co„ cos ; s 

Bimilarly | 

2.a)COs/3 = 6)1 eos/3i + û) 2 COS^ 2 + 4-û)^cos/S^:, ( ^ ^ 

:s . CO eos y = coj cos y^ 4 - 0^2 cos y 2 + + co^ cos y„ . ' 

Let n be the résultant angular velocity ; and let h, c be tbe 
direction-angles of its rotation-axis ; tben 
ncosÆ = 5.CÜ eos a, ncos 3 = 5.co cos/3, ncosc?:=:S.cocosy; (22) 
ci^zrz (:2. CO cos a)^ + (:s. CO cos /3)^ + ( 5 . CO cos y)^ ; (23) 

- 2. CO cos a 5 . CO cos /3 :§.coeosy 

and = 7 -^ = = n ; (24) 

eOSÆ COSO cos 6' 

wbicb équations give tbe intensity of tbe résultant angular velo- 
city, and tbe direction-cosines of its rotation-axis. 

40.] A maebine devised by Bobnenberger *, wbicb is repre- 
sented in Fig. 8 , may probably faeilitate tbe conception of 
cimultaneous angular velocities, and tbeir combined effects ; tbe 
maebine is delineated in its primary state of rest. 0 is the 
centre of a spbere, tbrougb wbicb a horizontal axis aa' passes, 
tbe ends of wbicb are pivots acting in a horizontal circulai* 
ring aba'b', so that tbe spbere can rotate about tbis axis. To 
tbis horizontal ring two pivots are attacbed at B and b', tbe line 
joining wbicb is perpendicular to a a'; tbese pivots work in a ver- 
tical cireular ring cb cV, so tbat tbe ring containing tbe spbere 
can rotate about tbe axis B b'; tbe ring cc' bas also two pivots 
at c and c', wbicb are fixed points, the line joining wbicb is 
vertical and is at rigbt angles to botb a a' and b b'; and tbe 
vertical ring can rotate about cc' as an axis. Tbe tbree lines 
aa', bb', cc' intersect in o the centre of tbe spbere, and thus 
form a System of rectangular axes in space, tbe origin of wbicb 
is at tbe centre of tbe spbere. Now tbis is tbe state of tbe 
maebine at rest, and tbe problem is tbis ; let an angular 
velocity be given to the spbere about the line a a'; to the 
ring AB a'b' carrying the spbere let an angular velocity cùy be 
given about tbe axis B b'; and to the ring cbc'b' carrying the 
former ring and tbe spbere let an angular velocity cü, be given 
about the axis cc'; tben tbe spbere being connected witb the 
rings bas ail tbese angular velocities simultaneously, and the 

* See Bobnenberger, Gilbert’s Annalen der Physik,” Band LX, 1819. 
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question is, what line of partieles is at rest ? What is the ré- 
sultant axis of rotation, and wliat is the angular velocity of tlie 
sphere about it ? Tiy to follow in your mind the path described 
by any partiale of the sphere, when it moves with ali these 
simultaneous angular veloeities; and try thence to détermine 
the line of quiescent partieles. Probably in the difficulty of 
doing so, you will perçoive the necessity of such composition and 
resolution of angular veloeities as we hâve just explained. Let 
us assume the tbree angular veloeities to be positive ; then the 
résultant angular velocity will be given by équation (19) and the 
direction-cosines of its axis by (20). This may be thus exhibited ; 
let us suppose co^ = == ; then a = /3 == y ; let a diameter of 
the sphere be drawn making equal angles with a a', b b', cc' in 
its original position ; and at the pôles where this diameter meets 
the surface, let the surface be divided into three equal lunes, and 
let them be eoloured respectively red, yellow, and bluè ; then it 
will be found that the sphere will rotate about this axis which is 
eqaally inclined to the three lines a a', b b', cc', and the rotating 
sphere will, if its angular velocity is great enough, appear white ; 
whereas if the résultant rotation-axis does not pass through the 
point where the different ly eoloured lunes meet, the colour of the 
rotating sphere near its pôle will be that of the lune in which 
the rotation-axis pierces the sphere. 

41.] The experiment with the pendulum, devised by Foucault 
to exhibit to the eye the rotation of the earth about its axis, is a 
simple application of the laws of resolution and composition 
of angular veloeities which hâve been investigated. Let us 
suppose the earth to be a perfect sphere, of which a plane 
section through the pôles is drawn in Fig. 9 ; P and p' being the 
north and south pôles, c being the centre, and wcb being the 
intersection of the plane of the paper and the plane of the 
equator. Let a pendulum be suspended at the north pôle, so 
that it may vibrate freely in ail directions. Now if the pendu- 
lum is at rest, and suspended from a point not rotating with the 
earth, but fixed absolutely in space, the earth would rotate 
under the pendulum from west to east in 24 hours ; and the 
apparent effect to a person on the earth would be a complété 
rotation of the pendulum through 360° from east to west in the 
same time. A point of suspension however not fixed to the 
earth cannot be obtained, and of course if the point of suspension 
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is joined to the earth, ail moves together, and the pendulum has 
no apparent rotatory motion. Let however the pendulum be 
suspende d from a point fixed to the earth ; and let it vibrate in 
a plane ; then as the earth turns, the point of suspension turns, . 
and the pendulum turns, but the lüane of vibratioji is not affected 
by these rotations ; it is as stationary as if the point of suspen- 
sion were absolutely fixed ; so that in the course of 24 hours, 
if the pendulum vibrâtes so long, the plane of vibration will 
apparently pass in succession over ail the meridians from east to 
West, because the earth in that time performs a complété révo- 
lution from west to east under the pendulum ; and the angular 
velocity of the earth will be the apparent angular velocity of the 
plane of vibration of the pendulum. A similar phænomenon 
will be presented by a pendulum at the south pôle, but the 
direction of the apparent rotation of the plane of vibration will 
be from west to east. At the equator no such efîect takes place. 
For suppose a pendulum to be suspended at the equator, and its 
plane of vibration to be, say, north and south ; as the earth 
rotâtes about its axis, it is évident that neither the point of 
suspension of the pendulum nor the plane of vibration has any 
rotation ; the point of suspension of the pendulum is carried 
round in a eircle, and the plane of vibration continues north 
and south. At the equator therefore no efîects of the earth’s 
rotation such as we hâve described will be exhibited by a pen- 
dulum. The full efîect is exhibited at either pôle ; and no 
efîect at the equator. Now let us take any place a, whose 
latitude is À; and let ac be drawn to the centre of the earth. 
Let CO be the angular velocity of the earth about its axis ; then 
cüsinÀ is the angular velocity about the line ac, which is the 
normal to the earth’s surface at the point a ; so that the plane 
of vibration of the pendulum at a will undergo a displacement 
from east to west similar to that which takes place at P, but 
more slowly ; for whereas the time of a complété révolution at 

277 

P = — = 24 hours, the time of a complété révolution at 

277 , 

^ ^ . gQ tliat 

24 hours 

The time of révolution at a = — ^ (25) 

sin A ^ ^ 

This law has been verified by numerous observations made at 
various places on the earth ; for although the vibration of the 
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pendiilum has not been continued tbroug^b 24 tours, yet tte 
arcs deseribed by tte plane of vibration in a given time bave 
been found to vary in different latitudes as tte sines of ttese 
latitudes. 

42.] We proceed now to consider tte resolution and compo- 
sition of angular velocities, tte rotation-axes of wtiet do not 
meet ; and we will first consider tte particular case of angular 
velocities wtose axes are parallel, and about wtiet separately 
tte body rotâtes in tte same direction. Let tte angular ve- 
locities be CO,, and co^ ; and let tteir pôles te o and o', and tteir 
axes O A, o'b ; o o' being perpendicular to eaet of tbese lines ; 
see Fig. 10 ; let p be tte place of any particle in tte line o o', 
and to fix our ttougtts let us take it between o and o'; let 
0 o' = c, 0 P = â?, P o' = y ; tten tte downward patt of P in tte 
time di whict is due to co„ is xcùa^dt^ and tte upward patt in 
tte same time due to co^, is y co^c-^zî ; so ttat tte downward patt 
of P in the time dt ^ ^ j ^U. 

Now suppose 0, to be a point in oo' wtiet under tte effeets 
of tte two angular velocities co,^ and co^ remains at rest ; tten 
if X and y are tte respective distances of Q, from oa and from 
o'b, a?co,,— -yco^ = 0; whence 

^ = 1 . • 

wtereby Q is determined ; and as every point in tte line ttrougt 
Q perpendicular to oo'is at rest, so QC is tte axis of tte résultant 
angular velocity ; and (26) stews ttat it divides tte distance 
between the axes of the two component angular velocities into 
two ])arts whict are to eact otter inversoly as tte angular 
velocities. 

Let O) be the résultant angular velocity ; tten in the case 
of the component angular velocities, tte downward patt of o' in 
the time dt=z oi^edt\ and in the case of tte résultant angular 
velocity^ the downward patt of o'= (^ydt\ ttese are of course 
equal ; wtence we bave 

^ co«c? = a)y; (27) 

similarly, if we equate Ite two paths of o in the two cases, we 


tave 

= (ûX\ 

(28) 

wtence 

^ __ __ ^<i + 

(29) 


c y X ~~ y + ^ 
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(30) 

(31) 


c c 

0) = COa + 5 

tliat is, the résultant angular velocity is the snm of the cora- 
ponent angular veloeities. 

A similar theorem is true, whatever is the number of the 
component angular veloeities which hâve parallel axes. 

If one of the component angular veloeities, say co;»,, is négative, 
the paths of ail particles between o and o' due to both and 
C 05 will be downward ; let us then, see Fig. 11, consider the path 
taken by a point P in the line o o^ produced ; now the line-repre- 
sentative of co^ is o'b, which is drawn from o' in a direction 
opposite to that in which OA is drawn from o. Let OP = æ?, 
o'p == y ; then the downward path described by P in clt due 
to co^ is and the upward path due to is 

therefore the whole downward path in the time dt 

= (ûùaX-ùùj,^)dt 

liet Q be a point in o o' which remains at rest ; then, if o Q, = ^, 

= (32) 

so that the line o o' is divided extemally into two parts which 
are inversely proportional to the component angular veloeities. 

Also let Où be the résultant angular velocity whose rotation- 
axis is Q c ; then equating the downward paths of o which are 
due to û )5 and to co respeetively, we hâve 

and equating the downward paths of o' which are due to co^ and 
to CO respeetively, <o„e=coy; (34) 

- ü = ^ = 


X 


y 


-y 


û) = (W5 — 0)^; (35) 

that is, the résultant angular velocity is the excess of the greater 
component over the less ; and has therefore the same sign as 
the greater. • 

Hence if a body moves with many angular veloeities Wp, .. co„, 
ail of which hâve parallel rotation-axes, and if o is the résultant 
angular velocity, 


n = 0);^ + cog + . 
= 5 . û) : 


. + 


( 36 ) 
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43-] 

wliere 2 . û) is the algel)raical sum of the several eomponents ; 
but more will be said bereafter on this subject. 

43.] If however the différence between and is infi- 
nitésimal, then cù is also infinitésimal; and if oj = 0, 

and the résultant angular veloeity vanishes. In this case how- 
ever X y\ which can be only if a? = ^ z= co. Here then 
a Paradox présents itself; when two component angular velo- 
cities with parallel axes are equal and hâve opposite signs, the 
résultant angular veloeity is zéro, and its axis is at an infinité 
distance. We must return to fîrst principles. 

Consider Fig. 12, wherein oa and o'b are the line-representa- 
tives of two equal angular velocities which hâve opposite di- 
rections: let oo'= c, and take any particle P in the line oo': 
let O P = Æ?, o'p = y ; then the down ward path of P in the time 
d t due to cüa and to — 

= (ù(^xdt + (x)aydt^ 

= ùè^{x+y)dt, 

— (37) 

and therefore is the same, whatever is the place of P. Thus ail 
particles of the body are advanced in the time dt along a distance 
equal to a^^cdt and perpendieular to the plane containing the 
two parallel axes of the component angular velocities. The 
effect therefore of a body moving with such a pair of equal and 
opposite angular velocities is a displacement of translation of 
the body over a distance proportional to the product of either 
angular veloeity and the perpendieular distance between the two 
axes. M. Poinsot, to whom we are indebted for the laws of 
composition and resolution of angular velocities, calls such a 
pair of equal and opposite angular velocities a couple of an- 
gular velocities, and the product he calls the moment of 
the couple. The analogy is évident between these theorems and 
those of statical couples. 

Hence a couple of angular velocities gives a body a displace- 
ment of translation equal to (sn^cdt in the time df>^ and along a 
line perpendieular to the plane of the axes of the couple. 

Hence also it is évident that a couple may be equivalently 
replaced by any other equimomental couple provided that the 
planes containing the axes of the couples are either parallel or 
identical. And tfie geometrical représentation of a couple is a 
straight line whose length is proportional to the moment of the 
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couple, and whicli is perpendicular to the plane of tlie axes of 
the couple. 

44.] Lastly, let us eonsider the most general case ; that in 
whicli a body moves with many simultaneous angnlar velocities, 
the rotation-axes of which do not pass through one and the 
same point, and are not parallel. 

As the signs of angnlar velocity are arbitrary, it is convenient 
for our présent purpose to affect them with those which are best 
suited to a System of coordinate axes in space. Let then those 
angnlar velocities be considered positive with which, having for 
their rotation-axes severally the axes of x, y, 0 , the body turns 
from the y-axis to the 0 -axis, from the ^-axis to the a?-axis, 
from the i»-axis to the y-axis respectively ; and let those be 
négative with which the body rotâtes in opposite directions. 
This System is evidently cyclical, and is easily remembered. 

Let the angular velocities be a)i, cog, ... o),./, and let a point 
0 rigidly connected with the body be the origin ; at it let a 
System of rectangular coordinates fixed in space originate ; and 
let the direction-angles of the rotation-axes be 0,^ 0.2^ 1^2^72^ 

^Wî Vn 3 (^13^^13 %}3 (^2 3 1^2 3 '^ 2)3 *•• (^n 3^71 3 ^7l) pOintS 

severally on the rotation-axis of each, and let Pu ^2^ Pn 
the perpendicular distances from o on the several rotation-axes. 
And of ail these quantifies let (a, /3, y), (a?, y, xr), p be the 
types. Let us eonsider the type velocity co. At the origin let 
a pair of equal and opposite angular velocities be introduced, each 
of which is equal to 6), and the rotation-axis of which is parallel 
to that of CO ; and from o let the perpendicular distance p be 
drawn to the rotation-axis of co ; so that instead of the original 
CO, we hâve co at 0 equal to the original co and with a rotation- 
axis parallel to that of the original co, and a couple of angular 
velocities, each of which is co, and the distance between whose 
axes is so that p>^ is the moment of the couple; and the 
effect of which is a displacement of the body in the time dt over 
a distance equal to (ùpclt in a line perpendicular to the plane 
which contains the origin and the rotation-axis of co. Let a 
similar process be performed on ail the angular velocities; then 
we hâve a system of angular velocities the rotation-axes of which 
pass through 0, and also a system of couples of angular velocities, 
the effeets of which are severally a displacement of translation of 
the body. 
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Let n be the résultant angnlar velocity of ail those wMch act 
at O; let be its axial components ; and let a, J, c be 

tbe direction-angles of its rotation-axis ; then 

eos -h cos a.^ + + cos 

= :s.a) cos a ; (38) 

= 5.0) cos ^ ; (39) 

xig =5.0) COS y; (40) 

= ( 5 . 0 ) cosa)^-l-(5.o)COS/3)2-f (5.o)COSy)2; (41) 


5 . 0 ) COS a 


! 5.0) COS y 


whereby tbe intensity and tbe direction- cosines of tbe rotation- 
axis of tbe résultant angular velocity tbrougb o are known. 

45.] As to tbe couple of angular velocities wbicb, arises from o), 
tbe moment of tbe couple is pcù; and as p is tbe perpendicular 
from tbe origin on a line passing tbrougb z), wbose direc- 
tion-angles are (a, (3, y), we bave 

= (^ cos 13 —y cos y)^ + {x cos y—z cos a)^ 4- (y cos a — cos ^)^. (43) 
Now tbe displacement of translation wbicb tbe body undergoes 
by virtue of tbis couple of angular velocities is along a line 
perpendicular to tbe rotation-axis of co and to p ; so tbat its 
direction-cosines are 

Z co^ 13— y cos y xcosy — zcosa y cos a — x cos 13 , . 

P ^ P P ^ ' 

Let A cr be tbe space tbrougb wbicb tbe body is displaced in 
tbe time dlhy reason of tbis couple of angular velocities ; tben 
Acr = iùp(lt\ (45) 

and tbe direction-cosines of ao- are given by (44) ; so tbat if 
A ^5 A?], A^ are tbe axial projections of ao-, 

A f = O) (^ cos /3 —y cos y) à \ 


Arj = (jù (^x cos y — Z cos a) dt, > (46) 

= (O {y cos a—x cos fi) dt ) 

A resuit similar to tbis is true for eacb component angular 
velocity ; and tberefore if cr is tbe wbole space tbrougb wbicb 
tbe origin is transfeiTcd, and if t], C tbe axial projections of cr, 
^ = 5 . 6) (^ cos /3 —y cos y) dt^ \ 
rj = 5.0) (i 2 ? cos y — 2 ? cos a) dt^ V (47) 

f = 5.0) (y cos a — fl? cos /3) izî; ; 

and 0 - 2 =^ + 7724 ^^ (48) 
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and tlie direction-eosines of a- are 

2. CO (g cos /3 — y cos y) dt 2.60 (cg cos y — cps g) dt 2.cü(ycosa— a?eos/3)ffô 
cr cr cr 

whereby we hâve the résultant motions, both of translation and 
of rotation about an axis througb the origin, of a body moving 
with many simultaneous angular velocities. 

46. ] If the simultaneous angular velocities are 

such that the body is at rest, then n = 0, and cr = 0 ; so that 
we hâve the six conditions 

cos a = 0, \ 2 . co cos /3 y cos y) = 0, \ 

:s. cocos y8 = 0, ( (50) :s.co (a?cos y~; 2 : cos a) = 0, > (51) 

:s.cocosy = 0 ; ) :s.co (ycos a— /i? cos^) = 0 ; ) 

from these équations theorems can be deduced similar to those of 
Arts. 71-75, Vol. III. 

47 . ] If the angular velocities are capable of composition into 
a single angular velocity, let n be the single angular velocity, 

Ug its axial components, and {x\ y\ z') a point on its axis ; 
then as the effect of n is to be identical in ail respects with the 
combined effects of the component angular velocities, 

= 5. cocos a, = 2. co cos /3, =5. cocos y; (52) 

Q^w'—a^z'= TJ, > (53) 

^ Cl ' 

from the last of which we hâve the condition 

i^x + rj^y + C^. = 0; (54) 

which équation shews that the résultant line of displacement is 
perpendicular to the rotation-axis of the résultant angular velo- 
city ; and as the résultant displacement may be replaced by two 
equal and opposite angular velocities whose rotation-axes are 
perpendicular to the line of displacement, we may take these 
rotation- axes to be parallel to that of n, whereby we shall hâve 
three angular velocities with parallel rotation-axes which may be 
compounded into a single angular velocity. 

48. ] If the axes of ail the simultaneous couples are parallel, 
then 


neos <2 = cos a 2. CO, ncos ô = cos j3 S.co, 
. • . ûj = a, ô = (3, c 
n = 2.C0 ; 


ncosc? = cos y 2. CO ; 
= } (55) 
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49 -] 

that is, the résultant angular velocity is equal to thé sum of ail 
the component angular veloeities, and its rotation-axis is parallel 
to the rotation-axes of the components. Also 

f = (cos — cos y \ 

T] = {gos y :^.(ù æ— cos a-^. Où z) cU, j'- (56) 

( = (cos a cos ^:z.(ùœ)ât, ) 

In this case (54) is satisfied ; and the angular veloeities are 
capable of réduction to a single angular velocity ; let n be the 
résultant, and let {ôc, z) be a point on its rotation-axis ; then 
as it produces the same effect as ail the components taken in 
combination, and as the direction-angles of its axis are a, /3, y, 

^ = (cos j3 nz — cos ynÿ)d^, \ 

Tj = (cos y n ^ — cos a az)clt, > (57) 

(= (cos a ap— cos j3 ax)ât; ) 

which are severally equal to the values given in (56), But as 
these results are true, whatever be the System of coordinate axes, 
a, jSj y are manifestly indeterminate ; so that we hâve 

^ = 1 ?:= Z . 

:s.<ü 5.0) 2.0) 

(5?, ÿ, z) is called the centre of the parallel angular veloeities. 

49.] From the preceding Articles it appears that if a body is 
moving with many simultaneous angular veloeities, the résultant 
motion consists (1) of a determinate angular velocity n, the 
rotation-axis of which is determinate in direction but not in 
position ; and (2) of a displacement of translation of an arbitra- 
rily chosen point on the axis of the résultant angular velocity n, 
the line of motion and amount of which are given by équations 
(47) and (48). Now whatever is the ppsition of this arbitrarily 
chosen point, the résultant angular velocity is the same in 
intensity and direction, but the amount and the line of the 
displacement of translation of the point varies with the point ; 
for although in the infinitésimal time clt the displacemont is 
infinitésimal, yet équations (47) shew that it varies with the 
origin. Let us therefore inquire what is the position of the origin, 
when that displacement is the least ; the form of (47) indicates 
that it does not admit of a maximum, but it may be a minimum. 

Let the directions of the coordinate axes be unchanged ; and 
let ^o) origin for which the displacement of transla- 

tion is the least; so that for y, z in (47) we must substitute 
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®~*o> y~yo’ fo> ’Jo’ Co axial components of 

the displacement of the new origin ; then 

io = 2.0) {(«-2^o) ®®s ^-{ÿ-ÿo) ®®® y} ; 

= 2 . 0 ) {zcos^—ycosy)df+ÿ^'S,.aiCoeycU — Zf^'î,.aiCos^clt-, 

■r)-{x^a,-z^n.^)dt, V (59) 

Co= C-{ÿo^x-x^^v)dt-, ) 

+ {C-{yo^x-«>o%)dt]K (60) 

Thiis cr^ is a fanetion of .s^^wLich are three independent 

variables ; whence equatiog to zéro the three partial differentials 
of o-Q, as in Art. 82, Vol. III, we hâve 

^ ù^clt a^dt ° a^dt . fn^\ 


which are the équations to a straight line ; this line therefore is 
the locus of points for which the displacement of translation due 
to the simultaneous angular velocities is a minimum. The line 
is evidentlj parallel to the rotation-axis of n ; and passes through 
a point whose coordinates are 

C^V V ^^z“~~C^x V^x f’^î/ . 

a^dt ’ a^dt ’ d^t ’ ^ 

which give the following geometrical construction. At any 
point O taken arbitrarilj, let the displacement of translation d 
and its axial components £ '»?, C be drawn ; also let the rotation- 
axis of ü be drawn. Let cf) be the angle between these two 
lines ; through o draw a line perpendicular to both of them ; and 
along that perpendicular from o take a length o n = such that 

or sin é 
^ ù.di ’ 



then a line drawn through d parallel to the rotation-axis of n is 
that whose équations are (61). This line is called the central 
axis of the system, and the équations to it can be found directly 
from this conception of it. 

60.] If the origin is taken on the line, p = 0; and therefore 
sin c/> = 0 ; so that the line of displacement lies along the rotation- 
axis of n. In the case therefore of the central axis the system 
of simultaneous angular velocities is redueed to (1) an angular 
vclocity a about a determinate axis, and (2) a displaccment of 
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51 .] IMAGES OF A MOVING BODY. A SCRBW. 

translation cr along tliis axis. In tte infinitésimal time the 
.body rotâtes tbrougb an angle about tbe axis, and moves 
along tbe axis over a distance o* wbicb is given by équation (48). 
Tbus it bas a belical motion: wbile it rotâtes witb a given 
angular veloeity, it also advances along tbe rotation-axis witb a 
determinate linear veloeity. Hence it is, tbat sucb a motion is 
called a screw, and tbe central axis is called tbe axis of tbe screw. 
Tbe ratio of tbe veloeity of translation along tbe central axis 
to tbe angular veloeity about it is called tbe pitcb of tbe screw ; 
tbus if V is tbe veloeity of translation along the central axis, 
and n is tbe angular veloeity, 

V 

tbe pitcb = . 

This is one oftbe most simple images wbicb tbe motion of a 
rigid body admits of. 

Hence as tbe motion of any particle of tbe body is made up of 
tbe motion of rotation about tbe central axis, and of tbe motion 
of translation along it, and as tbe projection of tbe former on 
tbe central axis is zéro, it folio ws tbat tbe projections on tbe 
central axis, and eonsequently on any axis of rotation, since ail 
rotation-axes are parallel, oftbe displaeements of ail particles of 
a body are equal. 

I may observe tbat tbe équations (61) of tbe central axis may 
be found by investigating tbe locus of points at wbicb tbe dis- 
placement of translation lies along tbe rotation-axis of n. 

51.] Now wben a body bas a continuons motion tbe System 
of tbe central axes forms a ruled surface in space, and anotber 
ruled surface in tbe body ; ail tbe generators of tbe second suc- 
cessively coincide witb tbose of tbe first. In imagining sucb a 
motion let us suppose tbat of translation or tbe sliding of tbe 
axis to take place before tbe rotation about tbe axis ; let two 
generators be placed on eacb otber in tbeir corresponding posi- 
tions, and let tbe sliding along tbem take j)lace over tbe distance 
O- ; and tben let tbe body turn about tbe common générât or of 
tbe two surfaces tbrougb tbe angle by tbis means tbe 

next two generators will be brougbt into coincidence ; and the 
corresponding sliding and rotation will again take place; and 
so on ; wbereby tbe two surfaces will be successively brougbt into 

* For a furtber discussion on Screws, see ‘^The Tbeory of Screws,” 
by R. S. Bail, Dublin. 1876, 

PHOPEETY DE 
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contact with. eaeh other along their generators. If one of the 
surfaces is developable, the other is ; and if a* = 0 throughout 
the motion, in which case there is no sliding, the two surfaces 
are evidently cônes. This also is the case when one point in the 
body is fised, so that ail the axes pass through that point. The 
line of contact of the two surfaces is called the instantaneous 
sliding axis. 

The case however in which the body has a fixed point, and in 
which the ruled surfaces become cônes, deserves further illustra- 
tion. Let O, see Fig. 13, be the fixed point of the body; and 
from it let a sphere be described of any radius ; and let the cônes 
which are respectively fixed in space and fixed in the body be 
eut by the surface of the sphere in the curves is and is'; let i 
be the point where the instantaneous axis meets the spherical 
surface ; let s and / be the arcs of the two curves is and is' re- 
spectively ; of which let the length-elements be ch and d/; let 
01 be the instantaneous line of contact of the two cônes, and let 
the time be divided into equal infinitésimal éléments <r/ ; also 
let the curves s and / be divided into éléments corresponding 
to successive dfsj and so that the corresponding éléments are 
equal. Let 0 s be the cône fixed in space, and 0 s' that fixed in 
the body ; then the motion of the body will be represented by 
the rolling, without sliding, of the latter cône on the former ; 
the line of contact of the two cônes being always the instan- 
taneous axis of the body. Hereafter we shall hâve a case in 
which we shall find the équations to these cônes, and thus hâve 
their relative magnitudes and position. In the mean time I 
may observe that the rolling may take place in many ways. 
One cône may roll outside the other, as in Fig. 13 ; or the 
moveable cône may roll inside, as in Fig. 14 ; or again as in 
Fig. 15, where the moveable cône is larger than the fixed cône 
and rolls on the outside of it. Or again either of the cônes may 
degenei'ate into a plane, as in Fig. 16 ; and either of the cônes 
may become a straight line, in which case the axis of rotation is 
fixed. Or the cônes may become identieal, in which case the 
position of the rotation-axis is indeterminate. 

Also the vertex of either cône may be at an infinité distance, 
in which case the cône becomes a cylinder ; and as the instan- 
taneous axes aÿe ail parallel, the path of every particle is in a 
plane perpendicular to the axis of the eyHnder. 
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52.] Let us consider other properties of tlie central axis. 
From (59) we tave 

^0 "^3: “t- t}q + Cq Ug -h 7? , (’641 

and by a process similar to tbat of Art. 77, Vol. III, it may be 
sbewn tbat tbis quantity is invariant, tbrougb wbatever angle 
tbe System of coordinate axes is turned. But if (f> is tbe angle 
between cr corresponding to any origin and tbe rotation-axis of co, 

cos cb = ; 

o-a 

(Tcoscj) = a constant = ctq ; (65) 

wbere ctq is tbe displacement of translation along tbe central axis ; 
tbat is, tbe projections of tbe displacements of translation of ail 
points of tbe body on tbe central axis are equal ; in otber words, 
tbe body bas a motion of translation along tbe central axis, and 
passes tbrougb tbe distance ctq in tbe time dt. If tberefore a 
plane is drawn perpendicular to tbe central axis, tbe distances 
of ail points of tbe body from tbis fixed plane are increased or 
diminisbed by tbe same quantity in tbe time dA And tbe line 
of tbis quantity is, as sbewn in Art. 49, tbat along wbicb tbe 
displacement of translation is tbe least. Hereby we bave tbe 
folio wing construction for tbe direction of tbe central axis ; tbrougb 
any point in space draw straigbt lines equal and parallel to tbe 
actual displacements of ail tbe points of a body due to tbe time 
d t ; tben tbe ends of tbese lines will be ail in one plane wbicb is 
perpendicular to tbe central axis. 

Again, ail tbe properties of reciprocal lines wbicb are demon- 
strated in Vol. III, Arts. 89-93, are true, mutatis mutandis, of 
angular velocities ; indeed tbe principle of duality is completely 
applicable to tbese tbeorems. x, y, z, r, l, m, n, g are to be 
cbanged into «a:? C ^ respectively, and tbe enun- 

ciations of tbe tbeorems are to be cbanged accordingly ; tbat is, 
pressures are to be cbanged into angular velocities, and moments 
are to be cbanged into displacements of translation. Tbus, it is 
tbere proved tbat any System of pressures may be reduced into 
two pressures acting along lines at rigbt angles to eacb otber : 
bence it follows tbat every System of angular velocities may be 
reduced into two angular velocities wbose axes are perpendicular 
to eacb otber. 

Again, as ail moment-centres of equal moment lie on a eylin- 
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drical surface whose axis lies along the central axis ; so ail points 
for which tlie displacement of translation is the same lie on a 
cylindrical surface ; also ail the lines of equal displacement cor- 
responding to points on a cirele whose plane is perpendicular to 
the central axis lie on the surface of a hyperboloid of révolution. 

So for ail points on a line perpendicular to the central axis, 
the lines of displacement are in the surface of a hyperbolic 
paraboloid. 

Prom the theorems of Art. 91, Vol. III, we hâve the following 
déductions. If a body moves with many simultaneous angular 
velocitieSj they may be reduced to two others whose rotation- 
axes are such that if one is given, the other is the reciprocal 
line ; and the perpendicular line to these two axes passes through 
and is perpendicular to the central axis of the System. 

And from Art. 93, it follows that every System of angular ve- 
locities may be replaced by two equal angular velocities, whose 
rotation-axes are perpendicular to each other, and each of which 
is inclined at 45° to the central axis, and the axes are perpen- 
dicular to a line which is bisected at right angles by the central 


-i- ' 


axis : each of the angular velocities = , 

2 -^ 

the perpendicular distance between the axes 


and the length of 

2a*o 


53.] We hâve in the next place to détermine the velocity of 
any particle of a body which has the most general motion ; that 
is a motion of rotation as well as a motion of translation. 

I will first take the case where one point is fixed, through 
which of course the rotation-axis passes, so that the displacement 
of a particle may be due to the rotation only ; and I shall eon- 
sider the displacements which take place during the infinitésimal 
time dt, 

Let the fixed point of the body be taken as the oiigin, and lot 
a System of coordinate axes fixed in space originate at it ; let 
be the angular velocity with which the body rotâtes aliout the 
axis, of which let the direction-angles be (a, /3, y) ; let {x, y, z) 
be the jdace of the particle P, the displaeement of which in the 
time dt is to be calculated ; let ds be the displacement, of which 
let dæ^ dy^ dz be the axial projections ; let 0 ^ 5 , 0 )^, co, be the axial 
eomponents of o) ; so that 

__ COy __ O)» 

cos a T cos cos y 
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_ Let P be the perpendieular distance from z) on tKe rota- 
tion-axis (a, /3, y) ; tken as is the infinitésimal angle throuo-h 
wnich the hody rotâtes in the time dt, ^ 

and (67) 

f = {z cos /3 ~y cos yj + (æ; cos y - « cos a)2 + ( J/ cos a - Æ cos ;6)3. (68) 
Now ds is perpendieular to the rotation-axis, and to the line 
drawn from the origin to {x,y,z)-, also dx,dy,dz are propor- 
tional to îts direction-cosines ; therefore 

cosa^?^ + cos/3iy + eosyrZ0 = 0, ^ 


osdœ+ ydÿ’^- zdz=iO\] 

_ dy ___ dz 

^cos/3— ycosy i2?cosy~^cosa ÿ(io^a—cc(to^^ 

ds 


= o,j 
= 0 ;| 


dx = (0COS/3~-ycosy)a)fZ2J = {z(ùy -yi^^)dt, ) 
dy = (a^cosy — ^cosa)û) = {xo>^‘^z(j^^)dt, i (72) 
dz = (ycosa — £??cos/3)cor??J== (ycüa.—a?a)^)f'Zzî;) 
ds^^ 

In ail these expressions there has been an ambiguity of sign, 
which I hâve omitted ; that sign has been taken which is in ac- 
cordance with the principle of signs of angular velocities assumed 
in Article 44 ; for suppose the body to rotate about the axis 
of X only ; so that co^ = = 0 ; then for a particle in the 
first octant of space, dz^ the incrément of z, will be positive, and 
dy^ the incrément of y, will be négative ; similarly for single 
rotations about the other coordinate axes ; and équations (72) 
are in accordance with these conditions. 

Hcnce the équations to the tangent line of the path which 
the particle m at (^, y, z) is taking at the time t are 

z<^y—y(jù^ X(x>z--Z(xi^ ycoa; — ^ ^ 

llence also if a body has a fixed point at the origin, and 
rotâtes with angular velocities où y y où^ about its three coor- 
dinate axes respectively, the rotation-axis of the body is the 
locus of the points which are at rest, and its équations conse- 
quentlyare ^ ^ f 
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If — z= a constant J (73) is the équation to a circulai' cylinder : 

hence the locus of particles in a body moving* about a fîxed point 
whieh at any given instant bave tbe same velocity is a circulai' 
cylinder. 

54. ] As an exact compréhension of (72) is of great importance, 
let us investigate these expressions by another and a more ele- 
mentary process. 

Prom (a?,y, ^), tbe place of ^5 let perpendiculars be 

drawn to tbe tbree rectangular axes of y, ^ respectively ; and 
let 6 be tbe angle between and tbe plane of {os, y), (\> tbe angle 
between Ty and tbe plane of (y,-^?), tbe angle between and tbe 
plane of {^^x) ; so tbat dû,d<l), d-^ are positive according to our 
hypotbesis of signs for small rotations about tbe axes of a?, y, ^ 
respectively. Let rotations througb infinitésimal angles take 
place suecessively about tbese axes, and let tbe changes of tbe 
variables due to tbese rotations be calculated. For a rotation 
about tbe axis of x througb dO we bave 

y = cos d, Z = sin 0, 

sin ôdO, dz ^ cos Q d ô, 

= --zdO ; = ^dO ; 

so tbat tbe infinitésimal variations of y and z are respectively 

— zdÔ, and yr?d; similarly for a rotation througb an angle dcj) 
about tbe axis of y, tbe variations of z and æ arc respectively 

— xdi\> and zdc[>; and for a rotation tbrougb d\jr about tbe axis 
of z, tbe variations of æ and y are respectively —yd\\r and xd-^r ; 
so tbat if dx^ dy^ dz arc tlic total variations of x^ y, and due 
to tbese combined rotations, 

dx ^ zd<l) -^ydxl/j 'j 

dy = xd\j/— zdO, l (76) 

dz = y do --xd(j), J 

55. ] We shall hcrcaftcr find it convenient to refer a l)ody and 
its motion to two sets of coordinato axes ai tbe saine tiinc ; one 
of wbicb is assumed to lie fixed in «paec, and tbe otlier to be 
fixed in tbe body and to bo moving with it. At lirsi, T will 
assume these two Systems to originate at tbe sanu^ fixiul ])oint of 
tbe body so tbat tbe body is capable of only a motion o(* rota- 
tion about an axis passing tbrougb tins fîxed point ; and I will 
suppose a |)oint v to be {x,y,z) and O reference re- 
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56.] 

spectively to the Systems fixed in space and fixed in the body ; 
and I shall suppose tbe two Systems to be related by tbe scheme 
of direction-cosines given in Art. 2. As the body moves about 
an axis, which passes through the origin, a?, ^ and the nine 

direction-cosines vary, but rj, C do not vary ; so that from (2), 
Art. 2, we bave for the variations in the time 


(læ (la^ , 


rhj 

cU 




cla, 
11 
à a. 
clt 

(Ix dy dz 


dcc. 

1t 


dt dt dt ^ dt 


(77) 


which values of -r- ^ 

dt dt 


^ express at the time* t the axial corn- 
ponents of the velocity of the particle which is at (x^ y, z). 


, be the axial components of the angular velocity 




Let . 

0 ) of the body along the fixed axes of x, y, respectively ; then 
from (72), Art. 53, 

= o^vi^si+hv+<^3C)—<»^{^h^+^2'n+<^2C) ; 
dx 

^ ^ («3 “y — ^2 + B {h “y - h <»*) + i (^3 "y - ^2 “•■;)> '' 

dy 
dt 

— = |^(æ2Cû^— Æiû)j,) + î 7(Ô2&)^— ii<Oi,) + C(^2"®— '^i“y)- 

In (77) and (78) (^, rj, Q is the place of any particle, and tliere- 
fore 7], indeterminate ; so that the Systems of équations 
are identical ; hence we may equate coefficients, and we bave 
d\ 
dt 

dK 


^3“a.-)+ C(Ciû)s — ^?3“a:)> ' 


(78) 


da. 


da,^ 

dt 

da, 

fit 




• (Z-t Ct)« dnOHn. 


Cti) CO^ ^ J ^y 


7 7 

de., 


' c,. U),, 


■ ‘■‘ 9 . tü. 


dé 


= h‘^z-h<^X, 7/1 = ^ 1 “ 




(Us , , fUs 


~ — e^o^x ^1! 


(79) 


(U " * ^ dé 

56.] These formulæ are important, and it is necessary to 
understand their meaning ; we hâve arrivcd at them indirectly, 
and therefore let us prove them by another process. 

The circumstances of the body are these. A point in it is 


motion of a BODY DEBINED 


. ^ • fB. oriffiu; at it originate (1) a System of cooi- 
W aud is tte ong^^ ^^solutely ia spaee ; (3) a f 

dinate axes (æ, y, «) moving body ; tbe body 

coordiaate axes ^ J o) aboat aa axis sacb tbat tbe 

rotâtes wtb aa a » 1 J ^ o), ; at 

a^al compoaeats ^ ^ of tbe axis of ^ are ^ a. ^3 = 

tbe time ^ t^ese qaaatities dae to tbe aagalar 

pfromtbe origia; tbea 

_ y _± = n- 


dx ^ J±Y>r ^;i_eir -valaes givea ia (73), we bave 

aad replaeiag ^ 


^ = l(«coj,-yw,) 
at P 

= a.^ù>y--a,^(^zi 

cia.-} . 

^3^£C5 

clt 


aoO>c.—a-. CO. 


ao 

ibe otber six eqaivaleats of (79) may be foaad by similar 


1 are severally tlio axial coni- 

dt' clt clt ^ ^ 


m ao tou . r» /■ J *1 

velocity of tbe partiele oa tbe axis of £ at aa aait 
bbe origia at tbe time t. 

also tbe axial compoaeats w»;. ",/> ^‘-^7 de- 

.1 terms of tbe ïî-differeatials of tbe directioa-cosiaes. 
laltlply tbe tbree eqaatioas ia tbe last borizoatal row 
jr a,, Jg, «2 respeetively aad add, tbea 

da..dh^ dc^. (SI) 


da^ .dh^ d^. (81) 

t us multiply tbe tbree equatious ia tbe middle row of 

T J* 1 — /-l « /-T /-l • 4'.liA'n 


;u U.O - J. 

>y « 3 > H respectively aad add ; tbea 

da^,.d\ dj^, (83 ; 

tbese two values of w, are ia accordaace witb tbe first equatior 
of(6), Axt. 3. 


58.] BY TWO SYSTEMS OE AXES. 

lience; and from similar processes, we liave 

dUo 

CÙ/f — Ctn 


CO,. = a 


: 


'2 dt 

da-^ 

da„ 

dï 



dh^ 

dc^ \ 

r rZc?., 

+ ^3 



4-^2 

dt 


r^it 

dt 



db. 

de. 

( da^ 


db. 


+ ^3 



r' U 


dt 


+ ^1 

dt 

dc<. 

f da. 

V^dt 

+ ^2 

db^ 

' dt 
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(83) 

(84) 

(85) 


Henee also the e( 3 [uations (75) to tlie rotation-axis may be ex- 
pressed in ternis of the î^-differentials of the direction-cosines of 
the axes fixed in the body. 

58.] Also, if où|, cü,j, cù^ are the axial components along the axes 
^3 ^3 C of the angular velocity of the body at the time z5, 

Oùi = COa; + (ùy + <3^3 ^*>sî3 
cüq = ^3, 6)3. + ^2 + ^3 î 


and conversely, 


~ + ^2 ^ 2 / "h ^3 5 

(ù^ = 0)^ + il 

'y 


CO 


= C^3 COf + ^3 Cùrj + Cq i 

Also, from the second vertical row of (79), we hâve 


( 86 ) 

(87) 






dbo 


+ = (^2^3"“ ^3^2) ^^05+ (*^^3^1 “^^1^3) + 


= a-^<û^ + aç^(ày + a^o>z 


= CO^î 


using the eqnalities contained in (11), (1^)^ and (13) of Art. 2. By 
a similar process, équivalents of co^ and co^ in terms of the i^-dif- 
ferentials of the direction-cosines are determined, and we hâve 


CO.t = C?t 


co^= 5i 


d\ 

dt 

+ ^2 

db.^ 

dt 

+ 

'5>' 

11 

h — ^ 

P dt 

7 ^^<^2 

+ ^3 

dc^] 

dt\ 

dc-^ 


de^ 

dc^ 

f da^ 

da.y 


da.^] 

dt 

+ ^2 

' dt 


dt 


+ C?3 

dt ' 

dd-y 


dd^^ 

, düo 

f db-^ 

db.. 


dh 

dt 


'dt 

+ *-3? = 

r^Tt 


^ dt 


( 88 ) 


The i^-differentials of the direction-cosines may be determined 
as follows in terms of cof , cû„ and co^. From (79) and (87) we hâve 

da-^ 




= {^2 H — H ^ 2 ) — (®2 ^3 — ®3 ^ 2 ) 
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tliat hence, and by similar processes, we bave 


//a-, 

7 


da.y 


da^ 



lü 

= 0 ).- 

-c^a>„, 

dt 

= < 5 ^ CO^— 626)^5 

Ht '' 

- ^d^i- 

-C^OÜrj, 

db. 



db^ 


à'h 



lu 

= 6*1 CO^- 

-ÆjCüf, 

dt 

= Ccj,(ùt — ^ 3^2 ^^3 

di "" 

- 


de. 



de^ 


de^ 



dd 

= - 

-h‘^s> 

dt 


dt 

- 

-^3(01. 


59.] The groups (79) and (89) involve some remarkable resnlts 
which will be uscful in the sequel. 

Fi’om (79) wc hâve 

^ „ 

And similiirly froin (89) we hâve 

(dh-sS^ /ddjnS^ _ n /r\-l \ 

(rf/:)+fe) +(7 k) ="=’+“*■ (“> 

ilù + (t«) + (t/ït) = ^ 

Aîho we hâve from (79) 

(la.^ (Ib,^ ilh,^ dc\ dc.^ 

lit Tt Ift Ti lîi it ^ ■' 

J. ^Ih O- ^^^3 m\ 

cU Ht dt dt dt clt ' “ 

(la-^ d\ db^ dc-^ de., 

Ti dt ^ Jt ITt ^ lû lit ^ 


Atld from (89) 


dh^dc^ dh^de^ dl^dc^ 

'Mlli lli lit ^ liiirt ^ 

dc-y^ düi dc,^ da^ dc.^ da^ 

dt lu It di 'di W ^ 

da-^^ d\ da.y dh., da^ db.^ 

dt it^JtiTt'^irtdi^ 
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Also from (79) we Iiave 


cla^ 
' dt 




da-, da« , 


d cio 


da^ 


— ô.a)„ + c?oa)> 


^ dl^ , dho 

y r7 / dho 

, r?3„ , dl, . 

^'^it ~ ~ 

de. dco , 

^3 ^1 — «2 + ^2 ^>} . 




r^<?i 




a^cù^-)rh^(ù^.] 


Similarly from (89) we hâve 


dh. , de. 

ÏT “ ^ Æ2Û)„ + Æ3C0„ 

7 7 


dt 

. da-^ d\ 
dt 
dho 


= ^2^2/ + ^3^./. - 


<?o 




UU 

7 dco 


7 7 


da.2 dh^ 
''^lit~‘^‘^ dt 
doo. 


7 Iflt/Q ’^'^n , , 

Oo-rf -«2 -TJ = Caco^ + c^û)^;; 


' c/ï: 
f/îe. 




1 ^ d'CLi-^ 


ûo-rr — G' 


— ^1 (Ojç + ^2 ^ 


7 II. iX-o t(/'C/o 

^Z~Jj. ^3 "j/" “ Cl*)* +C 2 CÜJ,. 


(94) 


(95) 


(96) 


(97) 


(98) 


(99) 


d a,, db.. 

lît~‘^^lt 

60.] The eomponents of the ahsolute velocity of the parfcicle w 
at the time t along the moving axes which are fixed in the hody 
may thus he found ; let them he ■aj, v,, ®f ; then 
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dx 

'■li 


dy 


dz 




da~^ 

df 




rZ«2 


da, 


LVUn\ / il, dl., U C/o\ 


(U^ 


dt 

de- 


dt 

dco 


de. 


^ ^ U^L'i U- U O 


5'1; 


wlience, and ty similar processes for the otlier components, we hâve 

r (1^0) 

tî^ = î?a)^— ^û)q. J 

Ttese eqnations enable ns to détermine the position of tîie ro- 
tation-axis at the time t relatively to the axes fixed in the moving 
body ; for if = 0, 

= ( 101 ) 

(Ù^ (Ùyj (Ù^ X / 

and these are the eqnations to the line of quiescent particles. 

NoWj in the general motion of a body, the axial components 
of the angnlar velocities are functions of the time, and may he 
expressed in terms of t ; and therefore the position of the rota- 
tion-axis will vary from time to time relatively to both Systems 
of axes, and will describe a conical surface the vertex of which 
is the fixed point. If then we eliminate t from (75), the result- 
ing équation will be that of the conical sm*face fixed in space ; 
and if we eliminate t from (101), the résultant équation wiU be 
that of the conical surface fixed in the body; and these two 
conical surfaces will always hâve a generating line common ; 
which will be the rotation-axis at the time t. These are the 
cônes referred to in Art. 51. 

61.] Let us now suppose the body to be free from ail con- 
straint : let us as heretofore take a point in or rigidly connected 
with the body to be the origin of a System of rectangular coor- 
dinate axes fixed in it and moving with it ; relatively to a System 
of axes fiLxed in space, let, at the time t^ (æ, y, z) be the place of 
a type-particle m of the body, and let (oSq^^q, ^q) be the place of 
the moving origin ; and let (^, rj, f) be the place of 7n relatively 
to the origin and to the axes which are fixed in and move with 
the body ; then, taking the seheme of direction-cosines of Art. 2, 
we hâve a; = + \ 

^ =«o + «3^+^3’7+^aC;) 


( 102 ) 
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we bave also tbe inverse System, 

^ (® -«^o) + «2 (y-^o) + (^ - ^o)> 

77 = 1^(00— (y— J' o) + ^3('2^— ^0)’ 

C = Ci(iC~a;g) + e^ (.^~J'o) + ^3 (^— - 
As the body moves 00^, y and tbe nine direefcion-cosines evi- 
dently vary ; but 77, fare constant; therefore 
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dx^ ^d_a^ , \ 


Clt 


dy 

dt 


/ho 

clt 


.da^ dh 




dt^ 
dco 


clt 
. da>. 


dt 

dh 




clt 

-dco 


( 104 ) 


whieh. are tbe components along tbe fîxed axes of the velocity of any 
particle and admit also of expression in tbe following* forms ; 
— ^^0 , / \ / 7 dh. dc.-K 

<«“ ii; JJ + *1 *- + “1 Ji) 




I / % / dd-t - dh-\ 

+ (<'--.) (W+>,-î5i+« 


Also similarly, 


dx dxr, , 


^dt 

-^o)“ 


dt 

v-(y-yo)“ 


/ X / V 


cly 
clt 

dz dzç. , ' X , X 

= T/ +(^“-^o)^a.“-(^~^»o)^r 



( 105 ) 


Let be tbe components of tbe velocity of along 

tbe moving axes of 77, C; so tbat 
dx dy dz 


-a -Lo+a ^ ^^^0 

— «1 ,14 + H- 


dx, 

dt 


. / da. a a.-. ctao\ 

+ f(o.-37 + ‘'iJÏJ+».7ï7) 


cla^ 


cl do 


clt 


+ ’?(«! 




' dt 

dh. dln 

dXr, 


clt 


clt 


dt 


de. 


dy. dzr. ^ 
dz. 


dcç, 


7 dx. 7 
% — -jj + h 




r/cc 






dæ. 




dt 

(^'Vo 




( 106 ) . 
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In tkese expressions the first ttiree ternis of each are tlie re- 
solved parts along‘ tlie axes of ^ of the veloeity of the moving 
origin ; and tlie last two terras are the veloeities due to the ro- 
tation ahout an axis passing through the moving origin. But 
tlie point z^) is arhitrary ; so that we hâve the folio wing 

tlieoreni ; 

An infinitésimal motion of a hody in a time cU is eompounded 
of a motion of translation of any particle of it at 
and of a motion of rotation of the body about an axis passing 
through that point. 

Now a question arises whether, when a body has the general 
motion deseribed in the preceding paragraph, there is a point, or 
a locus of points in it, which is at the instant under considéra- 
tion at rest. To shorten the expressions (106) let î?, w, be the 
components along the axes of t;, f of the absolute velocity of 
the moving origin ; so that if the point (^, 97 , C) is at rest 

+ — 970 )^ = 0, = 0, + = 0; (107) 

— WOdr^ 97 -h — rcü| /-i^QX 

6)^ CO^ ’ 

which are the équations to a straight line, ail points of which 
are for the instant at rest. This straight line is called the in- 
stantané ous axis : it is evidently parallel to the rotation-axis 
which passes through the moving origin. It describes in its 
successive positions a ruled surface both in the moving body and 
in space, its position being at any instant the line of contact 
of these surfaces, as one rolls on the other : as its équations are 
the same as (61), Art. 49, this line is the central axis of the Sys- 
tem; but since from the preceding équations + z^ 7 a)^= 0 , 

there is no motion of translation along it ; and the axis of the 
résultant screw is the instantaneous axis, when the j)itch of the 
screw vanishes. AU this is it once apparent on kinematical 
principles. 

If aU the particles move in one and the same plane, or if 
every particle moves in one of a sériés of parallel planes, to which 
the plane of (a?, y) is parallel, the instantaneous axis pierces the 
plane at a point which is called the instantaneous centre : and 
the loci of this centre in the body and in space are called cen- 
trodes. These curves are determined by means of the équations 

U — rjùi = Oj + = 0 ; 
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and in reference to the fîxed origin 

= 0 , = 0 . 

62. ] If tlie displacement of translation lies along tlie rotation- 
axis, the motion is compounded of a sliding along a line and of a 
rotation about that line : this is indeed the case whieh we hâve 
considered in Art. 50, the sliding axis of rotation being the 
central axis of the body ; we may thus find the équations of the 
central axis. 

Let (^Q, be any point chosen arbitrarily ; of the velocity 

of which let w, w be the components. Let [x,y, z) be a point 
on the central axis ; this point has therefore only the sliding dis- 
placement of translation, and the line of its motion is -along the 
rotation-axis of the angular velocity; therefore dx, cl y, clz are 
proportional to respectively. Hence from (105), 

dx dv 

-JT + (y-yo) 

;(109) 

from which we hâve * 

(X — Xq) 0)^ -f- VOù^—W ûùy (y — ^o) 

COgj (Üy 

O). ’ ^ ^ 

which are the équations to the central axis. 

63. ] Any System of rectangular axes may be transferred into 
any other rectangular System having the same origin by a single 
rotation through a definite angle about an axis passing through 
the common origin. 

Let P be any point on this axis ; and let P be {x^ y, z) and 
Tj y C) respectively in reference to the Systems of coordinate 
axes given in Art. 2. And let these Systems be connected by 
the scheme of direction-cosines given in that article. Then, as 
the position of P is not changed by the rotation, 
respectively eqiial to x, y, ; and therefore 

— 1) Æî + a^y 4- <3^3 ^ = 0, 'I 

b^sû + {b^-l)ij+b^z=o[ ( 111 ) 

c-^x c.yy Z =. 0. J 

Let À, /Xj V be the direction-angles of the axes about which the 
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rotation takes place, and let Q be tbe angle througb wbicli the 
System is tiirned ; tben 

(^1 — l)eosX+ a. 2 COQiJi+ a^cosv 0, \ 

COSX + (02—1) cos ^^2 0081^ = 0, > (112) 

tfiC 0 sX + C2COSijl + (Co — 1)cosv=^0; ) 

wbence, having regard to (11), (12), (13), Art. 2, 


eosA. 


cos/x 


eosi; 


-Ô 2 -C 3 +I 

cosX 


«2+ <^1 
COS/X 


^3 + ^1 
COSz; 


^2 + ^1 
cosX 


^2 ^1 


^3+1 

COS/X 


^3 “^2 

eosv 


^3 + Cl 

and tberefore 

(cos X)2 


^3 + ^2 


Co — a-, 


-à. + l 


i J 


d-y — ' he) — C 3 + 1 


__ (cos /x)2 


(cos VŸ 


- + 1 


- <^1 — ^2 + 1 ^ 


(113) 


(114) 


wbich assign tbe position of the axis about whicb the rotation 
takes place. 

If we make the folio wing substitutions, 

1 — ^1 = et, 1 — ^2 ~ 1 *^3 “ yj ( 11 ^) 

then (cosA)^ _ (cosm)^ ^ (cosi^)^ 1 

/3+y — a y + a — ^ a + /3— y a + /3 + y 

To déterminé 6. Imagine a sphere of radius unity described 
about the origin ; and let the axes of cc,^, of ? 7 , C rotation, 
respectively intersect the surface of the sphere in the points 
A, B, c, a', b', c', and G ; and let g a, g a', &c. be joined by arcs of 
great circles. Then G a = ga'= X, gb = gb'= /x, gc = gc'= z; ; 
also cos A a' = a^, cosbb'= coscc'= C3: also 
aga'=bgb'=cgc'= ô. 

Hence in the isosceles triangle aga'" 

cosd(sinX)2= t^i — (cosX)2, (117) 

4(sin~) = a + /3 + y, (118) 

wliieh gives the angle throngh which the System is tnrned about oo. 
Prom (115) 


a = 3 (sin^ÿ ^ = 2 7 = 2 (8in+) • (119) 

It is évident from the prcceding construction that a and a' lie in 
a small circle of the sphere whose angular distance from o, the 
pôle, is X, and that the axis oa describes about ou a right cir- 
cnlar cône whose semi-vertical angle is X, as oa moves from its 
original position to oa'; similarly, OB and oc deseribe right cir- 
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eulee’s three angles. 
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cular cônes about og wliose semi- vertical angles ai‘e respectively 
fx and V, 


Ec][iiations ( 111 ) are those of planes, eacb of wbich passes 
througb tbe axis of rotation. The first of these evidently 
bisects the angle between the planes of (y, z) and of (rj, () ; and 
consequentlybisects the arc aa'; similarly the other planes bisect 
the ares bb'^ and cc^ respeetively. 


64.] The two Systems to which the rotation of a rigid body 
lias been referred in the preceding Articles are related to each 
other by means of nine direction-cosines, but as six équations of 
condition are given, only three of the direction-cosines are arbi- 


trary ; that is, three independent variables are suffieient for pass- 
ing from one System of reetangular coordinates to another, both 
of which originate at the same point. I proceed to explain the 
mode of expressing angular velocities referred to one System in 
ternis of angular velocities referred to another System by means 
of the formulæ which are investigated in Art. 3 ; and to give 
clcarness to our thoughts let us consider the Systems of axes 


which are delineated in Fig. 1. o is the common point at which 
the two Systems originate, and from o as a centre let a sphere of 
radius unity be described, on the surface of which the great 


cireles delineated in the figure are supposed to be. Let cü^., co^, 
co^, co^, cüj^be the angular velocities about the axes of z, 77 , C 
respeetively. Let the planes of (^’,y) and o{{^,7]) intersect in the 
line ON, and be inclined to each other at the angle 6 ; so that 6 
is also tlie angle between the axes of z and Cl on is technically 
called the line of nodes. Let, as in Art. S, ccoN = yp-, ^on = <p ; 
thon, as the body moves, 6, \p, and (j) vary. The angle Û is tech- 

(IQ 

nically called the obliquity, and yr is the angular velocity of the 

7 J 

body about the line on ; is the angular velocity about the axis 
(lyïr 

of Cl is the angular velocity about the axis of and indi- 


cates the velocity with which on moves along the plane of (Æ?,y) ; 
it is called the velocity of procession, the procession being the 
angle ; and the precession is direct or rétrogradé according 
as the angle \p is increasing or diminishing. The angular velo- 


city -77 is sometimes called the nutation ; of these terms how- 

at 

ever and of their origiu more will be said hereafter. 



78 


EULBE’s ANGTJIA'B TBIiOOITIBS. [ 64 . 


Let us express the angular velocities cùt, co,, coj in terms of 

^ j is, let us résolve the latter along the ro- 

tatioii axes of tlie former ; 

dû . d(j> . ^ cl\j/ 

^/acj/.A'XTJ L/»nc >-r»/ -L ' 

dt 


cü^ = '^cos^ON + ^cos^of + ‘^eos^o^ 


cU 

dû , dyîr . . . , 

^cos<^+ ^sinysm^; 


dt 

dû 


dé ^ dylr 

cos^ON + ^ eos.joC + ;^ cosrjo^ 

dû . d\j/ . 

= — ^siné + TT siny cos(/>; 
dt ^ dt 

dû , dé ^ ^ d\j/ . 
cof = ^ cos Co N + ^ cos Co C + ^ COS Co . 


( 120 ) 


( 121 ) 


d é dyjr 

= TT + -77C0S(9. 
dt dt 

Therefore by élimination 

dû . • ^ 

--- = ù)|Cos^— 0)^ smcp. 
cl U 

d-^ (û^ sin (j)-ho)Yj cos (p 

dt sin û 

dp ^ cosû 

dt sin^ 


= û)^~ (û)^ sin p+ cùn cos (^) ; 


( 122 ) 

( 123 ) 

( 124 ) 

( 125 ) 


whereby ~ 5 ^ , ~ are given in terms of the angular velo- 


cities of tbe bodj about tbree axes fixed in and moving with it ; 
and if by intégration or otkerwise û, p, p can be fonnd in terms 
of t, these quantities will détermine tbe place of tbe body at a 
given time. 

If , to fix our tbougbts, tbe moving body is tbe eartb, of wbicb 
O is tbe centre, o^ is tbe polar axis ; tben tbe plane of is 
tl)e equator ; and, if tbe plane of (co,^) is tbe ecliptic, the axis of 
.s passes tbrougb tbe pôle of tbe ecliptic, wbicb is approximately 
fixed in tbe beavens. In tbis case 0 is tbe obliquity of tbe 
ecliptic, OîT passes tbrougb the vemal and tbe autumnal cqvii- 
noxes and is tbe line of equinoxes ; and p is the longitude of a 
certain .meridian plane, viz. £0^, measured from the lino of 
equinoxes. 
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CHAPTEE IIL 

THE DYNAMICS PHOPEP OE A MATEEIAL SYSTEM. 

Section I. — ly AUmlerf s Principle ; tlie équations of motion of 
a matenal System, 

65.] We now corne to the dynamics proper of a material 
System. 

A material System is an assemblage of particles dépendent on 
each otlier by tbe action of certain forces which hâve their origin 
in and pervade the System. These are called internai forces and 
are generally différent in different Systems. In conséquence of 
this dependencej if one particle or body of the System moves by 
the action of a force external to the System, one or more of the 
otiher particles will also move. Thns a material System is always 
snbject to tho action of internai forces; and may also be aeted on 
l)y external forces, in which case the System will move. Let ns 
first considcr the former forces; and the constitution of the 
System of the particles as it dépends on the nature of these 
internai forces. 

(1) Tho System may be a rigid body; then the internai forces 
are molccnlar, and of such an intensity that ail the particles of 
tlio body are at relative rest during the whole motion ; and the 
external forces, whatever are the particles they act on, do not 
eitect any séparation of the particles; so that the molecular forces 
are inflnitcly great in comparison of them. Such a System is 
not probably found in nature : ail bodies are more or less com- 
pressible and elastic, and the particles hâve a relative motion 
undcr the action of external forces. Nevertheless as such a 
System is imaginable, and is the limit towards which rigid bodies 
in nature tend, it is nccessary to consider it and to disscuss its 
propertics. 

(2) The System may consist of particles invariably eonnected 
by rigid and inextensible rods, which are capable of bearing force 
of either compression or extension ; so that during the motion 
the particles are at relative rest. This System has dynamically 
the same propertics as the former, and differs only in the nature 
of the internai forces. As in this and the former cases the 
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finite, as is the case when an instantaneous force acts. These 
results are conséquent on that property of matter whicli we call 
Inertia. 

In the motion of a material System, the momentum expressed 
in any particle is not necessarily equal to that impressed on it 
from an external soui*ce, hecause each particle is influenced or 
constrained by one or more of the other particles ; that is, is 
acted on by internai forces, as we hâve just now explained, 
and thus it is not free for the development of the momentum 
communicated to it. The expressed momentum may be either 
greater or less than that impressed by the external forces ac- 
cording to the internai forces which act on it from the other 
particles. Some other principle therefore is necessary for the 
construction of équations by which the motion of the System 
may be determined. This has been supplied by D’Alembert. 
It was first enunciated in a Memoir read before the Academy 
of Sciences in Paris at the end of the year 1742 ; and it is 
now always known as “ D’Alembert’s Principle.” I propose to 
consider the circumstances which require it in one or two 
particular cases ; because by these it will be better under- 
stood. And although I shall take continuously acting finite 
forces by which momentum-increments are impressed, yet, as 
what is true of them will also be true of momenta impressed 
by instantaneous forces, the explanation will be applicable to 
both kinds of force. 

67.] In the first place, a diflbrence usually exists between the 
momentum-increment impressed on, and that expressed in the 
motion of, a particle of a material System. To shew that this is 
the case, let us suppose a heavy rigid body to be composed, say, 
one half of pith, and the other half of gold ; and suppose it 
to fall towards the earth through the air which is a resisting 
medium. Now gravity acts as an accelerating force equally on 
the pith and the gold ; that is, gravity impresses equal velocity 
on both ; and in an exhausted receiver of an air pump, as we 
well know, both fall through equal vertical spaces in equal times, 
and both in equal times acquire equal velocities continuously 
generated with equal accélérations. The air however by its 
résistance is a retarding force, and acts with greater effect, 
cæteris paribus, in diminishing velocity on bodies whose density 
is more nearly equal to its own density than it does on those 

PRICE, VOL. ÏV. G 
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tion of tîie pivots, the diminution of the exterior part is greater, 
and that of ttie interior part is less than it would be if each. were 
separate from tlie otber. Thus the exterior loses and the in- 
terior gains momentum. In neither one part nor the other is 
the momentum expressed equal to that impressed. Similarly 
if the plate is divided into eoneentric rings of infinitésimal 
breadth, generally the expressed momentum-increment of any 
ring (I use the term incrément algebraically) is not equal to the 
impressed. It is so doubtless in a certain ring, but ail rings 
external to that lose momentum ; and ail rings internai to it 
gain momentum ; and, as we shall presently shew, the aggregate 
of the momentum lost throughout the plate is equal to the aggre- 
gate of that which is gained. 

68.] What bas here been said of rigid bodies, is also generally 
true of material Systems. In the motion of each particle a dif- 
férence will exist between the momentum impressed by a given 
external force and that expressed in the motion of the particle ; 
and this différence too exists not only in the intensity of these 
momenta but also as to their lines of action ; the particle m (say) 
will not move along the line of action of the force which impresses 
momentum, as it would do if it were free, but it will generally 
move along some other line ; thus the momentum due to the 
acting force is not expressed in the particle’s motion either as 
to intensity or as to line of action. And the connection of the 
particle with other particles of the System is the cause of this 
diflerence. 

On what however is this différence spent ? the momentum 
which is impressed is indestructible ; matter is inert and cannot 
absorb it ; it is not expressed in the motion of the particle on 
wdiich the force acts ; it must therefore be expressed elsewhere ; 
and must in the first place produce an action between that par- 
ticle and one or more of the other particles of the System, that 
is, it puts the System into a state of strain, and produces a stress. 
And what is the resuit of this? It must be that these other 
particles will gain exactly as much momentum as the oiiginal 
particle m has lost. A similar resuit will also be true for every 
other particle of the System ; so that the sum of the momenta 
expressed in ail the particles will be equal to the sum of those 
impressed. ïhus, if the momenta are calculated throughout the 
System, the sum of those which are lost is exactly equal to the 
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sum of those wHeli are gained. Henee the difièrences between 
tbe impressed and the expressed momenta, taken througbout tbe 
System, are in equilibrium, and satisfy tbe efpiations (109) and 
(110), Art. 70, Vol. III. This theorem of the eqnality of the 
impressed and expressed momenta, taken through the whole 
System in motion, is what was devised first by D’Alembert, and 
is known as D’Alemhert’s Prineiple. The statement of it is as 
follows : 

When a materîal sj^stem is aeted on by forces whieb. impress 
momenta, the momenta lost by ail the particles of the System are 
in equilibrium. 

In this enuneiation the term “ momentum lost is équivalent 
to the excess of the momentum impressed over that expressed 
in any particle of the System. The term is employed algebrai- 
cally, and in éludés cases in which the expressed momentum is 
in excess of that impressed. It will be perceived that in the 
explanation ahove, we hâve fixed our thoughts on a particle in 
which the impressed momentum is greater than that expressed. 

If the System is acted on by finite aecelerating* forces, so that 
infinitésimal momentnm-increments are impressed in infinitési- 
mal time -éléments, the term momentum in the preceding enun- 
ciation must be replaeed by momentum-increment.” 

69.] To shew an application of the prineiple let us take the 
particular case in which finite aecelerating forces act ; and let us 
consider the équations of translation of such a System leaving the 
general case to be treated hereafter. 

Let 771^^ 777^, ... 771 bc thc particlcs of which a System is 
composed ; of which let -m be the type, and let be its 

place at the time t ; let x, y, z be the axial components of the 
momentum-increment impressed by the external forces on wq 
and let i eos a, i cos i cos y be the axial components of the 
momentum-increment arising from the strain ; then the équa- 
tions of motion of translation of 771 are 

=icosa, ^ 

= icos/3, 

d^z 

let the équations of which these are the types be written for 
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every partiele of the System ; and let them be added ; tben we 

2(x— = s.icosa, 
d^ys 


/ ib-y\ 

= 2.ICOS/3, 
S.lcosy; 


( 2 ) 


if bowever the System is such that ail the momentum-increments 
arising from the strain neutralise each other, the right-hand 
members of the preeeding équations vanish ; and we hâve 


(3) 



= 0 ,'! 

dW) 

d^y N 

= 0 , . 

d^Z\ 

= 0 ., 



This is one form of an équation of motion which. is derived from 
D’Alembert’s Principle. 

What I hâve ealled the expressed momentum or momentiim- 
increment is often ealled the effective force, because it is the 
(so ealled) force required for the actual motion of the partiele, 
on the supposition that the partiele is free from ail constraint. 
It seems to me however that the nomenclature which I hâve 
chosen more adequatelj and appropriately expresses the actual 
State of the problem which we hâve to solve. 


70.] In the general case then of a bodj or a System of par- 
ticles in motion, when there is a différence between the expressed 
and the impressed momentum or momentum-increment in respect 
of one or more particles, the sj^stem is said to be in a state of 
strain, and the forces due to the strain are ealled stresses ; it is 
of these stresses that I hâve taken i to be the type in the pre- 
ceding article, and of which the System is in equilibrium. A 
stress may hâve simply a pulling or tearing effect, tending to 
produce what is technieally ealled a parting ; or it may hâve a 
transversal effect so that a small plate of particles may slide on 
a contiguous parallel plate with or without rotation, in which 
case there is what is ealled a shear, or a twist ; or it may hâve 
a bending effect, and produce what is commonly ealled a ten- 
deney to break. Hence the intensity of these stresses may 
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exceea the cohésion or other molecular forces of the System, and 
disruption or disintegration may ensire. AU these circumstances 
we shall eonsider at length hereafter when we shall ohtain ana- 
lytieal expressions for the stresses. It may be that a hody may 
move without the production of any such stress ; thus if a heavy 
body falls freely in vacno, each particle moves with a momentnm 
exactly equal to that impressed on it, and there is no strain in 
the bodv. Or again the body may be strained when it moves, 
although no force acts on it. Thus if ring of mass m, transverse 
section k, and radius a revolves about an axis through its centre 
and perpendieular to its plane with an angular veloeity n, it 
produces a longitudinal tension T (referred to unit area) along the 
ring*, sucli that 

T = — 

2 'nic 

We shall hâve many examples of this kind in our subséquent 
investigations. 

71.] Before we proceed to the complété and purely mathema- 
tical expression of the principle, and to the investigation of the 
general équations which arise eut of it, I will explain tw’O or 
three simple problems, so that the mode of application may 
be more exactly apprehended. Certain circumstances wdll be 
omitted, because we bave not yet dedueed from the prineiple 
theorems which they require. Hereafter the problems will be 
treated completely. 

Ex. 1. Let m and m', Fig. 17, be two heavy particles attached 
to the ends of a perfectly flexible and inextensible string, wliich 
we will suppose to be without weight. The string with the 
weights at its ends is suspended over a small pulley which we 
will assume to be without inertia and to he perfectly smooth. 
It is required to détermine the motion of the particles and the 
tension of the string. 

Let A and a' be the places of m and m' at the heginning of 
the time, P and p' at the time oa = a, o^a' = a' ; oP = 

co + x'=:a + a\ (4) 

Let us consïder the circumstances at the heginning of the 
motion. Let us suppose impulsive forces to act on m and w/ 
downwards, and to impress on them velocities and td ; that is, 
m and m would move with velocities and by the action of 
the impulsive forces, if they were free. Let and v' he the ex- 
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pressed veloeities of eacb in its 
T be tlie tensions of tbe string- 
as tbe impressed and express' 
mu and }ui\ ^ 


and similarly 


f 

T = 7k 


But sinee from (4) 
As tîie pnlley bas ne 


wbieb gives tbe veloeit 
when t := 0, Also 


Let us next consider tbe 
wben tbe bodies are no lo 
forces, but of tbe eontinuo 
Tben tbe impressed and tbi 

of m are respect ively mg and ni ■ 

also let tbe tension of tbe string o 

T = mg^^ 


t' = V ~ 


but from (4) 


d-x d-æ' ^ 
dt^ dt^ 


And as tbe pnlley bas no inertia and i 

friction, by D’Alembert’s principle, T = T 

d-x , , 

/. = ni g -{-ni 

d^x ni — î}/ __ a 

dtr ““ 


dx / 

dt ^ 


dx' 

dt' 


+ = — 


m— 
m -j 
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, m—m' 1 

X — f Ci9^ ^ ) 

m + m 2 t 

X :=za'^vt l î 

m + m 2 

(10) 


^_^_2mrri'g^ 
m -h mf ^ 

(11) 


so that ail ttie circumstances of motion are determined. 

Ex. 2. Let m and Eig. 18, be two heavy particles attacbed 
by means of flexible and inextensible strings withont weigbt to 
a wbeel and axle respectively, wbicb are supposed to be without 
inertia ; tbe initial circumstances being given, it is reqiuired to 
détermine tbe subséquent circumstances of motion. 

In Fig. 18, c is tbe common centre of tbe wbeel and axle ; 
CO = ^?, co'= c' are tbe radii; a and a' are tbe places of m and 
m' wben == 0, P and p' wben t — oa = <2, oV = a\ OP = x, 

As X increases by dx^ and as x' decreases by dx\ let tbe wbeel 
and axle rotate tbrougb an angle dO i so tbat 


dæ 

— cdd, 

dx' = — d 


dx 

de 

dx' 

,dQ 

(12) 

dt 

~ ^ dp 

dt ^ dt^ 

d^x 

dH 

d^x' 

.d^e 

(13) 

dp 

II 

w| 

dp ~ ^ dp' 


Let us consider tbe cbcumstances at tbe beginning of tbe 
motion; and let tbe symbols be tbe same as tbose of tbe pre- 
ceding example ; tben 


T ^ mu — mv^ ^ 
/= v! ~m%'\ ) 


(14.) 


By D’Alembert's principle tbese tensions are in equilibrium ; 
tberefore ^ 

and from (12) - = ^ 

c d ^ 

'o' emu — g' mf î/ 

c d md^^m'd'^ ’ 

^ r __ 7^2 {du + <? ^') 
d c ~ + 


wbereby tbe initial veloeities of tbe particles and tbe initial ten- 
sions of tbe strings are tnown. 

Let us uow consider the circumstances at the time t ; and let 
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tlie symbols be tbe same as tbose of the preceding example; 
fcben cPsG 

T = 

cr-e 


m g^mc 




T = m g — m 


, d‘^x' 






(18) 


(19) 


and as tbese tensions are in equilibrium by D'AIembert’s prin- 


ciple, we bave 


1 cPx 
c (W^ 


1 ,(lx 


CTI = (jV; 

d'^ô ___ 

dt^ ‘ 

Id^ 

c' dt^ ' 

1 ^dx' 


( 20 ) 

( 21 ) 


me 


■,û\ 


JL \ X /ax 

ë(^-")=-7(l7-") = 


/ / 


gt^ 
2 ’ 

, mc—‘'mfd gt^ 

2 * 

, , cc'mm'‘û{c + c') 

CT = cV = , ^ ; 


X = a vt-h c 


x' = a' 


( 22 ) 

(23) 

(24) 


wbereby ail the circumstances of motion in both the initial and 
the general states are known. 

Ex. 3. A heavy chain, flexible and inextensible, homogeneons 
and smooth, hangs over a small pulley at the common vertex of 
two smooth inclined planes ; it is required to détermine the mo- 
tion of the chain. 

Let the two inclined planes, the chain and the ptilley, be re- 
presented in Fig. 19, each of the inclined planes being snpposed 
to be longer than the length of the chain ; so that the chain, as 
we consider its motion, is on one or the other of the planes. Let 
O be the common vertex of the two planes ; a and a' the ends of 
the chain when = 0, P and p' the ends when t t-, ok — ü^ 
oa' = a\ OP = x^ OP' = ; and let a and a' be the angles of in- 

clination of the planes to the horizon ; l = the leng'th of the 
chain ; therefore a? 4- a?'= a + (25) 

We Avill suppose the chain to be initially at rest. Let co be the 
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area of a transverse' section, p = the density ; T 
the time t ; 

f d'^x ^ / f • ' d'^x ) 

T = copa; lésina — = copx jysin a — 




(26) 

(27) 

(28) 

^ 2 yti — «■ ; — ^ V \ - - / > (^^) 

_ ^ na + sin oO sin a (x'-a') ; ( 30 ) 

CùO I 

wlience tlie relations between ^ and and between où and 
may be found ; but the form of the équations is too compli- 
cated to be of any use. Also 

T = (sin a +■ sin a'). (31) 

U 


sin a + sin a ^ 

■■■ 3ïï = 1 

dV_ + 

dt“* 1/ 

^ P^ in g + sin d) ff ûna! [x - a)-, 

L 


If the chain, instead of restin^ on two inclined planes, hangs 
over a small ptilley without inertia, then, ail the other circuni- 
stanees being the same, a = a^= 90° ; and the équations of 


motion are 


^V_ 

cW 


2g 

-jx-g, 

-fx-g. 


(32) 


72.] The following explanation of D'Alembert's principle is 
much the same as that which he first gave in the Traité de 
Dynamique ; and as it will thus be stated in a matbematical 
form, the general équations of motion will be most conveniently 
deduced from it. 

Let n, Fig. 20, be the place of a particle m of a material 
System. During the infinitésimal time dt let a force act on m 
which would impress on it, if it were free, a velocity whose 
line-representative is pa ; let the impressed velocity be v ; so 
that mv is the impressed momentum along, and proportional to 
PA ; let V be the velocity of m ; that is, let mv be the expressed 
momentum ; and let its line of action be PB ; let PO be the line 
which would complété the parallelogram of which P a is the 
diagonal, and PB one of the containing sides: then resol ving v 
into the velocity v along pb, and v' along PC, v\ which is repre- 
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73-] 

sented by Ec, is tbe velocity lost ; and mv' , which is proportional 
to and aets along* pc, is tlie momentum lost. D’Alembert’s 
prineiple asserts tliat ail the lost momentà taken tlirongkout 
the System are in. equilibrium. His words are : 

Décomposez les mouvements a, b, c, , imprimées à chaque 

corps, chacun en deux autres æ, a ; /3 ; y ; qui soient 

tels que si Ton n’eût imprimée aux corps que les mouvements 
< 2 , ils eussent pu conserver ces mouvements sans se nuire 

réciproquement ; et que si on ne leur eût imprimé que les mouve- 
ments a, y^ le système fût demeuré en repos. 

Again, produce bp to so that pb'= pb; then the momen- 
tum represented by p c is evidently the résultant of those repre- 
sented by p a and P b' ; hence we hâve D’Alembert’s j)rinciple in 
the following form : 

If the expressed momenta of the several particles of a ma- 
terial System are estimated in a direction the contrary of that 
in which they act, they, together with the impressed momenta 
when taken through the whole System, will satisfy the conditions 
of statical equilibrium. 

73.] Such is D’Alembert’s prineiple, as to its origin and as 
to its form of expression ; it reduces ail the theorems of motion 
of material Systems to those of statical equilibrium ; and so it is 
commonly said that D’Alembert reduced dynamics to statics. 
The prineiple does not indeed directly furnish the équations ne- 
cessary for the solution of the different problems of dynamics ; 
but it teaehes the mode by which they are to be deduced 
from the équations of equilibrium; and thus, if we apply to 
the momenta lost,” the conditions of statical equilibrium, the 
dynamical équations will be formed. It is évident too that we 
may introduce them as pressures into the équation of virtual 
velocities, and this will hereafter be done. The équations of 
equilibrium of a System of pressures acting' on the several points 
of a rigid body are investigated in Vol. III. The number of 
them is six ; of which three are of translation and three are of 
rotation : the momenta lost must satisfy these six conditions. 

Firstly, let us suppose the acting forces on the System of par- 
ticles to be impulsive and instantaneous, so that finite momenta 
are impressed instantané ously, and the expressed momenta are 
also instantaneously developed. 

Let m be the symbol of a type-particle ; (^, y, its place at 
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the time the axial components of its expressed 

velocity due to the actiug instantaneous forces; x, y, z the 
axial components of the velocity impressed on ^ ; so that the 
dij0Perences between the axial components of the impressed and 
expressed momenta are 

m(x~v^), m{Y-Yy\ (33) 

By D’Alembert’s principle these together with similar quantities 
for ail the other particles of the System are in equilibrium ; there- 
fore the six following équations must be satisfied by them ; 


2.m(x-y*) = 0, \ 


2.«2(ï-vj = 0, Ç 

(34) 

2 .m(z— vJ = 0; ) 


2.?»{y(z-T,)-2(Y-vJ} = 0, 1 


2 .œ{«;(x— v^)— a; (z-T,)} = 0, > 

(35) 

2.M{a;(Y— Ty)-y(x— Y„)} = 0; ' 



whereof the first three are the équations of translation, and the 
last three are the équations of the moments of the couples which 
arise from the excess of the expressed over the impressed mo- 
menta about the three coordinate axes. The sign of summation 
extends to, and includes, ail the particles of the System ; and 
the expressed velocities are those due to the action of the im- 
pressed forces. 

If the impressed momentum is due to a single blow, of which 
the momentum is Q, and of the action-line of which À, /x, v are 
the direction-angles, and the axial components of the couple of 
which are L, m, x, (£, f) being a point on the action-line, the 
équations take the foUowing form 

= QcosX, s.mVy = Q cos /X, = Q COS z; : 

2 . m (y y^— ^Yy) = q (î] cos r — C cos /x) = l, 

Æ/’yJ = q(CcosX — ^cos27)= m, 
yy^) = Q(^coSjii— 7 ?cosà) = N. 

Also if «7, 2 ü are the axial components of the velocity of ni beforc 
the action of the instantaneous force or forces, and ?/, v\ nf are 
the axial components of the velocity after such action, then in 
the preceding équations v^, v^, v^ will be replaced by 
v' V, respectively, these last being the axial velocities 

due to the action of the forces. 

Secondly, let us suppose the System of particles to be undcr 
the action of fînite accelerating forces, so that in infinitésimal 
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m(y--^), ot(z--^). (36) 


time-elements' infinitésimal momentum-increments are impressed 
upon and expressed in the type-particle m. 

Let x. Y, Z be tbe axial components of the impressed veloeity- 
incrément on which is snpposed to be at {x,ij^ z) at the time t ; 

, cl^x cl^y cr-z , 

and J 3 are the axial components oi the expressed 

velocity-increment ; so that the dijfferences between the axial 
components of the impressed and the expressed momentum- 
increments of m are 

/ d/‘‘X\ / / cï'^ Z \ /o/»\ 

By D'Alembert's principle these and similar quantifies for ail 
the other particles of the System are in equilibrium ; therefore 
the six folio wing équations must be satisfied by them ; 

"■“i -3?) S)i = “• ■ 

the sign of summation includes ail the particles of the System. 

Also the power of this sign should be carefully observed ; it 
includes ail the particles of the moving System, whethcr that 
System be continuons or discontinuons. Thus, if the several 
particles are w -^ , ... ; and their places at the time t are 

{x^,ÿi,Zi), («2, ^2. ^n). and tlic impresscd veloeity- 

increments are (x^, y^, Zj), Y2, Z 2 ),...(x„,y„, z„); then the first 
of (37) is the ahhreviated form of 

/ cV^x.-. f d^Xo\ / n 

% 

Similarly the other five équations are abbreviated forms of ana- 
logous expressions. 

In the case of a continuons body the process of summation 
becomes intégration. 



94 


d’alembeet’s PEINOIPLE- 


[ 7 ^ 


74.] As m is independent of the time, the équations (37) au 
(38) may also be written in the following' foims , and these ai 
important, because they immediately eshibit the genesis of tt 


as; 


d 

dx 


dt 

dt 



d 

dy 



dt 




d 

dz 



dt 


d 

clt 


dz 

dt 

11 

1 

d 

/ 

dx 

dz\ 

dt 


dt 


d 

/ 

dy 

dx\ 

(U 


dt 

11 

1 


(3< 


jy) = n, ^ 


:N; 


(4( 


where L, m, n are the moments of the couples of the iinpresse 
momenturû-increments atout the axes of co, y-, ^ rospcctively, an 


/ dz dy^ 




dx 


dy dx\ 


are the moments of the couples of the momenta of ail the parti de 


of the System about the axes of a?, y, z respectivcly. 

Now the position of the coordinate axes is entirely arbitrai^ 
consequently for any line in space either of the équations (3Ï 
and its eorresponding équation in (40) are truo. H ence if e^s 
presses the sum of the eomponents of the expressed momenta < 
ail the partieles of the System along the line tV, and expresse 
the sum of the moments of the couples of the momenta of ail th 
partieles about the line then 

diî. 

~ it 

where s is the sum of the eomponents of ail tho impressed me 
mentum-increments along the line s, and K is the sum of th 
moments of the couples of ail the impressed mornentum-incrc 
ments about tbe same line s. (39) and (4-0) arc particular forn 
of (41) when s becomes z respectivcly, 

75.] The équations of motion of a ma,terial systom may ah 
he expressed in another form. Por since I^’Alembert’s princip] 
enables us to deduce them from tbe ecpiililirium which subsisi 
among the ‘^lost momenta/^ that equilibrium will be obtaine 
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not only from the six équations which correspond to ( 37 ) and 
(38) of the preceding Article^ but also from the équation of 
Virtual velocities. The truth of this last équation bas heen 
demonstrated in Articles 108 and 467 of Vol. III, but since 
we shall now apply it somewhat extensively, and very gene- 
rally, as it will include ail dynamics, it is necessary to say a few 
words on its form and the conditions of its exactness. We 
imagine a material System to be at rest under the action of many 
forces, whieh may be external as well as internai to the System : 
of these forces we take p to be the type, and we suppose it to 
act on which we take to be the type-particle ; so that 2. P 
will be the sum of ail the forces which act on ail the particles ; 
many of which may act on one and the same j)article; and 
others of whieh will enter in pairs of equal and opposite forces, 
when there are mutual tensions or réactions or constraints among 
the particles of the System. We imagine the System to receive 
an arbitrary infinitésimal displacement, consistently with its geo- 
metrical relations, whereby the points of application of the forces 
are changed, but neither the intensities nor the directions of the 
lines of action are altered. Let the displacements of the points 
of apj)lication of the forces be estimated along the lines of action 
of the forces; and let ôp be the infinitésimal displacement of 
y, < 5 r), the point of application of P, thus estimated ; then the 
équation of virtual velocities is 


= 0 ; 

and this expresses the condition that the forces are in equili- 
brium. 

Let us put into an équation of this form the se ver al quanti- 
fies which are active in the motion of a material System. As 

-T-ir > -ré- ’ -T-TT 211*0 the axial components of the expressed velo- 
dV dir dV 

city-incrernents of whieh is at at the time t, it is évi- 

dent that the impressed momentum-increments along these axes, 
which would hâve their full efîcct in producing pressure if the 

d ^ X d>''‘^ y d ^z 

System were at rest, must be diminished by m ^ 3 in 3 m 3 

now that the system moves ; and the actual effects will be the 
excesses of the former over the latter : in the équation therefore 
of virtual velocities these latter quantities must be affected with 
négative signs. We shall use the symbol ô to express the varia- 
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tiens of the points of application of the forces whieli are due to 
tire arbitrary geometrical displacement of the System ; and we 
shall still indicate by the symbol cl the time-variation of the 
eoordinates and velocities. Let mp be the type momentum- 
increment acting on the type particle 'cîi ; and let us suppose hp 
to be the infinitésimal displacement of the point of application 
of P estimated along its line of action, P tending to remove m 
from the origin, and hp being positive when the point of appli- 
cation of P is moved in the direction along which P aets ; then, 
if the line of action of a force is along a coordinate axis, say that 
of X, the variation of the point of application is 8 x. Now, esti- 
mating forces aceording to these conditions, the équation of Vir- 
tual veloeities is 

+ (42) 

wliieli is the most general équation of motion of a material 
System. 

includes ail the forces which act on the several par- 
ticles of the System, both internai and external ; if however 
two particles are acted on by a force along the line which joins 
them, and if the distance between these particles is unchanged in 
the geometrical displacement, this force will disappear in the ag- 
gregate ; because the geometrical displacements of the two parti- 
eles estimated along the line of force will be equal and opposite, 
and therefore the two effects, as they are measured in the pre- 
eeding équation, will neutralise each other, and will disappear. 

76.] Let ah the impressed momentum-increments, as they 
are applied to each particle, be resol ved into components parallel 
to the three coordinate axes ; and let x, Y, z be the axial compo- 
nents of P as it acts on m at (^,y, z) ; then the infinitésimal dis- 
placements of m along the three axes will be which 

are the same as the displacements of the point of application of 
the expressed momentum-increments: so that (42) becomes in 
this case 

- S) + (ï - §) 85^ + (z - = 0 ; (43) 

which is another form of the équation of virtual veloeities. 

Now no restriction bas been made as to the kind of displace- 
ment of {x, y, z), of which the axial projections are represented 
by bæ^hy^hz; it is only to be consistent with the geometrical 
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relations of the System : let ns suppose it therefore to be most 
general, and to be eompounded of motions of translation and of 
rotation of the whole System. Let the System receive a displaee- 
ment of translation, so that every particle moves over an equal 
and parallel space in tbe direction of the coordinate axes, whieh 
we will represent severally by ; and also let the 

System receive three successive displacements of rotation through 
the angles bd,h(l),b\jr about the three coordinate axes: then, see 
(76), Art. 54, the total variations of the coordinates of the point 
{û!)) z) bec bsûQ-\-zb<p — ) 

ôy = b^Q + a}b\lr-- zb 6, ( 
bz = bzQ-i-^bO ^ecb(j> ; ; 


and substituting these in (43) we hâve 


Jw) 


+ bQ'Z.m 
b 



= 0 ; 


as the seve?:al variations on which the clisplacement dépends are 
independent of each other, their coefficients must separately 
vanish; and hence we hâve the six équations of motion, viz. 
(37) and (38) ofArt. 73. 

In the case of impulsive forces it will be more convenient to 
State the équation in a slightly different form, because the im- 
pulsive forces do not generally act directly on every particle and 
are not generally proportional to the particles on which they act. 

Let n, V, w be the axial components of the velocity of m before 
the action of the impulsive forces, and to' the like qnantities 
after the impulse, so that u' --u, v' ~v, to' are the axial com- 

ponents of velocity of m due to the forces ; and let 2 . x, . y, :s . z 
be the axial components of the momenta impressed by the forces ; 
then the équation of virtual velocities takes the form 

— ?^')} bo(s-\-{Y^m{v' -v)} ôy+ {z — m{w'—w)} = 0, 

or 

:s . m { {%' -7ù)bx + {v'^v)bÿ'\-{w'---w)bz}=y,.(xbx + i:bij^zbz), (44) 

Giving to Si??, by, bz the values (41), and equating to zéro the 

PRICE, VOL. IV, H 
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coefBeîents of the six artîtrary qnantities, we obtain the six 
équations (34) and (35). 

77.] When tbe System of particles on whicb the forces aet is 
rigid or invariable in form, tbat invariability of form will be 
secured by means of certain équations whicb the coordinates of 
tbe several particles must satisfy. Thus, if the number of par- 
ticles is and if ail tbe distances of these particles from each 
otber are invariable during the motion, (3^—6) équations are 
satisfied thereby ; for if tbe distances between tbree are given, and 
tbe distances of every one of the remaining (n — S) from each of 
tbese tbree are given, we hâve 3^ — 6 given distances, and the 
System of particles is invariable in form. Now tbe position of 
every particle of the System at any time is determined, when 
tbe coordinates of every particle are expressed in terms of t; 
and as each particle bas tbree coordinates, Sn quantifcies must 
be expressed in terms of i: these bowever are subjected to 3^^~6 
conditions of relative position : six otber conditions therefore are 
necessary, and are sufficient for the complété solution of the 
problem ; and these are given by tbe équations of Art. 73. 

Also that six independent conditions are required and are 
sufficient for the complété détermination of a rigid material 
System is apparent from the fact that tbe position of sucb a 
System is given, when (1) the position of any one point is given, 
for whicb three coordinates are required, and (2) the position of 
any two lines in tbe body passing througb that point is also 
given. For this latter purpose tbree more quantities are re- 
quired, as for instance tbe values of Euler’s tbree angles (see 
Art. 64) whicb détermine tbe position of the axes of ^ and C ij^ 
tbat System of reference. Thus altogether six conditions are 
needed and are enough. These may belong to any system of 
coordinates, provided tbat they are independent of each other. 

When the motion is in two dimensions only, three conditions 
are enough, viz. the two coordinates of any given point, and the 
angle made with a fixed line in space by some line about whicb 
tbe body rotâtes. 

It bas been customary of late to speak of the degrees of free- 
dom whicb a body or a system of material particles admits of ; 
this mode of speaking is équivalent to stating tbe number of 
independent coordinates whicb are required for the complété 
détermination of tbe position of a system. Hence there cannot 
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he more tlian six degrees of freedom, and the number may be 
gieatei oi less, according as the System is siibject to fewer or 
more constraints ; tbus if one point of a body is fixed, tbree 
degrees of freedom are satisfied, and three only remain ; tbese 
may be determined by tbree coordinates, sueb as Enler’s tbree 
angles, or by tbe nine direetion-cosines wbieb are given in 
Art. 2, and wbieb are subject to six geometrical conditions, so 
tbat only three are independents. If a body moves so tbat a 
given plane section of it moves parallel to itself, tbere are only 
four degrees of freedom corresponding to four quantifies, tbree of 
wbieb détermine a point in tbe plane, and tbe fom^tb of wbieb 
gives tbe angle contained between a given straigbt line in tbe 
plane and a fixed plane perpendieular to tbe given plane. 

78.] And now let us take a more general case ; and let us 
suppose certain particles of a material System to be constrained 
to move on certain eurves, so tbat certain relations will be given 
wbieb tbe coordinates of tbe particles must satisfy. Suppose tbe 
number of tbese relations to be ^ ; and let tbem be = 0, = 0, 

... r=: 0 ; tben, taking tbe most general case, and supposing 

oach of tbese fonctions to contain ail tbe coordinates of ail tbe 
points, tbeir total variations are 



and from (43) we bave an équation of tbe form 


Aj 5 ^;/i + Cl a % 4- + A„ a + B,, ay,, + c,, a = o. (46) 

If tben we multiply (45) severally by indeterminate multipliers 
Xj, Xg, ... X^^, and add ail and (46) ; and if we equate to zéro the 
coefficients of ... a^„, we bave Sn équations, viz. 
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wKicK togôtKer with. tliG le e(][uatioDs of constraiiiu aiG sufficient 
to détermine the 3^ coordinates and the h mnltipliers. 

79.] We will now apply the process of the preceding Article 
to the motion of a flexible and inextensible string, which bas its 
two ends fixed, nnder the action of given forces. 

Let be the length-element of the string at the point 
{x, y, z) ; let cû be the area of the transverse section, p = the 
density; so that the mass-element of the string is pcorh. Let 
the points ^1), string, 

and let ^15 P25 ^2 values of p, co at them respectively. 

Let X, Y, Z be the axial eomponents of the impressed velocity- 
increment at the point (a?,y, ^); and let z^, Xo, Y2,Z2 be 

the values of these quantifies at the two ends of the string which 
we suppose to be dynamically fixed, but to admit of geometrical 
variation- Then ( 43 ) beeomes 



+ + + + + = 0; (47) 

and since the string is of constant length 


I (h = a constant. 
1 



= 0 ; ( 48 ) 

and multiplying the quantity under the sign of intégration by À, 
and adding it to ( 47 ), we hâve 

... 4 XiSa?! 4 Yi 4 4 = 0 ; (49) 

and integrating by parts the second terms of the several iiiem- 
bers of the upper line, as we hâve explained in the Calculas of 
Variations, Vol. II, we hâve 

+ 

4 XiSÆjp 4 4 Z2 8^^ = 0. (50) 

As no other relation is given between. ô a?, by, and 8 s, we liave 
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p(üds ^x- 
pCüCÎS (y- 


(PX\ 

1¥) 




cW 

d^z 


) -d.X 


dê 


O, 


pcûds 

which are the équations of motion of tlie cord 




(51) 


The latter terms 

in (50) give values at the ends of the string ; if the ends are in- 
dependent of eaeh other. 




X 


H 


and if the ends are fixed 

O, — Xj + Yj = 0, 


dx^ 

-K-J7 +^i 




. C^i»2 

^471 +""2 


= 0 . 


X, 




s àz-i 




dzo 


+ Z2 = 0. 


The form of the last ternis of (51) shews that X is the tension of 
the string at the point {co^ÿ^ z\ and acts along the length-element 
ds: indeed the équations (51) are only the particular form of 
(37) when the forces arising from the tension are introduced 
into them. If we eliminate X from (51)^ we shall hâve two 
équations in terms of y, z, which will give the position of 
the string at anj time. I may observe too that X is evidently 
the tension, because the mode in which it is introduced shews 
that it is an internai force acting along d ê ; and that the varia- 
tions of its points of action are the same as the variations of the 
ends of the length-element. 

Thus much must at présent suffice for this problem ; we proceed 
to the démonstration of varions general theorems which arise 
out of the équations of motion. 


Section 2. — I7idejpe7idence of the motmu of translation of the mass- 
centre^ and of rotation alont an axis joassing throiigh it, 

80.] In the preceding chapter it has been proved that the 
motion of a body in its most general form may be resol ved into 
a motion of translation of any one point of it chosen arhitrarily, 
and a motion of rotation about an axis passing through that 


(52) 
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arbitrarily ehosen point. One particular form of the resolution 
was point ed ont on principles purely kinematical ; viz. that if tbe 
point was taken on tbe central axis, the motion of the point 
would lie along that axis, and that we should hâve what is 
technically known as a serew ; and this is of course true when 
ail the expressed veloeities of the System due to the acting forces 
are given, whereby the position of the central axis at the time t 
may be determined. The question however of choice of the 
moving particle about which rotation is to be estimated now 
offers itself from another standpoint, viz. from the équations of 
motion which hâve been arrived at from D’ Alembert’s Principle ; 
and it présents itself in this form : Is there any point such that, 
if it be taken as the moving point of translation, the équations 
become simplified ? or, in other words, is there any reason why a 
certain point should be ehosen as the moving point of translation 
rather than any other ? Purther on we shall hâve another ques- 
tion, viz. Is there any reason why one particular System of 
coordinate axes should be ehosen in preferenee to any other? 
This latter question we will leave for the présent. As to the 
former, a simple inspection of the équations (34) and (37) sug- 
gests that the point which is commonly known as the centre of 
gravity should be taken as the moving point of translation, be- 
cause the coordinates of that point involve quantifies analogous 
to those of these équations, and will lead to certain simplifications 
and theorems, as is shewn in the following Articles. 

81 .] I must observe on the name “centre of gravity”: it lias 
been given to the so-called point of a heavy body or heavy 
System of particles, which is the centre of the several parallel 
forces of weight acting on the particles. This meaning, though 
précisé, is too narrow for our présent purpose ; we require a terni 
of wider signification, because the Systems of particles which we 
hâve to consider may never hâve weight at ail, and y et must 
hâve a certain point in reference to the configuration of the par- 
ticles which, in the case of weight, is the centre of gravity. This 
point bas been called the centre of masses, or the mass- centre, 
and is defined as the point whose coordinates iî?, ÿ, z are given by 
the following expressions, viz. 

y'Z.m = 


(53) 
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I shall generally call this point the mass-eentre, as being a short 
and expressive term ; but in cases where gravitation is the acting 
force shall not hesitate to call it the centre of gravitj. In 
geometiy, as it is well known, there is a similar point which is 
called the centre of mean distances, and is the point given bj 
(53) when ail the wz’s are equal to each other. 

Since m does not vary with the time, from (53) we hâve 
dx dx \ d'^x d^x \ 

ai"'” = ='“sï- 

K S’ [(®*) 

dz dz d^z d^z 1 

— -y-; -r^ -TTô-* / 

dt dt } di^ dt^ f 

Hence in respect of the mass-centre as origin, 

= 0 ; (56) 

dx dy dz ^ 

= = (57) 

cl^x d'^y d^z , . 

= = (58) 

These are the expressions which lead to the simplification of the 
équations of motion. 

82.] Let [x^ y, z) be the place of the mass-centre at the time 
t ] {x, y, z) the place of the type-particle m ; and let us suppose 
a System of coordinate axes to originate at the mass-centre and 
be parallel to the original System of reference ; and let the place 
of m relatively to these axes be [x' y y\ /) ; so that 

X '=.X'\’X\ y = ÿ ^ '=.Z’\-z\ 

'2,,mx^ =:■ 'Z.my' = = 0; 

dx' dy' • dz' ^ 

2.M--77 = = 0; 

dt dt dt 

• dP^x' dp y' dPz' ^ 

dt^ dt^ dt^ 

Let M == the mass of ail the particles of the moving System ; then 


= M -"TTô - 

dt^ dV 


dhj d^ÿ 
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clt dt dt 


= ^ + 


dz dz dz' 

ït = T,+m- f®**) 


v.+v; 


(60) 


Firstly, let ns take équations (34) and (35) which refer to 
instantaneous forces ; then 
dx dx dx' 

dt " dt dt ^ 

and tkese beeome in this case 

= + ■^ 2 . 

and (34) beeome ~ 5 .mx, 

MVy = '2,.7nY, 

MV^j = :z,mz\ ) 

whieb. équations are of tbe same form as those of the motion of 
a matériel particle whose mass is m. Whence it appears tbat 
The motion of translation of the mass-centre of a System of 
particles under the action of impulsive forces is the same as if 
the whole mass were colleeted into it, and ail the impressed 
momenta were applied at it, each in a line parallel to its own 
line of action. 

If V is the velocity of the mass-centre, 

MV = {(2.mx)2 + (5.my)2 + (2.mz)^}'2'; 
and the direction-cosines of the path which the mass-centre takes 
are given by (60). 

Again, taking the first of (35), and making similar substitu- 
tutions, we hâve 

2.^;^{(j;+/)(z-ÿ,-v/)-(| + /)(y-v^-v/)} =0; 
which may he expressed as follows : 

ÿ2.»2(z— Tj)-ÿS.mv/+2.»?/(z— v/) — Vj2.ot/ 

— Vj,) + l2.OTV/ — v/) + Vj,2.ot/ = 0; 

and thus, omitfcing terms which vanish, we hâve 
:s.m{/(z--v/)-~/(Y~v;)} = 0; 
similarly from the second and third of (35) we hâve 
:s.m{/(x-.v/)-aî'(z— v/)} z= 0, 
:s.w{ic'(Y~v;)--/(x-v/)} = 0. 

These are evidently the équations of the three couples of the 
lost momenta relatively to the axes of a System originating at 
the mass-centre ; and the impressed momenta are the same as in 
the original équations (35) : whence we infer that 

If the motion of a System of material particles, under the 
action of impulsive forces, is resolved into a motion of trans- 
lation of the mass-centre, and of rotation about an axis passing^ 
through that point, the motion of the mass-centre is the same as 


(61) 
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if the masses of ail the partieles were collected at it, and ail tîie 
impressed momenta were applied at it each. in a line parallel to 
its own line of action ; and tKe motion of rotation about the axis 
passing throngh the mass-centre is the same as if the mass-centre 
were a fixed points and the System rotated about an axis passing 
through that point under the action of the impressed momenta 
which are actually applied to the several partieles of the System. 

And the mass-centre of the System is the only point which 
has this property ; for there is no other point for which 


dx dy 

dt dt 


dz 


so that the terms omitted in (60) should disappear. 

83.] Secondly, let ns take équations (37) and (38), which 
DAlembert’s principle gives when the System of partieles is 
snbject to finite accelerating forces ; then, differentiating (59), 
we hâve 




d^_ 

so that (37) become 




d'^y __ d'^y d^y' 

dr-x 


(¥z 

dt‘^ 


’ dt^ dt- ' 


M 


df^ 






M • 


dH 


(62) 


which équations hâve the same form as those of the motion of a 
material partiele whose mass is m. Whence it appears that 
If the whole mass of a material System is collected into its 
mass-centre, and the several impressed momentum-increments 
are applied at it, each in a line parallel to its own line of action, 
the expressed momentum-increment, and therefore the motion of 
translation, of the mass thns condensed is that due to ail the 
impressed momentum-increments thereat applied. 

Again let us substitute in (38) ; then we hâve 
(/ /\ / d^z\ , d^ÿ 

and this when expressed at length becomes 

/ d^Hs, _ dH' . d^-z'^ 


■ di‘^^\ 


0 ; 


Z'X.mK Y 


(’ 


J) 

d‘^ÿ\ _ rP/ 


d"-z 


(y— 




d'^ÿ ■ , 
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and therefore, omitting terms which vanisli by reason of pre 
ceding équations and conditionSj we bave 

similarly from the otber two équations of (38) we bave 


But tbese are evidentlj, in referenee to tbe System of coordinate 
axes originating at tbe mass-centre, tbe tbree équations of tbe 
couples wbicb arise from tbe excess of tbe impressed over tbe 
expressed momentum-increments ; and tbe impressed momentum- 
increments are at eacb point tbe same as in tbe original équa- 
tions (38) ; wbence we infer tbat 

If tbe motion of a System of material particles, under tbe action 
of finite aceelerating forces, is resolved into a translation of tbe 
mass-centre, and a rotation about an axis passing tbrougb tbat 
point, tbe motion of tbe mass-centre is tbe same as if tbe mass of 
ail tbe particles were collected at it, and ail tbe impressed momen- 
tum-increments were applied at it, eacb in a line parallel to its 
own line of action ; and tbe motion of rotation about an axis pass- 
ing tbrougb tbe mass-centre is tbe same as if tbat centre were a 
fixed point, and tbe System rotated about an axis passing tbrougb 
it under tbe action of tbe impressed momentum-increments wbicb 
are aetually appbed to tbe several particles of tbe System. 

84] Tbus, wben a body is projected in any direction, and 
moves under tbe action of gravity, wbicb acts on ail tbe particles 
of tbe body in parallel lines, tbe centre of g'ravity of tbe body 
describes a parabola in a vertical plane. Also, if a sbell is pro- 
jeeted and tbe sbell bursts before it meets tbe eartb, by tbe 
action of internai forces, tbese latter forces, being related in 
equal and opposite pairs, do not appear in tbe right-hand mom- 
ber of (62), and tbe centre of gravity of ail tbe broken parts 
moves in tbe same parabolic patb as before tbe explosion. 

Henee tbe problems of Pbysical Astronomy are of two distinct 
classes : some are tbose of tbe motion of translation of tbe centres 
of gravity of tbe celestial bodies, otbers are of rotation of tbe 
bodies about axes passing tbrougb tbe centres of g*ravity. Tbe 
Lunar and Planetary Théories are of tbe former class ; tbe pro- 
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blems of Precession and Nutation of the Earth, and of the 
Libration of tbe Moon are of the latter. 

This theorem is also true of the solar System as a whole ; be- 
cause it is a material System of the nature explained in Art. 65 ; 
so that if the solar System has a pmper motion in space by the 
action of forces external to it, which hâve either acted once for 
ail, or are finite and continuons, that proper motion will be 
shewn in the change of place of the mass-centre of the System ; 
and if the path, velocity, &e., of the mass-centre can be deter- 
mined by observation, the force to whieh it is due may also be 
determined. Now as the mass of the sun is so very much 
greater than that of the other constituent bodies of its System, 
and as they are arranged around it, we may, without great 
error, assume the centre of the sun to be the mass-centre of its 
System ; and this being so, the resuit of the calculations of M. F. 
G. W. Struvè, founded on the studies of Argelander, O. Struvè, 
and Peters, is that the sun advances annually in space through 
154,185,000 miles towards a point in the heavens situated in the 
constellation Hercules*^. This resuit is arrived at from an esti- 
mation of the proper motion of the stars : but our knowledge of 
these motions is at présent far too imperfect for us to décidé 
how far the assigned velocity and direction of the solar motion 
deviates from exaetness ; and whether it continues uniform, or 
whether it shows any symptoms of deflection from rectilinearity. 
At présent, says sir John Herschel, we require more précisé and 
extensive knowledge, before we can hold out a prospect of being 
one day enabled to trace out an arc of the solar orbit, and to in- 
dicate the direction in which the prépondérant gravitation of the 
sidereal firmament is urging the central body of our System. 


Section 3. — JPrind^des of the comervation of the motion of the 
mass-centre, and of the co7mrvation of mome^its of niomenta 
and of areas, Laplacé s mva7'iahle jjlane, 

85.] I propose now to consider certain theorems whieh arise 
out of ecjuations (37) and (38), when the impressed momentum- 
increments are of certain particular forms ; and, fîrstly, (37) : 

* See Études d’ Astronomie Stellaire. St. Petersburg, 1847. Also a 
Paper “ On the mo veinent of the Solar System in Space,” by Mr. Edwin 
Dunkin, Meni. Eoyal Astroin. Soc., Vol. XXXII, 1864. 



108 


CONSERVATION OE MOTION 


[ 86 . 


Suppose a material System to hâve been put iuto motion by the 
action of instantaneous forces, so tbat the axial components of the 
velocityof its mass-centre are those given in équations (60); and 
let us suppose the forces which subsequently act on the System 
to be such tbat = 0; 

the meaning of which condition is, that either the System is free 
j&om the action of any forces ; or the forces are such that the 
momentum-increments impressed by them mutually destroy each 
other, when ail are transferred to the mass-centre in Unes 
parallel to their own Unes of action ; then, from (62), we hâve 


cPx 

= 0, 

dH 


0, 

(T^z 

= 0.; 


df^ 

— 

dt‘^ 

dx 


dÿ 



dz 


dt 

= 

dt 
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dt 


—a = 


ÿ-h 
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Z — 
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X — 

- = îl 
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' — ^ 
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\ 



T”’ 



(64) 

(^ 2 , i, c) being the place of the mass-centre when t = 0, 

As (64) are the équations to a straight Une, it follows that the 
mass-centre moves along a straight Une, of which the direction- 
cosines are proportional to the axial components of its initial 
veloeity ; and its velocity is given in Art. 82. 

If the mass-centre is initially at rest, so that 

= V. = 0, 

it remains at rest during the whole motion of the System. 

This theorem is called the principle of the conservation of the 
motion of the mass-centre; and by virtue of it, in ail cases 
of motion of a free System of particles, and of a System which 
is subject to forces which mutually destroy each other, the mass- 
centre of the System either remains at rest or moves with a con- 
stant velocity along a determinate straight Une. 

86.] This principle supplies an answer to the question : If a 
man is on smooth ice, how can he move along it ? or on a per- 
fectly smooth horizontal table, how can he get ofiP? Ile cannot 
move along the ice or get off the table, unless he can produce 
momentum in a direction other than that perpendicular to the 
ice or the table ; whatever the motion of his body may be, the 
weight of it can produce motion only in a vertical straight Une. 
If however he can throw any thing away from himself, and 
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tliereby generate a horizontal momentiim, he will give to his 
body a horizontal veloeity in an opposite direction, such that the 
momentum of his body will be equal to that of the mass which 
he has thrown away, and this veloeity will carry his body along 
the ice or off the table ; similarly if a person of mass m walks 
upon a rough plank of mass m and length 2 which is placed 
on a smooth horizontal plane, the centre of gravity of the two 
bodies remains at rest, so that while the person walks from one 
end of the plank to the other, the plank will recede through the 
2 M âf 

distance , and he will hâve advanced through the distance 

2m^ ^ + 

Hence also the motion of the mass-eentre of a System of par- 
tieles is not altered by their mutual collision, whatever is their 
degree of elasticity, hecanse a reaction always exists equal and 
opposite to the action. If an explosion takes place in a moving 
body, whereby it is broken into pièces, the line of motion and 
the veloeity of the mass-centre of the whole are not changed 
by the explosion ; thus the motion of the mass-centre of the 
earth is unaltered by earthquakes. The motion of the mass- 
centre of the solar System is not affected by the mutual and 
reciprocal action of its several members ; it is only changed by 
the action of forces external to the system. 

87.] If we take équations (35), and put them into the form 

(yz— ^y), \ 

-osY^) — (zx--æz), > (65) 

the left-hand members of these are the axial components of the 
moments of the couples of the expressed momenta of ail the par- 
ticles of the system. And as the right-hand members are the 
similar quanti ties for the impressed momenta, the equality of the 
two is asserted in the équations. If therefore the system of 
particles moves at any time t with such momenta that the left- 
hand members of (65) express the axial components of the 
moments of the couples of the expressed momenta of ail the 
particles, then 2 .mz are the momenta which im- 

pressed in a direction contrary to that of the motion and along 
their proper lines will destroy the rotation of the system ; and 
moreover if 'Z.mY, :è.mz are subject to the relations (34), 

the System will be brought to rest. 
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88.] Next let ns take équations (40), and suppose the acting 
forces to be sucli that the impressed momentum-inerements 
satisfy the following conditions, viz. 

2.m(yz— = 'S..m{zx—æz) = (a?Y— ^x) = 0. (66) 


This is the case ; 

(1) When, for every particle of the System, x = y = z = 0 ; 
that is, when the System is free of the action of ail forces. 

(2) When the members of the System are subject to forces, to 
each of which an equal and opposite one corresponds. Thus, 
for example, suppose nii' and m'\ situated at {x\ y\ z') and 

z') respectively, to be attracted towards each other by a 
certain force P, dépendent on their invariable distance (r) from 
each other ; then 






x"'-x' ff rf —l/ // // 

P, m \ P, m ?: - 


p; 


(67) 


T ' T T 

... m'(/z'--/Y') + ^"(/V'-/V0 = 0 ; (68) 

and similar results are true for every other pair of equal and 

opposite actions and reactions ; and also for the other couples. 

(3) When the lines of action of the forces acting on the 

several particles of the System pass through the origin ; because 

in this case x y z 

= (69) 

X y z ^ ^ 


This includes the case, when the body moves about a fixed 
point, which is taken as the origin, and at which a pressure acts. 

(4) When the forces would be in equilibrium, were the System 
on which they act brought suddenly to rest ; because in that 
case (66) are the conditions of statical equilibrium. 

In ail these cases the right-hand members of (40) vanish, and 
integrating, we hâve 


f dz 
dx 


z 


dt) 

dz\ 


-X- 


dt dt^ 

/ d'if dx\ 
'X.m\x-^^y — \ ; 
^ di ^ dt^ 


^3î 


(70) 


where are certain constants of intégration; and, as 

is évident from (65), are the axial components of the moments 
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of tlie couples of momenta of ail the partieles due to the in- 
stantaneous forces by wbicb the System of partieles is origin- 
ally put into motion ; or, as we may say, they are the axial 
components of the sum of the moments of the couples of ail the 
momenta at any given epoch. Henee 

If a System of material partieles is put into motion by the 
action of instantaneous or other forces, and, when the action 
of these forces ceases, is acted on by forces which satisfy the 
conditions (66), then, notwithstanding the alteration in the ex- 
pressed momenta of individual partieles, the sum of the axial 
components of the moments of the couples of the expressed mo- 
menta of ail the partieles, at any time is constant. 

Also the moment- axis of this résultant couple of ail the ex- 
pressed momenta is constant, and the direction of the rotation- 
axis is fixed ; that is, these are independent of the time, and of 
any partieular System of axes, and remain the same throughout 
the motion. Thus, if Ti is the moment-axis of the résultant 
couple, and a, y are the direction- angles of the rotation-axis, 

; (71) 

cos a cos/3 cosy 1 

This axis is consequently called the invariable axis, and the 
plane through the origin which is perpendicular to it is called 
the invariable plane ; and the theorem is caUed the prineiple of 
conservation of moments of momenta. 

Also in referenee to the origin at which the conditions (66) 
are satisfied, the line whose direction-cosines are proportional to 
K with respect to which the sum of the moments of 

the momenta of the System is a maximum. For if we take any 
other line (l, m, n) passing through the origin and inclined to the 
former line at an angle B : then if H is the sum of the moments 
of the momenta of the System about this latter line, 

= ^cosd, 

so that H is always less than li ; the line therefore whose direction- 
cosines are proportional to is that with respect to which 

the sum of the moments of the momenta of the System is greater 
than the sum with respect to any other axis passing through 
the same point. 
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89.] The cases in which the conditions (66) are satisfied are 
numerous enough to make the theorem of great importance. 
ThuSj it is true when a collision takes place between two or more 
memhers of the System, becanse equal and opposite actions are 
generated thereby, whatever is the degree of elasticity. It is 
also trne when two or more members become snddenly nnited ; 
when parts of the System pass from the gaseous to the fluid state, 
or from the fluid to the solid state ; provided that the causes by 
which a transmutation takes place prodnee equal and opposite 
actions. This is a remarkable case, becanse the forces may be 
functions of the time explicitly, but, as they disappear, the prin- 
ci] 3 le is true. Thus the moment of the couple of ail the momenta 
of the earth, as well as the direction of its rotation-axis, would 
remain the same, supposing the earth to be cooled down, without 
loss of gravitating matter. And the principle is also true when 
the magnetic or electrical state of two particles or of two mem- 
bers of the System is altered, if the change is accompanied by an 
equal and opposite action. Thus, no alteration is caused either 
in the length of the day, or in the position of the earth’s axis, 
that is, in the place of the polar star, by earthquakes, the rolling 
of the sea on the shore, the fall of avalanches, the continuai 
friction of the wind against the surface of the earth, &c. ; becanse 
ali these actions are accompanied by equal and opposite reactions, 
and therefore are in accordance with the équations (66). 

£0.] Equations (70) hâve also received another interprétation, 
which is of a geometrical character. As a moment of mo- 
mentum involves the product of a velocity and a perpendicular 
from a given point on its action-line, it is of two dimensions 
in space, and is so far homogeneous with, and may be ade- 
quately represented by, an area. Of this we hâve already had an 
instance in the case of a particle moving in a plane under the 
action of a central force. For if the centre of force is taken as 


the origin, the force has no moment about that point, conse- 
quently condition (66) is satisfied, and the moment of momentum 
about the axis perpendicular to the plane of motion is constant ; 
the équation which expresses this fact is the last of (70), viz. 


dy dx 

^Tt-yrt 



of which the geometrical interprétation is, as is well known, 
‘ Equal sectoiial areas are described in equal times.’ Lagrange 
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and Laplaee and other writers on Mechanics hâve interpreted on 
similar lines the three équations (70), 

From the origin let radii vectores be drawn to eaeb of the par- 
tieles of the System ; as the System moves, then, separating the 
motion of translation from that of rotation, if the origin is 
assumed not to move during the time each radius deseribes 
an infinitésimal sectorial area, which is part of a conieal surface ; 
let these sectorial areas be projected on the eoordinate planes ; 
from (70) we shall infer that the aggregate of the products of each 
particle and the projection of the sectorial area described by its 
radius vector relatively to each of the coordinates planes, varies 
as the time. 

Let r be the radius vector, drawn from the origin to the place 
of at the time i ; let dk. be twice the infinitésimal sectorial 
area over which r passes in the time dt\ and let d,Ky^ 
be the projections of dk. on the planes of (y, z)^ (^, x)^ {x. y) re- 
spectively ; then, ^ y dz-zcly, s 

d.Ay = < 3 : dx—x dz^ l (73) 

d,k^ = X dy—y dx ; ) 
so that (70) become :î,.md,k^ = Ji-j^dt^ 

'Z.md.ky = h^dt, 
d.k^ = h^dfr. 

Now as these équations are true for an infinitésimal time dt, 
and for any point as centre of areas, provided that in case (3) of 
Art. 88 that point is the source of the central forces ; so will 
they be true for a finite time, if the centre is fixed, or if the 
centre moves in a straight line ; under either of these circum- 
stances we may integrate (74), and we hâve 

'î,.mky-=^ [ (75) 

'Z.mk^ ^ ) 

the limits of intégration being such that the areas and the time 
begin simultaneously. Thus, the sum of the products of the 
mass of every particle, and the projection of the sectorial area 
described by its radius vector on each eoordinate plane, varies as the 
time; and for an unit of time is constant throughout the motion. 

This theorem is called the principle of the conservation of 
areas, and is true whenever équations (66) are satisfied. 

The signs of the areas are thus far determined by the signs of 
PEICE^ VOL. IV. I 
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the riglit-liand members of (73) ; tbey are therefore to be con- 
sidered positive wben tbe direction of rotation is positive ac- 
eording* to tbe principle of Art. 44. Tbus, for instance, for 
rotation about tbe axis of if tbe projection of tbe radius 
vector on tbe plane of {as, y) moves from tbe axis of æ towards 
tbe axis ofy, = xdy—ydoô ; in wbich case d,k^ is positive; 
and tbe signs of tbe otber projections are to be taken on an 
analogous principle. If therefore tbe motion is rétrogradé, tbe 
areas will bave négative signs. 

91.] As tbe sum of tbe products of the mass of eaeb particle 
and its projected sectorial area, varies as tbe time, and is constant 
for an unit of time, for eacb of tbe coordinate planes, so will it 
be also for everj plane; tbe sum bowever of tbese i)roducts 
varies as tbe position of tbe plane on wbicb tbey are projected 
varies : it is évident tbat tbere is an infinité number of jDlanes, 
for wbicb tbe sum vanisbes ; viz. ail those planes, tbe direction- 
cosines of wbose normals are l, m, n, and wbicb satisfy tbe condition 

= 0: (76) 

bence it is évident tbat ail tbese planes may intersect along the 
line w’hose direction-cosines are proportional to And 

the plane wbicb is perpendicular to tbis straigbt line bas the 
peculiarity tbat tbe sum of tbe products of the masses, and of 
tbe projected areas, vanisbes for ail planes perpendicular to it ; 
and, for any otber plane, varies as tbe cosine of tbe angle at 
wbicb tbe planes are inclined to eacb otber. It is évident tben 
tbat for tbis plane tbe sum is a maximum ; and the position of it 
may tbus be found : 

Let l, m, n be tbe direction-cosines of tbe normal of tbe re- 
quired plane ; and let u be tbe sum of tbe products of eaeb mass 
and its sectorial area projected on tbe required plane ; tben tbe 
tbeory of projections of areas gives us 

U = + (77) 

= (//q + ??^/^2 + ^^/^3)^; (78) 

and 1 = + + ; (79) 

therefore Bu = 0 = h-^dl-\-h^dm + li^dn, 

0 = ldl + mdm’\-nd7i \ 
l m 71 \ U 


/q 7^2 
. U ht =. 

i- 
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whereby the maximum value of tbe products is determined, and 
also the direction-cosines of the plane for which the sum of the 
products of the masses and the projected sectorial areas is a 
maximum. And, if that plane passes through the origin, its 
équation is + + = 0. 

Hence it aj)pears that the position of it is independent of t ; and 
is therefore the same throughout the motion. For this reason 
it is called the invariable plane. The preceding équation shews 
that if at any time the masses of the moving partieles, their 
places with référencé to a centre fulfilling the conditions (66), 
and their velocities are known, then may be calculated, 

and the position of the invariable plane will be completely deter- 
mined. 

92.] In the détermination of the places and motion of the hea- 
venly bodios astronomers are always subject to the difBculty that 
they hâve no fixed planes and no fixed limes to which they can 
refer them. It is true that they generally take the sun as a fixed 
centre and the plane of the ecliptic, that is, the plane in which 
the centre of the earth always is in its motion around the sun, 
to be a fixed plane. The proper motion of the stars however 
renders it almost more than probable, that their motions are in 
a great measure only apparent, and are due to a true proper 
motion of the sun : and the position of the plane of the ecliptic 
is subject to small variations by the disturbing effects of the moon, 
planets, and perhaps other members of the solar System. 

Astronomers therefore are referring the places and motions 
of the planets to the sun, which is not a fixed centre, and to the 
ecliptic, which is a moving plane : herein lies what may be a 
fruitful source of uneertainty and inaccuracy ; inferences from 
observations, and theory built upon them, are carried over long 
âges ; and it would be of advantage to astronomy if a fixed point 
and a fixed plane could be determined, to which ail observa- 
tions and calculations could be conveniently referred ; or if, the 
position of the latter being given in direction, the motion, recti- 
lineal or other, of the former were known. Now it has been 
before observed that probably the sun has a proper motion in 
space ; and that this is rectilineal, so far as our observations at 
présent indicate, and with a known velocity. Thus far then, if 
the sun is taken as the centre of areas, the principle of areas 

I 
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may be tme for tlie solar System. The forces which aet on the 
solar System are (1) chiefly internai forces of attraction which 
will disappear in the aggregate of the moving masses of the 
System ; and (2) the external forces acting on the snn and other 
memhers of the System from stars and other bodies, some of 
which are perhaps not visible to us. As the mass of the sun 
however is so much larger than the masses of ail the other bodies 
of the solar System, we may assume the sun’ s centre to be the 
centre of gravity of ail the bodies of the System, and the ex- 
ternal forces which act on the several members of the System to 
be applied at it, in accordance with the principle of Art. 82. 
We may reasonably suppose that these forces produce the sun’s 
proper motion in space, and do not produee any sensible effect 
on the rotation of the bodies about it ; that is, we shall assume 
these external forces, approximately and sensibly, to be such as 
satisfy the équations (66). 

These forces therefore are such that the theory of the in- 
variable plane is aj)plicable to the solar System; and as its 
position is the same during the whole motion, being independent 
of the time, it is a plane to which the places and motions of 
the members of the System may be advantageously referred. 
The détermination of its place however requires a knowledge 
of the masses of ail the members of the System, and of the élé- 
ments of their orbits. Approximate values of these are known 
for the planets and their satellites, but of the masses of the 
cornets we are in total ignorance. As the mutual attractions and 
perturbations of the several planets however are sufficient for 
the explanation of ail these inequalities, it is manifest that hi- 
therto at least the action of the cornets on the planetary System 
is insensible. The cornet of 1770 approached so near to the 
earth, that the periodic time of the cornet is calculated to hâve 
been increased by 2.046 days ; and, if its mass had been equal 
to that of the earth, it would, according to Laplace, hâve in- 
creased the length of our year by nearly one hour and fifty-six 
minutes; but Laplace adds, that if an increase of only two 
seconds had taken place in the length of the year, it would hâve 
been deteeted; and as such an increase has not been deteeted, 

it follows that the mass of the cornet must be less than pT^^dtli 

5000 

part of the mass of the earth. The same cornet passed through 
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the satellites of Jupiter in the yeai*s 1767 and 1779, witliout 
producing any efFect. Thus, thougli cornets are greatly dis- 
turbed by tbe action of tbe planets, it does not appear tbat tbey 
produce any sensible effect on tbe planets by tbeir action. In 
the détermination tberefore of tbe position of tbe invariable plane 
of tbe solar System, tbeir effect is insensible. 

If tberefore A^ bave been determined for tbe plane of 

the ecliptic, as tbat of y)y by observation, and 6 is the inclina- 
tion of tbe invariable plane to tbat of tbe ecliptic, and yj/ is tbe 
longitude of its ascending node, from Art. 4 we bave 

Aj^ = A sin t/t sin ô, >^2 = y}/ sin 0, =: A cos 9 ; 

cos ^ ^ ; tan lir = — ^ : 

A y^2 

and tbus tbe position of tbe invariable plane would be known. 

It will be observed tbat Aj^, Ac^y /^3 ai’e in (70) tbe sums of tbe 
axial components of the moments of the couples of the expressed 
momenta of ail the particles due to an unit of time ; and, in (75), 
are the sums of tbe products of every particle and tbe projected 
sectorial area of its radius vector about tbe origin in an unit of 
time. In calculating tberefore tbese quantities for tbe déter- 
mination of tbe position of tbe invariable plane of the solar 
System, since the planets and satellites rotate about tbeir own 
axes, and tbe satellites revolve about tbeir primaries, we cannot 
estimate tbeir moments or tbeir sectorial areas, as if tbey were 
single particles ; but tbe required quantities must be calculated 
separately for eacb individual particle. Tbus, as tbe sun rotâtes, 
tbe sectorial area corresponding to eacb of its éléments bas to be 
estimated. As satellites revolve about tbeir primaries, and also 
rotate about tbeir own axes, tbese bave to be estimated. It 
would be out of place here to enter on tbese calculations, altbougb 
tbey are of extreme interest, and of great importance in tbe cal- 
culations of accurate astronomy ; I oan do no more tban refer the 
student to places where tbe mode of calculation is explained : 
(1) Laplace, Exposition du Système du Monde, 5me Ed. Paris, 
1824, p. 199, lib, IV, cb. II. (2) Poinsot, Équateur du Système 
Solaire ; appended to tbe Éléments de Statique ; 8me Ed. 1842. 

(3) Poisson, Traité de Mécanique, 2nde Ed. 1833, Vol. II, j). 469. 

(4) A note, ‘‘Du plan invariable du Système du Monde,’’ ap- 
pended to tbe 3rd Vol. of Pontecoulant, “ Système du Monde,” 
Paris, 1834. Tbe real dynamical tbings wbicb are invariable. 
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and on whicli thé position of the plane dépends, are the momen- 
tnm- moments ; the produets o£ the masses and the sectorial 
areas are geometrical représentatives of them ; and the theorem 
has heen stated in the latter form prohahly heeause Kepler’s Law 
of Areas heconies herehy generalised. 

93.] If the équations of motion are expresse d in the form and 
in terms of the symhols given in Art. 74, then the theorems 
proved in this section tahe the following forms, viz. 

_ § = and § = 0; (82) 

so that (1) Vg is constant ; that is, the sum of the momenta of ail 
the particles of the System resolved along any straight line s is 
constant, and is equal to M v^, where M is the mass of al] the moving 
particles, and v^ is the initial or other velocity of the mass-centre 
along that line. (2) is constant ; that is, the sum of the 
moments of the couples of the momenta of ail the particles of 
the System about any line s is constant, and is equal to the sum 
of the moments of the momenta which were originally impressed 
on the particles about this line. 

Hence it is évident that if the action-lines of ail the forces 
acting on a System of particles are parallel, the sum of the 
moments of the momenta of ail the particles about an axis 
parallel to the action-lines of the forces is constant, because none 
of the forces act to produce a change of moment of momentum 
about this axis. 


Section 4. On momentum^ and moments of momenta, 

94.] The subjects of momentum, and especially of the moments 
of momenta of the particles of a System with respect of a given 
straight line, to which we hâve heen led in the preceding sec- 
tions, are so important that we must give to them separate and 
independent considération. 

As the momentum of a particle moving with a velocity 2 ;, 
is mv along the line of its motion, so is it along a line 

making an angle d with that line. Similarly, if there are many 
particles, each moving in its own line with its own velocity, 
2.?2^^;cosd is the momentum of the System along a given line, 

27 cos d being the velocity of m along that line. Thus > 

dy dz ^ ^ 

y ~ are the momenta of the System along the co- 
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ordinate axes, This resuit is also true of momentum-incre- 
ments, as is évident from the investigations of tlie first section 
of this ehapter. 

Also wliatever line is taken as an axis of rotation these momenta 
produce couples about it, the moments of wbicb we may thus 

cl s 

détermine. If m be a particle at the point z), and — its 

ci Z 

veloeityjthe axial eomponents ofits momentum are m m 

cl Z 
7)1 


clt 


dv cir 

; and the moments of the couples of this momentum about 


the three axes are respectively m{jj — —z , m 


7)1 cc 


df ^ djOG 

^ ^ System of particles the moments 

of the couples of these momenta about the three axes are respéct- 
. T / cl Z dy\ / dx dz\ ^ dy clx\ 

For convenience we will dénoté these quantities severally by 
//i, 7/2, 7^3 ; so that 

'Z.m\v -zr, --z~^\ . 


dz dy\ / dx 

^ ' W) { 9^. . 

dt 


clt^ 


plz^ 

dt> 


-S). 


cU dt 


)=h 


/ dx cl Z \ , 
/ dy dx\ , 


(83) 


and consequently the équations (40) take the form 


d lu cl ho cl 

1 = L, ^ M > 


clt dt dt 

alsOj if h is the moment of the résultant couple 

7^i2 + /,/ 4.7/32=: F. 


= N : 


(84) 


so that h is the moment of the momenta about an axis whose 
direction-cosines are proportional to li-y^ ^^5 axial 

eomponents of which are li^^ h^^ h^. 

In référencé to (41), is the general symbol for h^, 7^3, and 

K is the general symbol for L, M, N ; so that 7^^, 7^2? ^^3 
stants only when L = m = N = 0. In the preceding sections^ 
7^2 and Ii^ were introduced as constants, and were treated as 
such, since K = 0 for each of the coordinate axes to which these 
quantities severally refer. 

If the motion of the System consists of rotation about an axis 
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passing tlirougk a nxed point with an angular velocity co, of 
wkicli the axial components are a)^, then, since 
dx â.' y d Z 

^ — K. COy— ’J/ CO g, 3 ^ ^ ^ar.î V ^ j 

+ + co^--2.?;^^-2;co^^, > (85) 

--:s,.mzx(ù^—'Z.onÿZ(ùy'\-:2,.m{x^-\-^^)(ù^^. ; 

These expressions will receive further explanation as to origin 
and meaning in the next ehapter. 

If the System consists of partieles moving in one plane only, 
say in that of {x^ ^), or of partieles each of which moves in a 
plane parallel to that of [x^ ÿ), then, as 

COjç = COj, = Oj CO^ = CO, = ^2 = 0, >^3 = >^3 


and 


h 


■ 'Z.m 


[ dt ^ dt) ~ 


(ù'Z.m 


dy 

dt ^ cli 

where r is the distance from m from the axis of fi. 


95.] Let ns now consider the changes which these undergo, 
when the System is referred to another origin, which may or may 
not hâve motion of translation, and throngh which as a fixed 
point an axis passes, about which the System rotâtes, as explained 
in Art. 61. 

Let (^ 0 )^ 0 ? ^ü) origin, of which let v he the vclo- 

city, and let u, v, îv be the axial components of v. At the time t 
let (x,y, z) be the place of m in référencé to the fixed axes, and 
(6 ^5 C) référencé to the new axes : so that 
« = ®o+^> y=yo+v, = 


U -f” 




d y dr\ 

rt = ^^w 


dz dC 


dæ 

7ll ' dt 

and where, as the motion relative to the new origin is of rota- 
tion only, 


dt, 






di 




Now in terms of thèse values, if m is the mass of the System, 

/^ , = 2 . M I (yo + 1?) (-«’ + %)- (-0 + O ( »’ + jjj } 
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of whicb. the first term is, in reference to the axis of the 
moment of momentiim of the whole mass collected at the moving 
origin, and the last term is the moment of momentum of the 
System relative to the parallel axis through the moving origin. 
Ilence is the simci of these quantifies only when the inter- 
médiate term vanishes. This is the case when the moving origin 
is the mass-centre, heeause then s.miy = = 0, and, using the 

notation of Art. 81, 

7^1 = + 


K-=- — ) 

>^3 = +S.OT • 


Ilence, as these qnantities are subject to the laws of projection, 
we hâve the foUowing general theorem : 

The siim of the moments of the momenta of ail the particles 
of a Hyst.em about any axis is eqnal to the moments of the mo- 
mentum of the whole mass collected at its mass-centre about the 
saine axis, together with the sum of the moments of the mo- 
menta of ail the pai'ticles about a parallel axis passing through 
the mass-centre. 

This theorem is also thus évident. Through the origin o, and 
through the mass-centre g, let parallel Unes be drawn, and 
iihrough P, the place of any particle m, let a plane be diawn 
perpendicular to these lines ; let r and / be the distances from P 
on the lines through. o and g, and let p be the perpendicular dis- 
tance between these lines ; then if 0 is the angle between 
and p, -^2 P r' cos 0 + ; 

= M P^ — 2 P m / cos 0 ; 


but sincc r is the perpendicular distance from m on a line pass- 
ing tbrongh the mass-centre, 2 .m/cos 0 = 0: 

whicb équation exjiresses the theorem enunciated ahove. 


90.] A similar theorem is true, that is, the intermediate terms 
in (80), and in its two symmetrical expressions, vanish, when the 
new orig-in and its component 


conditions, viz. 
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,jw-Çv+ÿ^j-^-z^jj=Q, 


' di 


- iw +z^^-^-~ùOq^^=0, 




■n'‘<' + ^ü-j7-ÿo7^ = ^- 


(87) 


Ult 

drj d^ 

^ dt dt 

Let us investigate tlie meauing of these conditions. 

Multiplying these équations severally by and adding, 

we hâve 


“(C?'o-’7^o) + ^(^^o— C«o) + ««(’î^o-^^o) = O, 
wliich shews that the line of motion of the new origin lies in 
the plane containing the origin, the new origin, and the mass- 
centre. 

Also, multiplying the équations severally hy C and adding, 
we hâve 


§(Cyo-V^o) + '^(î^o-C^o}+§(v^o-îyo)=0, ( 88 ) 

which shews that the line of motion of the mass-centre also lies 
in the aforesaid plane. 

Hence the first condition for the co-existence of the équations 
(87) is that the absolute line of motion of the new origin, and 
the relative line of motion of the mass-centre lies in the plane 
which contains the origin, the new origin, and the mass-centre. 
Also in référencé to the origin, the équation to this plane is 

since 


dj 

dt 






dÇ 

dt 




? -dri rd( 


and eonsequently the line of motion of the mass-centre is at riglit 
angles to the line joining the new origin and the mass-centre. 
Putting (88) into the form 




« dt 



) + «0 ( 




and rei)lacing ~ j 


by their values given above, we hâve 


dj dC 

dt ' dt ^ dt 

(■^'()l+yO^ + -oÔ (f"i+îj<“.7 + C"'?) — 
whcrc P is the distance of the mass-centre from the moving 
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Now tHs condition is evidently satisfied if tbe rotation-asis is 
perpendieular to the lines which join the moving originwith the 
origin and with the naass-eentre : beeause in these cases 

and 

so tbat the rotation-axis is perpendieular to the plane above 
mentioned. 

Also, since the lines of motion of the moving origin and of the 
mass-centre lie in this plane, there is some point in it which is 
an instantaneous centre ; so that, if (|, 77, is this point relative 
to the moving origin, 

u= ((ùr^ — r](ù^, 'IV = 7]ùy^ — io>rj; 

CO^ û),j ^ 

which are the équations to a straight line perpendieular to the 
plane and which intersects it at the instantaneous centre. This 
straight lino is the central axis, see ( 61 ), Art. 49 , and is that 
ahout which rotation takes place but along which in this case 
there is no motion of translation. 

97 .] If ail the particles of the System move in one plane, or if 
each particle moves in a plane and ail the planes are parallel, 
then if the plane cf y) is parallel to these planes, and h is the 
moment of momenta of ail the particles ahout an axis perpen- 
dicular to it, 

11 


M y dv 


Let ^q) be the moving origin, and v the axial com- 
ponents of its absolute velocity v, co the angular velocity about 
the rotation-axis, (^, 77) the place of 'm with reference to the 
moving origin ; so that 


■ clæ 
(U 


cly . 

— 0)7/, — = 'y-fcüf; 


then h = 2.77^ + + — (^0 + 77) — w/7)}, 

+ 2 .^ {(à{æQ^+yQr}) + iv--r}u}. 

Thus the moment of momenta about an axis perpendieular to 
the planes of motion of the particles is equal to the moment of 
momentum of the whole mass collected at a given point about 
the same axis, together with the moment of momenta of ail the 
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partxcles aboxit a parallel axis passing tbroiigli the point, when 
the last terni vanishes. New this is thé ca.se wlien thé new axis 
passes tliroug'h the mass-centre, because then 'Z.M'r\ = 0: 

so that if Y is the veloeity of the mass-centre, and^; the perpen- 
dieiilar from the origin in its line of motion, 
h = 

The last term also vanishes when 
But if rj Q)is the instantaneous centre, 


^ V îù 

^0 -, ’îo--: 

and snbstituting these values for the équation is satisfied. 

Also snbstituting for u and v in terms of the coordinates of 
the instantaneous centre, the condition becomes 

that is, the line joining the moving origin to the mass-centre is 
l)erpciKlicular to the line joining the moving origin to the in- 
stantaneous centre : or, in other words, the moving origin is on 
the circle described on the line joining the instantaneous centre 
and the mass-eentre as its diameter. Consequently the moment 
of inoincntum of ail the particles about any axis at right angles 
to the jdane of motion is equal to the moment of momentum of 
tho wliole mass collected at a given point about the axis to- 
gethor with the moment of momentum of the System relative 
to a parallel axis through this point, provided that this point 
is situated on a circle in the plane of motion, of which the 
diameter is the line joining the mass-centre and the instan- 
i-aneous centre. 

98.] The following are instances in which the moment of 
momentum of a moving System is calculated. 

Kx. 1. A straight rod of length a moves freely about an 
cmd, which is jointed to a fixed point. Find the moment of 
moïïKuitvim of the rod with respect to a givén plane. 

IjcI. o bc the fixed end of the rod, and through o let a plane 
(Ira.wn parallel to the given plane: also through 0 let a 
straight line be drawn pcrpendicular to the plane ; and let 0 be 
the angle between the straight line and the rod; let d(l> be the 
angk^ described in the time (U, by the projection of the rod on 
tlie l^lane : let r be the distance of any élément Kpdr from 0 : 
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Ex. 2. Tour thin bars of equal lengtb, jointed at tbeir ends 
and forming* a square, are placed on a smootb plane: one 
corner is fixed, and of the two bars abntting at it one moves 
witli the angular velocity co and the other with the angular 
velocity o)' : find the moment of momentum of the System. 

Let m be the mass, and %a the length of each bar: let h be the 
moment of momentum about an axis passing through the fixed 

corner at right angles to the plane in whieh the bars move : then 
/'2a ra 

Jb CO / P K dx “j~ CO / P K x~‘ dx ”1“ TïiCL’' ^4^ (ù CO “1~ 2 ^co H” CO ^ cos — 0^^ 
t/o J —a 

+ CO r pKX^dx + ma^{écû' + (jù + 2{ù)-{‘ ùû')qos{ô'’—0)] 

J —a 
P 2a 

+ COJ pKX^dx 

=: {5 + 3cos(^'-^)}(co + a)'). 


Section 5. Work: JEnergy : The Prhiciple of Vis Viva : Lagrangds 
Princijde of Least Action ; Carnot" s Theorems. 

99.] The eftects of force in producing motion of matter may 
be estimated in two ways : either with respect to the time during 
wliich the force acts, or with respect to the distance over which it 
acts, or through which its point of application moves in the line 
of its action ; these effects are respectively the time-integral and 
tlie space-intcgral of the force ; the former is expressed in terms 
of momentum, which involves velocity in its first power ; the 
latter in terms of vis viva, which involves velocity in its second 
power. Many instances of these effeets hâve arisen in the former 
volume of the Treatise in cases of motion of a material particle. 
It is, however, to the space-integrals of forces acting on a System 
of material particles that our attention will mainly be given in 
tliis section, because these intégrais hâve in late years assurned 
a much greater importance than heretofore, being the foundation 
of the principle of Work or Energy, whereby ail forces in nature 
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<11 e sliewn to be not only correlated, but to bave in tbem a prin- 
ciple o£ jiermanence or conservation, so tbat no energy ean ever 
be lest or destroyed ; energy ean be transferred, and, as we sball 
s^eo in tlie sequel, transmnted from one form into anotber, say 
iroin mechanical force into beat or electrical force, and vice versa, 
but a j)rinciple of équivalence always rules it, and it can never 
bc lost. 


100.] Now tbis proeess of spaee-integration necessarily leads 
to tbe formation of quantities of tbe form :eds^ wbere r dénotés 
îi lorce (impressed momentum-inerement), and ds is tbe element of 
distance along tbe line of action of tbe force tbrougb wbicb tbe 
acts, or tbrougb wbicb its point of application is moved ; so 
that \vc bave for considération tbe product of a force and of tbe 
tlîst.ance tbrougb wbicb its point of application travels; tbis 
l)rodact is termed tbe Work of tbe force donc in tbe distance. 
The aj)propriateness and tbe origin of tbe term are sbevm by tbe 
foUowing particular instance. If ^ is a mass lying on tbe eartks 
surface at a place wbere tbe accélération due to tbe eartb’s action 

//, Bo tbat tbe force acting on m is wbicb is also tbe weigbt 
of thon exertion or effort or labour is required to raise tbe 
W(‘'îglif.. We sball use tbe term effort. And tbe effort varies 
<lirci‘tly as the weigbt, and also directly as tbe beigbt tbrougb 
whicli it is lifted ; for 2^ times as mucb effort is required to lift a 
NV(*igbt of P pounds as to lift a weigbt of one pound ; and also 
n finies as mucb effort is required to lift a given mass tbrougb 
71 fect vertical as to lift it tbrougb one foot vertical. Tbus if m 
is the mass lifted, and h is tbe vertical beigbt tbrougb wbicb it 
is lifted, tbe effort varies as mgh ; and effort admits of quanti- 
t aiiv^o détermination ; and tbe name of Work is given to tbat 
particular measure of effort wbicb is sucb tbat tbe work = mgh, 
tbat is, is equal to the x)roduct of tbe weigbt and tbe vertical 
dîsiiance tbrougb wbicb tbe weigbt is lifted. In tbis case we 
assume h to be sucb that the force mg is constant througbout it. 
llie eoTicei)tion, bowever, and tbe corresponding définition, may 
lie extended to tbe case wbere tbe force is not constant, but 
varit‘B from point to point; for we may divide tbe distance 
tb rougli wbicb tbe force acts into infinitésimal éléments, and 
tamsider tbe force to bc constant tbrougb eacb of tbem, altbougb 
vuryiug from one to anotber. 

Then if F dénotés the force and ds the infinitésimal distance 
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ÜM-ongh wMeh it aets along its own line of action without 
variation, tlie work of the force in dê = -eds: and tMs is the 
elcment of work, and consequently = dw, if w ig the general 
Symbol for work, so tkat dw =z-Fdê- 

andj taking these (j[uantities between eorresponding* limits, we bave 



w^~w^, bcing the quantity of work due to the force l' iu the 
change of position of the sjstem from its first to its last place. 
If the l)ody returns to its original position no work is donc. 

ïlms as force acts in a certain direction, the point of applica- 
tion niay be moved along the line of action either in the direction 
of or in the direction opposite to that of the action of the force ; 
in the former case work is said to be donc by the force, and in 
the lutter case work is said to be donc against the force ; in the 
lutter case of course some other force or agent acts, and works 
against tlie orignnal force. Thus in the case cited of lifting a 
heavy body, work is done against (the earth’s force) when 
the body is lifted by the lifting agent, whereas if the mass falls 
(rom U given height towards the earth work is done by the 
eurth, and is mcasured by the product of the weight and the 
veri-icul distance tliroiigh which the mass bas fallen. 

If the point of tlie application of the force is moved along a 
line which is inclined at an angle ^ to the line of action of the 
forc(^, and through a distance (h along that line, the work due 
to the force is cqual to F cos cjyds, ds cos <p heing the projection 
of d^ on t he line of action of the force. So that if a force acts on 
a particle along a line at right angles to the line of motion of 
t.ho partiido it does no work on the particle ; it may alter the 
direction of motion, but not the magnitude of the velocity. And 
if eos <!> is îK^gative, work is done against the force. Thus when 
the point of application of a force is moved, the work due to the 
motion either may be done by the force, or may be zéro, or may 
1)0 donc against the force. 

If many forces act on a System the work due to each can be 
(‘stimated in a similar manner, and the whole work is the sum 
of the several works due to the several forces. Thus if m were a 
pai'ticlc of a system, and P were an accelerating force acting on m, 
and the system consisted of many particles of which m is the 



128 


EXAMPLES OE WOEK. 


[lOI. 


type, the whole work would be eqnal to 'S,,m fv dp ^ dp being the 
distance in its line of action tbrough wKicli P acts, and tbe inté- 
gral being definite. 

As (89) is a definite intégral, it follows that the work done in 
a System as it passes from one position to another, dépends on 
the position of the points of application of the forces at the be- 
ginning and the end of the motion considered, and is inde- 
pendent of the time occupied in the passage of the System from 
its first to its last position. This circumstance arises from the 
fact of Work being a space-integral, and not a time-integral. 

A change of configuration of the System will generally ensue 
on work being done by or against a force, because the points of 
application of the forces are moved and these are generally 
places of parts of the System. 

101.] The folio wing are examples of determining the amount 
of work due to the action of forces and the conséquent change of 
position of a System. 

Ex. 1. If a System of heavy bodies is lifted, each through a 
different height^ the work done against the earth’s attraction 
on the System = where z is the vertical distance through 

which the centre of gravity of the System has been raised. 

Hence vve can détermine the work done in raising a ladder 
from a horizontal into a vertical position ; in drawing up a Vene- 
tian blind ; in rolling up a cloth blind ; in drawing up from a 
well a weight hanging from an axle by a heavy chain. 

Ex. 2. A particle m moves towards a centre of force which 
varies inversely as the square of the distance: déterminé the 
amount of work done by the force in the motion from one place 
to another. 

Let w be the work : then 



Hence if = cc,w = — , and this is the work done in moving 

w. from infinity to a place at a distance r from the contre of 
force. If m moves towards the centre of attraction work is donc 
by the force on m, but if m is moved away from the centre by 
some cxtcrnal agent, work is donc against the central force. 
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If a body or a System of particles is momng from infinity 
tovvarcls a centre of attraction whieh varies inversely as tbe 

square of the distance, the quantity 2 . ^ is caUed the Potential 

of the System at the point from which the distances are mea- 
sured. Hence the Potential is the amount of work done in 
the System in the motion of the particles, each from infinity to 
the distance r. This resuit is of great importance in subséquent 
enquirics. 

Ilx. 3. Prove that the work doue by two particles m and m\ 

whieh attract each other with forces vaiying directly as the 

Tïiasb ancL inversely as the square of the distance, in coniing* from 

rest at places at an infinité distance apart to places at the dis- 

, , umm' 

tance r apart, = . 

r 

l^x. 4‘. The Work done in stretching an elastic string or bar of 
sinall transverse section from its natural length a to the length 
a' may thus be found. 

We will assume the elasticity to be in accordance with Hooke’s 
law, and e to be the modulus of elasticity : so that if x is the 
length of the string when r is the pulling force, a being its 

natural length, / , r n a? ~ æ 

X = a(l + -); F = E : 

^ a 

E 

/, the work = / '^dx = ^ {a 

J a 

If T is the force which stretches the string to the length a\ 

0 ! --a 

T = E ; 

a 


the whole work = 




and is equal to one half of the product of the stretching force 
and the extension. ^ 

Ex. 5. Shew that is the work done, when a heavy elastic 
6e 

string of length a and weight w hanging vertically is stretched 
by its own weight. 

102.] In the general case of doing work on a material System, 
let 1)6 the force acting on a partiel© ^ at a point Q (^j y? ^)) of 
which let the axial components be 77^Y, mz'. let Q, move to a 
point q', and let QQ,'= ds ; let djp be the projection of de on the 
macE, VOL. IV. k 



WOEK. 


130 



line of action of P : and let cj) be the angle eontained between ds 

and tbat line of action ; so tbat dj) = ds cos (p : then 

7)1^ dp = 771 P ds cos P 

_ -yidæ-\-Ydy-^zdz 

= m'Ÿds 

ms 

z=z 7}i(iidx-{-Ydp‘\-zdz)^ (90) 

where dæ^ dij^ dz are the projections of ds on the coordinate 
axes. And as this équation is true for the worh done in every 
particle of the System on which force acts, so the work done by 
ail the forces in the infinitésimal displacement will be 
'Z,m(yidx ^\dy -{-7 aIz\ 

Let us call this so that 

d^ — 'S.,7}i{yidx^Ydy-JrZdz\ (91) 

the summation extending to ail the forces of the System, and 
therefore if the body reçoives a finite displacement, we hâve by 
intégration 

vq —W q = I {xdx + Y dij + z dz) ; (92) 


the limits of the intégral bcing given by the positions of the 
System at the beginning‘ and the end of the motion; say at the 
times t and //,. 


Also from (91) we hâve 


dw 

ds 


/ dx 
~ + y 
ds 


dy d Z\ 
ds ds^ 



which is equal to the suni of the components of ail the forces 
along the line s. 

103.] The amount of work done is of course independent of 
any particular System of coordinates. The folio wing are values 
of d\Y in varions Systems. 

If the forces act in one plane and motion takes place in that 
plane only, and position is expressed in terms of polar coor- 
dinates, = 2 . m [vdr + q r 0), 


where 7uv and mil fbc radial and transversal forces respcet- 
ively. 

If the forces and positions arc rcfcrrcd to splicrical coordinates 
in spacc, then 

dw = ':i.///(vdr + iirdO + iir sin Odp). 

If ilie forces act in cm* plane, say that of (x, y), and the small 
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104.] 

displacement is due to a rotation of the System throiigli an angle 
(16 about an axis perpendicular to tbe plane^ tben clx=^yd6y 
cly = xd6^ 

d'SR = %.m{^dX’\-Ydy) 

= 'X,m[-^^y d6 ^^xd6\ 
dw . . 

•** ^ = (93) 

= the moment of tbe forces about the axis. 

Hence if G is tbe moment of the couple of a force, the work of G, 
which moves a body through an angle is Gf!^d ; that is, is the 
product of the moment of the couple into the angle through 
which the System is turned. 

104.] Thus when a force is brought into action and does work 
or reçoives work, its capacity for futee work is ehanged ; it may 
either be diminished or increased ; if a central attracting' force 
draws a mass towards it, its power of work on the mass is dimin- 
ished by a quantity which dépends on the distance through which 
the force bas acted ; whereas if by the action of some other agent 
the mass is removed further from the centre of force, its power of 
work is increased by a quantity which dépends on the distance 
through which the external agent has moved the mass. Now the 
capacity for work in a force is called its Energy ; and if there 
be a System of forces, the whole capacity for work is called the 
energy of the System ; thus we speak of the energy of the solar 
System. Sir W. Thomson has calculated this amount. So we 
speak of the energy of an electrical battery, and of the energy 
of accumulators. Similarly, if an elastie gas is compressed in 
a condenser, it is a store of energy. If the System receives 
work from an external agent its energy is increased ; thus the 
energy of a dock is increased when it is wound up, and by 
exactly the amount of work which is spent on the winding : 
similarly when a watch is wound, its energy is increased exactly 
by the amount of work spent on the coiling of the spring, this 
being estimated by the work of the couple, as explained in the 
last example of the preeeding Article ; so the energy of a steam 
engine, including the boiler, is increased when beat is communi- 
cated to the water by the burning coal, beat being a spécial kind 
of work. If, however generally, the external agent, or in these 
particular cases the agent, is considered a part of the System, and 
is measured by the work which he does, or which he is capable of 

K 2 
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doing*, tke wtole 6nGrg‘y of thé systôiü is unaltered ; theie lias 
teen a transferenee of energy froni one member to another, but 
the sum of the wbole remains tbe sarae. Energy is measured by 
workj and the unit of energy is the nnit of work. 

This principle is ealled the conservation or the permanence of 
energy or work ; and states that energy or work is indestruct- 
ible ; its amount is permanent and can be neither increased nor 
diminished ; what is taken from one member of a System is 
equivalently transferred to one or more of the other members ; it 
may however be transmuted from one form into another. Eor- 
merly it was supposed that force could be lod, as by means 
of friction or the résistance of the air in a moving machine, and 
sometimes in a manner inexplicable ; but in ail these cases we 
now know that the ‘'force'’ supposed to be “lost” is transmuted 
into beat or into electrical action, or into the work of the moving 
particles of air, and thenee into beat, and the équivalence can be 
exactly determined ; so that no work is lost, but the energy of 
the wbole System remains unaltered, energy being the capacity 
for work in its many forms, 

105,] When action takes place between one or more forces and 
a System of material particles, so that the forces either do work 
or receive work, a change in respect of velocity necessarily takes 
place in the material System and is équivalent to the change of 
work in the forces. In what manner however is this change of 
velocity exhibited? We shall shew that if m is the type particle 
of the System, and v and are the velocities of m respectively 
after and before the action of the force, the work done by or to 
the forces is equal to \ — that to one-half of the 

increase of the vis viva of the System ; this one-half of the vis viva 
of the System, viz. 5.^t?^,is called kinetic energy, and we shall shew 
that the work done by or to the forces is equal to the kinetic 
energy into which it is transmuted ; and if the points of applica- 
tion of the forces are moved through only infinitésimal distances 
so that the increase of work, say ^w, is infinitésimal, then we 
shaU hâve 

the + sign heing introduced to shew that aceording as work is 
doue by or to the forces, so will there be an increase or a diminu- 
tion of kinetic energy. 

Let us first take the case of a single force r acting on m, and 
let de be the infinitésimal distance in its line of action through 

O 
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âP'S 

which its point of application is moved ; let conse- 

rPs 

quent accélération, then since f/w = and F = T??, , 


7 7 

d'^ = m da : 


\d,nfi 




and conseqnently if many forces act, and Jw is the increase of 
Work due to the action of ail the forces, we may introduce the 
sign of summation, and 


cZw = \ d.^.'ïïi-^ — \ d,'% 


= the dijfferential of kinetic energy. (94) 
This resuit may also thus be shewn. 

106.] Let F be the force acting on the particle and let the 
point of application of F be moved over the distance (straight or 
curved) a^ — aç^\ let this distance be divided into infinitésimal 
éléments being such that the 

variations of the force in it may be omitted ; let ••• ke 
the values of F, and be the values of the velocity in 

each one of these respeetively ; then, taking the first space- 
element and assuming to be the time in which m moves 

through it, #1 = œ (v^ - v^) ; 

and as the variation of velocity in the course of will be very 
small we may take the arithmetic mean of the initial and ter- 
minal velocities to be its average value, so that 

Hence, eliminating we hâve 

Similarly for the next and succeeding intervals we hâve 


and bv addition Cn m , ^ 

Jo 

And as a similar resuit is true for each one of the acting forces, 
and as dw = 2.rv/t9, if there are many acting forces, and w is 
the work of the whole System, 

Jw = \d,'2„mv^ ; 
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that is, tlie work done in the System by tbe forces is sbewn by 
and is equal to tbe increase in tbe kinetic energy. 

Tbis investigation gives also tbe amount of work done by an 
impulse or a blow. Let q be tbe momentum of tbe blow, and let 
m be tbe mass wbose momentum is cbanged by it from m to 
mv-^i so tbat Q = now since a finite force (impressed 

momentum-increment) consists of a sériés of impulses succeeding 
one anotber at intervals of infinitésimal duration, we may take 
any one, say tbe first of tbe preceding équations, and apply it to 
tbe case of a finite impulse, tbat is, we may replace iq by Q,, and 

7ïb 

consequently tbe work done by q = — ; 


^1 + ^0 
_ - i . ■ V . Q 

107.] Let us now apply tbese principles to tbe general 
équation of motion as given in Art. 76. Here it will be ob- 
served tbat hx, ôy, hz are arbitrary geometrical variations, parallel 
to tbe axes, of tbe points of application of tbe forces, wbereby tbe 
System assumes a position arbitrarily ebosen, tbougb infinitesi- 
mally near to its former position. Now we are about to replace 
tbese variations by tbose wbicb actually take place, and for 
wbicb time is required ; tbat is, tbe System is in its dis- 
placed position at an interval of clt after tbe time at wbicb it 
was in its original position. Consequently hz cannot be 

replaced by dx^ dy, dz, if tbe time t is explicitly contained in 
any term of tbe équation ; and accordingly tbis process is inap- 
plicable wben tbe forces are functions of tbe time as well as of 
tbe positions. 

M. Poisson bas proved tbis restriction in tbe following way. 
Let iq = 0, pg = 0, . . . f,» = 0 be tbe équations expressing con- 
ditions to wbicb tbe System is subject ; let P = 0 be a type of 
tbese, and we will suppose it to contain ail tbe variables, and also 
t ; tben for tbe geometrical displacement tbe variation of tbis is 



tbere being no variation of P in respect of ty because tbe sbifting 
is a Virtual geometrical displacement, for wbicb no change of 
time is required. But if tbe changes in the coordinates are 
tbose wbicb are due to tbe açtual motion of tbe system, so tbat 
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we consider the System in two successive positions, then if e con- 
tains the total change in F is 



so that this cannot take the form of (95) when ... are 

âF 

replaced by dij^^ dz^^ . . . unless (^ j = 0, that is unless F does 

not contain t explicitly ; that is, no équation of condition can con- 
tain t explicitly. 


108.] Presuming, then, the logical legitimacy of substituting 
dxj dy^ dz for Ôa?, ^y and bz respectively, and substituting accord- 
ingly in (43), Art. 76, we hâve 


j d^x 
'Idt^ 


d\7/ 

'd¥' 


'TTiT àx + '^-j:^dy^'^dz 


’2..n{yidx + Ydy -\-zdz). (97) 


If V is the velocity of m at the time this may be expressed in 
the form 'Z.m[:Ldx-\-Ydy + zdz), (98) 

Now supposing '2,.m[iidx-\-Ydy -\-zdz)io be an exact differen- 
tial, and thus to admit of intégration, the conditions for which will 
be considered in a following Article, we hâve by intégration 


— m V. 


) 2 r\ 

^ = {;y^dx-^Ydy -^-zAz)'^ (99) 

d 0 


the limits of intégration of the two members corresponding to 
each other and to the times t and respectively. Hence, denoting 
the right-hand member by as in (89), we hâve 

O — w «r (100) 


== w — w, 


0» 


which may be stated as the following theorem. 

In the motion of a System of particles under the action of 
finite forces, the change of Idnetic energy in passing from any one 
position to another is equal to the corresponding work done by 
the forces. 

Or in other words, 

Work done in a System is shewn by, and is equal to, the 
change of kinetic energy. 

This theorem is called the principle of vis viva, or the prin- 
ciple of kinetic energy ; and is one of the most important, as it 
is one of the most fruitful, in the whole range of Physical 
Science. 
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Henee, if forces act and impress work on a material sjstenij 
tke work is skewn and is measnred hj tlie increase in kinetic 
energy : whereas if kinetic energy is withdrawn from a material 
System, it is transferred to some force or other agent in the form 
of Work. Kinetic energy is, it will be observed, a quantity 
independent of direction ; tbat is, in tbe language of Quaternions, 
it is a scalar quantity. 

109.] Now tbis investigation leads to very important results 
in tbe tbeory of energy and its conservation. Energy may exist 
in two forms : eitber energy developed into motion, and called 
kinetic energy; or energy capable of produeing motion, and so 
called potential energy; tbe measure of potential energy being 
tbe quantity of kinetic energy wbieb it is capable of produeing. 
Tbus, wben force bas acted on a material System, and work is 
done, it will generally be tbe case tbat tbat work is not tbe 
wbole work wbieb tbe force is capable of produeing, and tbat 
tbe force is not exbausted in tbe kinetic energy wbieb bas been 
produced : tbere may be a furtber eapacity and a further store 
for tbe production of wbieb a tetber motion of tbe point of 
application is required : tbis is potential energy : and tbe wbole 
energy of tbe force or of tbe System is tbe sum of tbe kinetic 
and tbe potential energies. 

Tbis tbeorem also follows from équation (99) of tbe preeeding 
Article : botb members of tbat équation are dofinite intégrais 
baving corresponding limits, tbose in tbe rigbt-band member 
being tbe values of tbe coordinates of tbe particles of tbe System 
in its initial and final states, say at tbe times and l ; and as 
tbese are tbe only values of tbe coordinates wbieb tbe expression 
contains, it follows tbat tbe increase or decrease of kinetic energy 
is due to tbe change of configuration or of position of tbe System , 
and not to tbe patb, or to tbe time, wbieb it bas taken in passing 
from tbe one position to tbe otber. Let us call tbe extreme positions 
of tbe System a and b, and let P be any intermediate position : 
tben tbe wbole kinetic energy is tbat wbieb is developed in tbe 
motion of tbe System from a to b, and tbis is evidently made up 
of tbe kinetic energies developed in tbe motion from a to P, and 
in tbat from P to B. Consequently, if we co'nsider tbe state of 
tbe System at P, tbe wbole energy is partly developed into motion 
and partly is undeveloped ; tbat is, is partly kinetic and partly 
potential : but tbe sum of tbese two is tbe wbole energy ; and 
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as tte positions a, p and b are general, and subject to no spécial 
restrictions, we hâve the folio wing general theorem ; 

The snm of the kinetic and potential energies in a System is 
constant. 

The principle contained in this theorem is called the conserva- 
tion of energy. 

110.] The following is a simple illustration of it. 

Let a weight he placed at any height, say â, above the 
surface of the earth, h being such that g is supposed not to vary 
throughout it ; then the whole kinetic energy which it would 
acquire in falling to the earth is mgh but suppose it to fall 
through a vertical distance which is less than then the 
kinetic energy in falling through z\^mgz\ and the energy which 
would be kinetically developed in falling through the remaining 
distance ^ is mg (Ji — z) ; but this is undeveloped, and is con- 
sequently potential energy: so that the kinetic energy + the 
potential energy = m.gz^mg[li-z) 

= mglh, 


which is the whole energy due to h, and is constant. 

As the potential energy evidently dépends on the position and 
configuration of a System, it is sometimes called the energy of 
position : and there is no change in this potential energy unless 
there is a change of position or of configuration. If a System 
h as moved, and returned to its former position, its kinetic energy 
is the same as before, because the right-hand member of (99) 
vanishes, and the potential energy is also the same as before : 
whatevcr work lias been done by the forces in the motion has 
also been recovcred to the same amount. Hence if a System 
moves cyclically, the potential energy returns periodically to the 
same amount. 

111.] The following are forms of vis viva and of kinetic energy 
in terms of varions Systems of référencé. 

For eonveniencc, let 2 t be the symbol for vis viva, so that T 
represents kinetic energy : thon in ail cases 

2t = = 2. m 

di^ 

Hence if ail jiartidcs of the System move in a plane, and are 
referred to reetangular axes, say of [x, g), 
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and if they are referred to polar ccordinates, 


2t 


wv 


( 102 ) 


and these expressions are also trne, when particles not in the 
plane of {x,ÿ) move only in planes parallel to that of 

If the parfcicles are referred to trilinear eoordinates, and v is 
the area of the triangle of reference, 


év^ i dt dt ^cU dt ^ dt dt 3 

ale ( do? , d^^ /^c\ 1 \ 

= ^5.».|«COSA^+ÔCOSB^ + CCOSC^J- (103) 

If the motion is in space, we hâve 

f d di di 2'^ 'i 

for reetangalar ccordinates, 2 T = 5 . 'dP 3 ^ 


iclf^ 


for cylindrical coordinates, 2t = s.m|^ + r ' dt^ ) 




; (105) 


for spherical coordinates, 

= + (106) 

If a rigid hody moves about a fixed axis with an angular 


de 


velocity and r is the distance of the particle m from the axis, 


dô 




(107) 


placing — outside the sign of summation, since it is the same for 
Cl'ù 

every particle of the System ; also taking the general values of 

^ due to rotation, which are given in Art. 53, 
dt dt dt J îD 


= :s . m [y^ + z^) + co/ 2 . m (z^ 4- cc^) + co/ 2 . m 

—%(ùy(ji^'Z,77iyz — %(jd^(x>^'^.m.zx — 2(ù^(syy-2,.mœy. (108) 

112.] If the places of the particles are referred to a moving 
origin, the kinetic energy of the System at the time t may be 
expressed as follows. 

Let the axes of the moving origin be parallel to the axes fixed 
in space ; let {oa^.yQ, be the place of the moving origin, and 
(æ^ y, z) the place of m in reference to the fixed axes : let w 
be the component velocities of the moving origin, and (^, ?], Q fhe 
place of 711 in reference to it : so that 
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3-] 


X 

dx 

dt 

2t 




= U-\‘ 


dt 


dy dr] 

dt dt 


^ = ^0 + ^5 


dz 






= s.m^Ç 


’‘ + Si) 


+ (v + 


±l\ 

dt) 


+ (*’ + 3f)’ 


= M v^ + 22.m ^ + w^\-\-'Z.rïhv^\ (109) 

^ dt dt dtJ ^ ^ 

where M is the mass of the whole System, v is the velocity of the 

moving origin, and 2.mv^ is the binetic energy of the whole mass 

collected at that origin. This is the complété value of the kinetic 

energy. 


It may also be expressed in the follow form : If (îr, z) is the 
place of the mass-eentre relative to the fixed axes, and {x\y\ /) 
is the place of m relative to the mass-centre, 

X — X’^rX', y=J/+/, 2; = ^ + /; 

and bearing in mind that 2.my=2.^/= 0, the pre- 

ceding value of 2 t becomes 

^ ^ ^ / dx dTj dz O 

2t = mv^ + 2m (î^-77 + 4- + 

^ dt dt dt ^ 

113.] These are the general values for kinetic energy; but 
take more simple forms under particular circumstances. Let us 
consider them. 

When the mass-centre is the moving origin 
= 'Z.my\ = 

and 2t = + : 

that is, the kinetic energy of the whole system consists of that 
of a particle placed at the mass-centre whose mass is equal to 
that of the entire system, together with that of the System re- 
lative to the mass-centre. 

If the motion relative to the mass-eentre is wholly due to 
rotation about an axis passing through it, then if co is the an- 
gular velocity, and r is the perpendicular distance from m on tho 
rotation axis, 2t = mv^ 4. 


Again, if the new origin lies on the instantaneous axis and is 
at rest, we hâve the simple form 
2t = 0)^ 

where co is the angular velocity about it. This axis is thus found : 
let (£, Y), C)hQ a point in it in référencé to the mass-centre, and 
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let Vy îü be the component velocities of the mass- centre, and 
ùù^y cù^ the axial eomponents of où whieh is the angnlar veloeity 
about the axis passing through the mass-centre, then if (£, rjy C) is 
a point at rest 

n — Co),j + 7]cà^ = 0 , v — w~r]ù>^+ = 0 : 

iùy^ — (vo)^~W(ùy,) __ r](û^ — {w(ù^—uc£>^) __ Ço)^ — {ncùrj — vo)^) 

6)^ (ùyj CO^ 

which are the équations to the instantaneous axis. This axis is 
evidently at the instant the central axis of the System. 

Also generally the intermediate term vanishes when 
dx (lÿ dz . 

“3Î + = °' 

As -f + lü^y this may be put into the form 

and shews that the lines of the absolute veloeity of the moving 
origin is at right angles to the line of the veloeity of the mass- 
centre relative to the moving origin. It also admits of the 
folio w interprétation. 

If we take the mass-centre to be the moving origin, co to be 
the angular veloeity of the System about an axis through it, 

0 )^, a)„ to be the eomponents of co, and {XyyyZ) to be the place of 
the point for which the intermediate term disappears, then in this 
relation Uy Vy w are to be replaced by 

respectively, and ^ ^ ^ ^ then the preceding 

expression becomes 

{Zù)y -y co,)2 + (x CO, - ^co^)2 + (yo)^^x (ùyf 

= 0 . ( 111 ) 

This is the équation to a circulai* right cylinder, which passes 
through the origin, and the axis of which is parallel to the rota- 
tion-axis through that point, which is the mass-centre of the 
System. TIence the rotation-axis is a generating line of the 
cylinder. Also the équation shows that the point whose coor- 


dinates are 




is the centre of 


09 " 0 9 ) 09 ? uii.V5 V^ÜJLJLUiü VX 

2co^ 2co"^ 2(xr 

the circular section made by a plane passing through the origin : 
and consequently that the instantaneous axis (110) is also the 
generating line of the cylinder which is opposite to the rotation- 
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axis. For ail generators of tMs circulai’ cylinder the intermediate 
term of (109) vanishes, and the kinetic energy consists of pnly 
the first and last terms in (109). 

114.] If the motion of ail the particles takes place in one plane, 

say in that of (x, y), or eveiy particle moves in one of a sériés of 

parallel planes, to which the plane of (x, ^) is parallel, the kinetic 

energy will he due to motion of translation of a point in the 

plane and of motion of rotation about an axis perpendieular to 

the plane, so that using notation similar to that of the preceding 

Articles , > 

= + y=^o + V, 

clx dy U 

2t = Mv2 + 2a):s.^i(î^f— “2(597) + 0)^2. m (P + 7^2), 
which is the complété value of the kinetic energy. 

Tins expression will take a more simple form in the following 
cases, viz. when 

(1) The moving origin is the instantaneous centre ; and then 

2t = ûù2 2.m(P +9]^). 

(2) The moving origin is the mass-eentre ; and then 

2t = MV^ + 0)^2 . 


(3) The moving origin is on the eircle described upon the 
line joining the mass-centre and the instantaneous centre as a 
diameter. 

The last condition may thus be shewn shortly: the inter- 
mediate term will vanisli when 

vï—urj = 0 ; 

but if (^’ü 5 3'ü) instantaneous centre, 

î; + cü£rQ = 0, = 0 ; 

which shews that the straight Unes drawn from the moving 
origin to the mass-centre and to the instantaneous centre re- 
spcctively arc at right angles to each otlier ; and consequently 
the point of intersection lies on a circle, at the extremities of a 
diameter of which arc the mass-centre, and the instantaneous 
centre. And for ail points on this circle 
2 T = + 

115.] The quantity + + which is found in 

the right-hand mcmbcr of (99) rcquires further considération. 
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If for eveiy particle of the System x = y = z = 0, so that no 
force acts on thé System and no work is communicated to it, 
then = :^.mvQ% and the vis viva of the System remains 

unaltered ; the vis viva of particular partiales may vaiy, but the 
sum of ail remains the same : this theorem is called the principle 
of conservation of vis viva. 

If One point of a system is fixed, and there are reactions or 
pressures at that point, these will not appear in the équation of 
vis viva, because the point of application does not admit of dis- 
placement, and consequently no work is done by the réaction. 

If a System is subject to internai stresses, such as those which 
arise from the différence between the impressed and the ex- 
pressed momentum-increments on any particle m, these will 
enter into the expression 'X.m(xdx + Ycl^ + 7.dz) in equal and 
opposite pairs, and as each pair acts at the same point and along 
the same line, the displacement of the point of application is the 
same for each, and consequently the work due to them will dis- 
appear in the summation. 

There may, however, be pairs of equal and opposite stresses, 
whether tensions or pressures, which do not disappear in the 
quantity under considération, because the displacements of the 
points of action of these stresses may not be equal. Thus in 
the solar system the vis viva is not always the same, even if we 
omit the action of forces external to the system, because a change 
arises from the internai forces producing an alteration of configura- 
tion, although they enter in equal and opposite pairs. If the con- 
figuration of the System is invariable, the internai stresses cancel 
each other ; but if there are elastic connections or springs, and 
if expansions or contractions arise from such stresses, these 
will not disappear in the expression under considération, and 
consequently a change of vis viva will be due to them. This 
observation will receive fuller development hereafter. 

If the System or a particle of the system moves on a fixed 
smooth surface, the reaction of the surface does not appear in the 
expression for work, because the displacement is perpendicular to 
the Kne of action of the force, and consequently no work is 
done, and no change of vis viva is caused by it. 

If, however, the surface is rough, and sliding takes place, then 
friction, which acts in the tangent plane to the surface at the 
point of contact, is brought into action, and a loss of work takes 
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place, and consequently a loss of vis viva. If, however, only 
rolling takes place, no loss of vis viva ensues. 

116.] Whenever a material System passes throngh a position 
or configuration in wliicli tlie forces would be in equilibrium, 
then at tbat instant, by tbe principle of Virtual Velocities, 

{^(lx-{-xcly-\-7.(lz) = 0 ; 

and tberefore from (98), 0; so tbat tliere is no 

change of vis viva, and tbe vis viva consequently is either a 
maximum or a minimum, or is constant ; tbe last being tbe case 
wben no forces act, and no work is done on tbe System. Hence 
tbe vis viva of tbe System is a maximum or a minimum wben 
tbe acting forces constitute an equilibrating System, and accord- 
ing as tbe equilibrium is stable or unstable. 

Now in Articles 102, 103 and 107, Vol. III, it is proved 
tbat tbe equilibrium of a System is stable or unstable according 
as tbe radial moment, wbicb is denoted by h, is a minimum or a 
maximum; but 

ili\ = 2.p(cos ar?a; + cos/3rZ^^-f cosyc?^), 

= I (l. ; 


so tbat tbe radial moment becomes in tbis notation kinetic 
energy ; and consequently tbe vis viva of tbe System is a maxi- 
mum or a minimum, according as tbe equilibrium state tbrougb 
wbicb tbe systcm of forces passes is a state of stable or unstable 
equilibrium. 

Lot us illustextc tbis tbcorcm by a systcm subject to tbe action 
of gravity only. Taking tbe horizontal plane to be tbat of 
X = y = 0 ; and supposing tbe mass to descend, z = y ; tlicrefore, 
if M is tbe mass of tbe systcm. 


'—'Z. 




tbat is, tlie increaso of vis viva dci)ends only on tbe vertical dis- 
tance tbrougb wbicli tbe centre of gravity of tbe wbole mass bas 
(lescended ; tluis tbe vis viva is a minimum wben tbe centre 
of gravity is in its bigbest position ; also the vis viva is tlie 
samc wbenever the centre of gravity passes tbrougb a given 
horizontal plane. 

II once also it appears tbat in a systcm of beavy particles, sucb 
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as are many machines which are subject to gravitation, the vis 
viva of the System is the greatest when the centre of gravity has 
its lowest position ; and the vis viva is the least when the centre 
of gravity has the highest position compatible with the con- 
straints of the machine, 

117. ] Also that (99) may be interprétable and intelligible it is 

necessary that -^^xcly -^-zdz) should be an intégrable 

expression ; it mnst therefore be a function of z only, and 
must not explicitly contain any other variable. Thus the forces 
cannot be functions of t or of the velocity^ such as is the case 
with friction or in motion through a resisting medium. More- 
over 'Z.m{:^clx-\-Y(ly -^zdz) must be an exact differential. As 
this consists of a sériés of ternis, each of which corresponds to a 
particular the term which belongs to each one, say 

m (x clx ^nly-\- z clz), 

must be an exact differential. Let us suppose this to be nu, so 
:=im{x(lx^-xcly’^zclz)\ (113) 

and eonsequently, 
hence also 

(Ê)=C|)’ (§)=(£)> (!)=(£)• 

The function u which satisfies the conditions (112) and (113) 
is called a force-function (Kraftefunction) ; and its differential 
is evidently the amount of work given to or received from the 
System at the point (a?, y, z) through a distance whose pro- 
jections on the coordinate axes are dx^ dy, dz, Thus the relation 
of U to w is as follows ; viz. 

DW = 5.DU. (115) 

The name of force-function was given to u by Sir W. R. Hamil- 
ton and Jacobi independently of each other. 

— w has been called by Rankine “Potential Energy,” and by 
Clausius the Ergal.’' The work done by a force has sometimes 
been called “the labouring force.'' 

118. ] In the spécial case of a particle m being attracted or 

repelled by other particles when the force varies di- 

rectly as the masses of the particle and inversely as the square of 
the distance between them, the work done by the forces on m in 
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df^ is Si complété difFerential, and the force-functioîi is in tliis case 
called a potential or potential-funetion, the name being generally 
applied to this particular law and to none other, and denoted 

by V. 

Thus if 7}i the attracted partiele is at ^), and the at- 
traeting partiele is at and is the distance between 

7}l 

them, then, if is the force acting on 771 , ~ • 


And if Xj , , Z J are the axial components of p^, 

d 77U 


Xt = 


= 


fâ!7i — (.(/ uf,^ 

i- 7n- ‘ 

dx 7 \ 


r} ■ 

m.7n^ [z^ — z) 

A» 3 


d m. 

m 

dy rj 

d m. 

m-, ' 


' dz 7 \ 

and if other partieles Wo) • •• act on 771 and give rise to similar 
values, thon, if x, y, z are the whole axial components, 

d> m d 771 d 771 


7u :s , 


dx r 


Y = 771 -^, 


dy 7 * ’ 


Z = Tn'î,, 


dz 7' 


Let 


771-, 


771 


'1 ^2 
.dvs 


+ = 2 .— = v; 


= "(*> 


,dY. 


then 

X dx Y dy zd Z — rnDY y 

so iihat V is tlic force-function, and is called the potential of the 
System of pavticlcs which act on 771. 

If 777 ^ is the partiele of a body lying outside of m, so that at 
no point does 7' vanish, and if p is the density of the attracting 


partiele, 


--ffi 


pdxdydz 


Several properties of the potential hâve already been demon- 
stratecl in Vol. HT, Chapter VI, Section 

Tlie potential is evidently the work donc on an unit partiele by 
the partieles 777 moving from an infinité distance to the 
distances Vj, f.j, ... , respectively from the unit partiele. 

119.] Two particular cases wherein the conditions of a force- 
fiinetion are satisfied deserve spécial attention, (1) where the 
force is a central force and varies as some function of the distance 
of the partiele w- from the centre ; (2) when two partieles m and 

riUCK, VOÎ;. IV. L 
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m' attract or repel each other with a force which is a function of 
the distance between the particles. 

(1) In tbe former case let {a^ l, c) be the place of the centre of 
force ; z) the place of r the distance between them, and 
f' (r) the force, then 


â? ^ n/ r \ ^ y " 

X = "T"/ Vh Y = 




Z = 




r " ' r 

m [^dx + Y dy + z dz) = mf (r) dr ; (116) 

which is an exact differential ; so that mf{7') is the force-function, 
and the change of vis viva due to it is %mf{y'), the intégrais 
being tahen for assigned limits. 

\îf [t) is positive, so that the force is répulsive, and dr is also 
positive, then the vis viva is so far increased ; but if dr is négative 
so that the particle approaches the centre of force, the vis viva is 
diminished. Similarly if the force is attractive the vis viva is 
increased or diminished according as the attracted particle ap- 
j)roaches to or recedes froin the centre of force. 

(2) Let {x,y,z) and {x\y\z') be the places of m and w/ re- 
speetively at the time t ; let r be the distance between them, and 
let/^(r) be the force of an unit particle acting upon them from 
one to the other ; then 


X 






Z = m -™ 


'-/'(r)-, 


x'= -n y'= -m z'= ~m --/- /'{r). 


Also 0 '"^ = {x ~ x'f + {y —y'f + (^ — z'f ; 

Tdr=-{x~ x') {dx — dx') + {y —y') {dy — dy') + ~ /) {dz — dz') ; 
therefore thus far 

m (x + Y dy -^zdz)^ m'{^dx' + y' dy' + z' dz') 

= •“ ^0 ““ + (- - ^') 

= mm' f'{f)dT^ (117) 

which is an exact differential. Consequently the corresponding 
force-function is mm'f{f), 

Here, as in the former case, if the force is répulsive, the vis 
viva of the particles is increased or diminished according as the 
distance between them is increased or diminished ; and if the 
force is attractive, tbe vis viva is increased or diminished according 
as the distance is diminished or increased. 
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Thus, if a System of particles, gaseous or solid, reçoives an in- 
crease of beat, whereby répulsive forces are brought into action, 
tbe partiales are two and two repelled further from eacli otber, 
and there is an increase of vis viva. If, on tbe other hand, beat 
is witbdrawn, tbe particles are drawn nearer togetber, and a 
diminution takes place. Hence also if in a System of moving 
particles an explosion takes place, so that some of tbe particles 
are removed fartber from eacb otber, an increase of vis viva takes 
place. 

A System of forces wbicb is sucb tbat -\-y cly -\-zclz) is 

an exact differential and équation (99) is applicable, bas been 
called by Sir William Thomson a conservative System, because no 
vis viva is lost in tbe passage of tbe system from any position 
to tbe same position again ; or, in otber words, wbatever work is 
converted into kinetic energy as tbe system moves from tbe 
position or configuration of a to tbat of b, tbe kinetic energy may 
be recovered by tbe forces in tbe form of work as tbe system 
passes in tlie reverse direction from b to a. 

120.] The following are simple illustrations of tbe principle of 
vis viva as exhibited in équation (100). 

Ex. 1. A mass o)i in tbe form of a cylinder, witb a circulai' base of 
radius h and of altitude stands on a rougb horizontal plane 
wbicb moves witb a velocity v ; tbe plane is suddenly stopped by a 
fixed obstacle, and tbe cylinder is just overturned : tbe velocity 
of tbe plane may tbus be determined. Tbe vis viva of tbe 
cylinder, wbicb is becomes converted into work developed 
in tbe ascent of tbe centre of gravity of tbe cylinder tb rougb 
tbe vertical distance — a ; consequently we bave 

A seismomcter bas been constructed on this principle by Mi*. 
Mallet. Let a séries of beavy cylinders bo made of a given 
beig*bt, but witb bases tbe diameters of wbicb gradually in- 
crease ; let ibese be placed on a rougb horizontal plane, tbe 
distance between any two cylinders being not less tban tbe 
heigbt of eacb. Let tbis piano be attacbed firrnly to tbe eartb. 
Now su})posc a sbock of cartbquake to advance in a certain hori- 
zontal direction witli a velocity v ; it givos a jerk to tbe plane 
witb tbat velociiy, and ail tbe cylinders are overturned up to 
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those in whicli 2^ {(a^ H- is jnst eqnal to or greater tlian 

: so tliat the velocitj of tlie advaneing disturbance is deter- 
mined by means of tbe dimensions of the smallest eylinder tbat 
is not overturned ; and tlie line in wbich the fallen eylinders lie 
détermines the line of direction of the earthquake. 

Ex. 2. If a heavy bar of length 2a revolves in a vertical plane 
about one end which is fixed, and is initially inclined at an angle 
a to the vertical through the fixed end, then if M is the whole 

mass j and if ^ is the angular velocity when the 

bar is inclined at an angle d to the same vertical line, then 


4a^ rlô^ . 

M-— y- = 2'M.ffa (cos 6- 
o cl 


-cosa). Consequently if the bar moves 


from the unstable vertical position into the stable position, and to 
is the angular velocity in the last position to^ ^ ^ . 

Ex. 3. A eylinder of altitude a and radius h rotating about its 
axis with an angular velocity to, bas enough energy to raise a 
weight equal to its own weight through a vertical distance 


4g 


Ex. 4. A mass m of fluid describes a circulai* course of radins a 
with velocity rc : another equal mass describes a eoncentric cir- 
culai* course of radius à with velocity v : the radias of one course 
increases and that of the other decreases, until cach occupies the 
place of the other. Détermine the work required for the change. 

Let the velocity 7i become and v become v' ; then the work 


required = — v^) : but by the jirineiple of eonser- 

vation of moments of momenta, 

au z=z lii,\ Iv av' \ 

therefore the work required = — * 

121.] The question however may arise, what takes jilace in 
respect of kinetic energy or of work, if the acting forces, one or 
more, are not of a conservative character ? Suppose, for instance, 
that there is sliding on a rough surface, or that one or more of 
the particles are rough and slide on each other, here a loss of 
kinetic energy ensues. What becomes of it? By the law of 
inertia, work or energy is indestructible ; we can no more annihi- 
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late it tlian we can ereate it ; and as it has not shown itself in the 
form of either kinetic energy wHcli is energy o£ motion, or of 
potential energy wkieli is energy of position, it mnst take 
anotlier form, it bas in fact become heat, wbicli is another form 
of energy. Similarly meckanical work may be transmiited into 
ligkt or Sound, or into electrical energy as by a dynamo-machine. 
But in ail these cases a common measure of work is required ; and 
so far as it bas been determined we hâve the means of comparing 
ail these varions form s of energy with meehanical work, and the 
principle of conservation of energy holds true. To carry this sub- 
jeet further leadsus into the sciences of Thermodynamics, Electri- 
city and Magnetism, and consequently beyond the range of our 
présent work. 


122.] If a System is in motion under the action of conservative 
forces, the space-integral of the whole momentum is a minimum 
as the System passes from one position to another. This space- 
intégral of the momentum has been called by Lagrange the 
action of the System, and the theorem has been consequently 
called the prineii)le of least action. 

Let A be the action of the System, and let the definite intégral 
be expressed as in the Calculus of Variations in Vol. II, so that 

A = 2.m/ vds. (118) 

Then taking the variation of this quantity 
ÔA = {(lshV'\-vh,(h). 

Now as the System of forces is conservative, by (98), Art. 108, for 
every particle we bave, 

vhv = + 


and also 
so that 


/Jrp Æy (1,^ 

'tjls = — h. dos + + -ÿ- h.d!s\ 

ds du 


8 A = (x2« + xSy + zôx;) + A [ilxd.bx + clyd-ly + 


r \V 




+ 2.W. 


smce 


the limits of the intégral are given and are fixed, the first 
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part vaniskes of itself. And the second also vanishes identically; 

beeause /"S-cU , vdx\ , ,, ^ dx\ 

2.œ(_ d.^)^%.m{%dt-d.jj) 


= — 


dt' 

d‘^os. 


Similarly, each of the other terms vanishes ; therefore ôa = 0 ; 
and the action is either a minimum, or is constant, for evidently it 
cannot he a maximum. 

Since :z,m[ vds = 2 . / ^ dt^ and this quantity is a minimum, 

the prineiple may be called, “ the principle of least vis viva : and 
we may then say, that the vis viva aequired by the System during* 
the time of its passage from one position to another is less than 
it would be under any other law of connexion between momenta 
impressed and momenta expressed. It is necessary that the flrst 
and last positions of the System should be given, beeause we hâve 
assumed the variations of the coordinates which correspond to 
them to vanish. 

The définition of action leads to the following value for it 



This principle of least action is useless as a method of so- 
lution of dynamical problems ; beeause, assuming it to be true 
from a priori or other reasoning, it gives only the équations of 
motion (37), Art. 73, which are derived more satisfactorily from 
D’Alembert’s principle ; and if the variations of y, and z had 
been taken in the most general forms, which are given in Art. 76, 
being due.to not only a motion of translation, but also to that of 
rotation, we should from the principle infer the équations (38) 
as well as (37) of Art. 73. It is merely then a formula which 
includes them. The other principles, however, which we hâve 
proved in the preceding Articles, are more useful ; under certain 
circumstances, they give us actual intégrais of the équations of 
motion : thus, for a conservative System of forces, the équation 
of vis viva is a first intégral, and that from which the time may 
be found by a single intégration. So, if no forces aet on the 
System, or only internai forces which hâve equal and opposite 
ones, the principles of conservation of the mass-centre and of the 
conservation of moments of momenta give intégrais of the équa- 
tions of motion. 
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123.] Another problem in connection with. the présent snbject 
wbich reqnires considération is tbat of the change in the vis 
viva of a System of material particles which is caused by the 
action of internai instantaneons forces; so that this question 
includes those of collisions amongst the particles of a mass and 
of explosions, which are of importance in the kinetic theory of 
gases, for therein the particles are assumed to be in a state of 
continuai motion, and from time to time to collide with each 
other. 

The équation of motion on which this enquiry is founded is 
(44), Art. 76, viz. 

' 2 ..m { (z/ — î() hx + (v' — v)hy + {w' — w) d^:} = 5.(x dx + Yôy + zô^), (119) 
where 2 ^, v, 'lo are the axial eomponents of the velocity of m before 
the action of the impulsive forces, and v\ 26 ?'are the like quan- 
tities aftcr the action, so that m{v' m[îo' — w) are 

the axial eomponents of the increase in the momentum of m due 
to the forces. 

The general theorem is that stated by M. Sturm to the Prench 
Academy of Sciences, December 6, 1841, and printed in the 
Comptes Rendus, Tome XIII, p. 1046. 

If a System of material particles in motion is snbject to certain 
connexions or restraints [liaûons), and these restraints are sud- 
denly and abruptly changed, so that some of the particles are 
compellcd to take new courses, vis viva is lost by the System, 
and the loss is equal to that due to the velocities of the particles 
lost iu the passage from one state to the other. That is, if 
and are respectively the vis viva of the system 

before and after the change of restraint, 

— = :s,.w.[{;iù — 'iù'Y + {v — vy‘-\-{io~w'f‘]. 

This is sometimes expressed in the form, the vis viva lost is 
the relative vis viva. 

Tlie restraints are supposed to dépend on the position of the 
particles, and to be independent of t ; and the changes in them 
are supposed to constitutc a System of forces in equilibrium, so 
that the right-hand member of (119) is equal to zéro ; hence the 
fundamental équation is 

2 . fn ( ( 7 / — n) hx + (?/ ~ -y) Ôy + — w)bz} = 0. 

Now let us take for the virtual displaccments the actual displaee- 
ments in the time dl, which follows the instant at which the 
forces act, viz. u'dl^ vUlt, to' dt ; then 
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4* {v^ — v)v' + (^ 0 ' — w)w'} = O ; 

— — + (v — v'Y ; 

whieh proves the proposition. 1 

As the right-hand member is a quantity essentially positive, 
is greater tban and consequently vis viva is lost 

by the change in the System of restraints. 

Also suppose that there is a succession of similar changes in 
the restraints, as shewn in the following sériés, 

^.mv^ — s.mv^^ = :s.m [{u--u^^ + — + 

2 . 071 — 2 . 0)1 Vg^ = 2 . 001 { (% — + {i\ -- v.^f + {w^ — , 

therefore, by addition, 

2 . m V^ — 2 . 071 V, 2 = 2 . + (y — } , 

+ . 

so that the whole lost vis viva is the suin of those which are lost 
at eaeh successive change of restraint. 

If the changes in the restraints are due to the collision of the 
part ides of the System with each other, and the particles are 
perfectly hard and inelastic, so that no compression takes place, 
then the conditions are satisfied under which the preeeding' 

theorems are found, and the loss of vis viva is that which is 

expressed in the preceding équations. This theorem was first 
stated by Carnot, in his “Essai sur les machines en général,’’ 
Basle, 1797. 

If the material System consists of particles imperfectly elastic, 
and these collide, the reactions between any two will be eqiial 
and act in opposite directions at the instant when the com- 
pression is a maximum ; we may therefore take this as the in- 
stant when the right-hand member of (119) vanishes, and replace 
ôy, 0-0 by the actual displacements* which occur in dt just 

after ; that it is by -r dt, — dt, -r — — -dt, where e is 

^ l + e ’ l+(? ’ ’ 

the constant of elasticity ; whence we hâve 

2 . m { {u' ^u) {%^ + 62 ^) + {v' — v) iy -\-ev)-\- ( 2 / — %o) {to' + eiv ) } = 0 ; 
2.22^v^ — 2.2;2V'2 = { (2^'--2^)2 + ( 2 ;' -- 2;)^ + (2^'---2^;y^ } , 


* See Art. 263, Yol. III. 
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which expresses the loss of vis viva. TMs theorem is due to 
Duhamel ; see J ournal de l’École Polytechnique, Cahier XXIV. 
1835. 

If ^ = 0, this équation gives the theorem of Carnot estahlished 
in the preceding' paragraph. 

If ^ = 1, the right-hand member vanishes. In the case, then, 
of the collision of perfectly elastic particles, there is no loss of 
vis viva : that is, whatever loss has arisen in the compression an 
equal amount has been recovered in the return of the figure of 
the particles. 

The right-hand member of (119) will also vanish when an 
explosion taises place in the moving System, because the reactions 
due to the explosion are equal and opposite : hence, taking the 
tiino r?/ just before the explosion, we may replace ôa?, ôy and ô-s? 
by V(U and wdt^ whence we hâve 

'X.m {[id —■v)v-\-iw' —w)îo } = 0 , 

2 . '}U v'“ — 2 . v^ = 2 . m { (?/ — îiY + ■” } î 

and conscquently vis viva is alvvays gained by the explosion. 

In ail thcse cases the colliding particles or bodies hâve been 
supposed to bc smooth, so that there is no loss of vis viva by 
friction ; if, however, they are rough, and the impact in the 
case of collision is oblique, terms corresponding to friction will 
enter équation (119), and the results will require modification 
accordingly. 

124.] TJnder what circumstances the vis viva of a system of 
particles may be expressed in terms of the impressed momentum- 
increments, is a question of great importance in the kinetic 
theory of gases, and generally in molecular physics. The follow- 
ing problem is due to Clausius, having been given by him in the 
PhiloBO|)liical Magazine, Aiigust, 1870, and is now known as 
Clausius’ Theorem. 

Let there 1)0 a System of particles of which m is the type ; and 
lot (æ, y, z) l)c its i)laee at the time t ; let it be subject to a 
System of forces. Then 


1 

Jt 


2 . m 




(Ix 

W 


iir- ^ iV^x ^ cix^ 

fl2 

and as sirnilar results arc true for and we 
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hâve by addition, 

(x^ +/ + 2 ^) = 2 . m ^ ^ ) 


(ï?/ dz^\ 

+ 2 .» 2 (^ + JTÏ + -JTi) '■’ 


d^x 


but sinee x and ^ act at tbe same point {x,y, z), 

d^æ 

dt^ 


and, as a similar resnlt is tme for the other components, 
d^ 

\ = 'Z.m (â?x 4*^ y + zz) + 2 . 

CLZ"^ 


Now suppose the System of particles to be siich that 2 . ’m. /*“, 
where r is the distance of m from the origin, does not vary with 
the time, then the left-hand member vanishes, and we hâve 
— 2.m(a?x+^Y4-^z) = 

The quantity 2 .m (^»x+ 3 ^Y + ; 2 ;z) has been called by Clansius 
the virial function, or the virial of the forces, and eonsequently 
the last équation asserts that the vis viva of the System is equal 
to the virial of the System taken negatively. This is Claiisius' 
theorem, 

125.] But what is the nature of the System of particles when 
d^ 

- 7-5 2 . m = 0 ? This is the case : 
dV 

( 1 ) When the distance of each particle from the origin remains 
unchanged during the motion ; as, for instance, vlien a rigid 
System pirouettes about the origin. 

(2) If the System is a homogeneous fluid whose particles are in 
relative motion, the whole of it oceupying the same space during 
the motion : because ail the particles are equal, and if one moves 
from its place, that place is immediately occupicd by another 
equal particle ; or 

(3) When the particles do not move far from tlieir original 
places, but each in its motion describes periodically a small orbit 
about its original place, in a time which is infinitésimal in com- 
] 3 arison of the time during which the vis viva and the virial 
function are estimated, this motion being such as is suj>posed to 
take place in the molécules of a body in a state of heat. This is 
an average resuit. 

Ail these kinds of motion are called stationary ; and they arc 
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126.] 

evidently sucli that tlie particles do not continually move farther 
and farther in the same direction from their original places, but 
oscillate either regularly or irregula-rly about tbese places. 

One particular case of the virial deserves considération, tbat, 
viz., in wbich an internai action of either attraction or repulsion 
exists between two particles, m and m\ which are at the points 
{x^y^z) and {oG\y\z'\ at a distance r apart. Let/(r)be the 
attraction. Then 

X = _ , Y = - z = - m' ; 

x'= y'= z'= m ^~f{r). 

Therefore the virial, so far as the pair m and m' affects it, 

= wi X + m Y + Z + m'x' + m'y' + w^'z', 

Hence, so far as internai stresses are concerned, the whole 
virial = this eomprising every pair of particles, 

r being the distance apart, and/(?-) the stress of each pair. 

If /(/•) = the virial = 2 . - and is the potential of 
the System. 


Section G. — Lagrmigé's 'Equatiom qf Motion; and the ilamittonian 

Eqiiatio7is. 

126.] Altliough the theory of Lagrange’s équations of motion 
and of the ITamiltonian équations which are closely allied with 
them will be found fully discussed by Professer Donkin in the 
last chapter of this volume, yet the subject is so intimately con- 
nected with the theory of vis viva and of w^ork and with the 
principlo of Icast action, that our considération of these subjects 
wonld not be complété without shewing how they lead to those 
équations. Aecordingly I ])ropose to deduce them in two ways ; 
firstly from the équation of vis viva, and secondly from the prin- 
ciple of least action. 

The e(puitions of Lagrange express in the most general form, 
and in tenus of the most general variables, without any reference 
to their gcometrical meaning, relations which exist between cer- 
tain functions of those variables, and the momenta or the momen- 
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tum-increments wîiieK are impressed in tlie System. They are 
indeed tlie most general équations of motion imaginable. 

The équation of vis viva, as given in the preceding section, 
in terms of y, z and their J^-difiPerentials is the comjdete value 
of the work done in a System in moving from one position to 
another; and we may take it in this respect as our point of 
departure. Aeeording to the notation of that section, as in 
Art. 111, we shall dénoté the vis viva hy the symbols 2t, so that, 


as m 


(104), 


2t = 


cW 


dz^) 


For convenience of notation we shall use accents to dénoté 
complété différentiation in respect of t, the time ; and in this 

section we shall not use accents in any other meaning. Thus 


will be denoted by x\ ^ by by x'', and so on. 


clt 


iùUS 2 t = (^'2 + ^2 + ^2), (120) 

Let us now introduce new variables ^, ?] , f , . . . , and suppose 
them to be connected with x^ y, z by équations such as 

J (ISl) 


the right-hand members of which may be functions of as well as 
of 7], C but are not necessarily so ; but no time-differentials, 
such as 77 ', must be eontained in them. The number of 
these new variables will be as many as the conditions of the 
problem require; they are supposed to be independent of each 
other, and the problem is to déterminé each of them in terms of 
t, so that their values may be substituted in (121), whereby we 
shall know x^y^z and ail the circumstances of the problem. 
These new variables are called coordinates, as by their combined 
values the position of the System at any time t is determined, 
and they are called generalised coordinates, as they are most 
general in form, and become if need be any System that we wish 
to apply; we shall presently dednee from them some of the 
Systems which are in ordinary use. 

127.] Since 


2t = .m + /^), 

cl^ . f , dx' , cl y' 


M 


^5. 


( 122 ) 
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as Z are functions of the variables A, but do not 

contain any ?î-differentials of them sucb as , we hâve 

from (121) çi^ çIqq 




(123) 


tbe brackets iudicating* that the quantities wbich they enclose 
are partial differential coefficients. Taking the first of (123) as 
the type- expression and differentiating it with regard to ^ , v') •••i 

A V/r;^ ’■■■’! 


(125) 


('M.\ - (^li\ . (^Ly\ _ 

^di') ~ v/p’ \dnO - {drjJ ’ ’ 

substitiiting in (122), 

dT ( ^dx ,dy .dzl 

3r==”rïf+»,#%rfi' 

Now taking the ?î-differential of this, we hâve 

il fA _ ^ L'^ 'h + ^ + y' (!£ l 


- 1 - 5 . 


{ , d clx , d dy . d dz ) 

bat as tbc opca'atious of time-differentiation and spaee-differen- 
tiation arc commvitative, tbat is, as their order is interchangeable, • 
(/ dx _ d dx dxf _ 

dUi~ Tidi^ lïï'^ 

d du _ ^ 

dldi~ dtd^~df’ 


(127) 


similarly 


dl t/f ) ~ r/^l 


4-5.W. ^ 




di 


h 

d/T 

but the last tcrm in tliis expression = by (120); 

d /d'r\ /d'Ys C „dx „dy „dz-\ 

■'■ r« C/f)-y = "■“{* Vf+i- re- Ti\ 


%\: (128) 


by D’Alemberfs principle. 


'Z.w. (xdx + + zr^x 


(129) 

(130) 
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As the System of forces is conservative, we will suppose them 
to be derived from a force-function ~ y 

memlber of (130) is ~ (^) ; accordingly we bave 


so tbat tlie rigbt-liand 


d 


Æv 


-(Èy- 


similarly 




(131) 

(132) 


dt^dr{^ ^drj' 

and so on, for the other variables. These are called Lagrange’s 
équations of motion in generalised coordinates. The right-hand 
and the left-hand members respectively represent the impressed 
and the expressed momentum-increments, as they arise from an 
infinitésimal displacement of a System of forces and of matter on 
which the forces act, due to the variation of a general variable ; 
and as no restriction has been put upon the character of the dis- 
placement, so they inçlude ail kinds of displacement ; and as the 
variations of the coordinates represent one kind of displacement as 
well as another, rotation as well as translation, so are ail équations 
of motion contained in these équations. The System of forces is in 
ail cases a conservative System ; D’Alembert’s principle supplies 
the transition from (129) to (130) ; and the principle of virtual 
velocities gives the équation of vis viva (120) from which we 
started. 

The type-equation (131) may be written in the form 

'^■jT-y) = 0i (133) 


A -. 


and if T— v = xj, since v does not contain é or ?^-differentials, 
(133) takes the form 

ÏTI,' ./Z TT. 

0 . 


/dv-/ ^dv^ 


(134) 


'^di' 

128.] These équations also follow immediately from the prin- 
ciple of least action, as explained and proved in Art. 122. 

Let A, as in Article 122, be the action of the System acquired in 
its passage from its place at the time to its place at the time : 


then 


=/ 

Jo 


t.mv^dt 


Tidt. 


(135) 

Now let the vis viva be expressed in ter ms of generalised 
coordinates, then T is a function of C of the first 
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/-differential coefficients of these variables ; but none of a liigher 
order are found in it ; it may also be a fonction of t, So that 

2t=/(£,i7,C (136) 

wbere/ dénotés a fonction depending on tbe configuration of tbe 
System. 

Let us operate on (135) and (136) according to tbe principles of 
tbe Calculus of Variations, since a is a minimum.: tben as ôa = 0 , 

we bave ri 

0 =/ (hTcU + Tb.dt) 
d 0 

= f (hTcH + TclM) 

do 

= rTÔ25"j + r (bTdt-^rhbt)', 

but from (136), ^ Jo J 0 




tberefore 


0 = [tô îî J +(^)(ciedt-di'di ) + ... I , (137) 


tbese being tbe terms corresponding to and tbere being similar 
terms corresponding to ?], f, . . . ; let us take as types of ail tbose 
corresponding to 

Now è^'dt-di'èt = ^X^^dt-d^bé)i 

(vt 

tberefore 


0 = + 4.J{(|)- ;i(|)5(6f-{'«)*. (138) 

As tbe values of tbe variables at tbe initial and final positions of 
tbe System are fixed, tbe integrated portion of tbis expression 
vanisbes identically at each limit. As to tbe part under tbe 
sign of intégration, it consists of a sériés of terms corresponding 
to ??, C -.O similar to tbe set corresponding to f. If ail tbese 
variables were independent, eacb set would separately vanisb : 
but tbey are not so, being siibject in tbeir variations to tbe ex- 
pression of Virtual moments, in respect to tbe imprcssed momen- 
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tum-increments as derived from tlie force-funetion. Now to 
form the most general équations of condition we hâve supposed 
a time- variation, but for our présent purpose we may without loss 
of generality assume that there is no such variation, so that 
ô zÇ = 0 ; then the part under the sign of intégration which is to 
vanish gives a sériés of terms which may be expressed in the 
form (I 




cU . 

and we hâve also from the force-function 


= 0 . 


But these quantities and their variations are subject to the équa- 
tion of vis viva, viz., t — v = a constant ; 

and consequently the expressions for the variations of T and v 
are equal : hence we hâve a sériés of terms of the form 



but as we assume that % C ^^0 ail independent of eaeh other, 
the coefEcients of the variations will separately vanish ; and we 
tave cl /cl^ N 

Jt “■ 

(l /dT\ 

Tt 



which are Lagrange’s équations of motion. 

129.] The advantage of these expressions, as pointed out by La- 
grange, is that they inelude ail équations of motion, whatevcr is the 
System of reference ; and consequently leave us at liberty to choose 
that which is most simple, and especially that which most easily 
admits of intégration ; and to shew how this is the case let us 
take some particular instances of the ordinary équations of motion. 

Ex. 1. For motion in one plane and in terms of polar coor- 
dinates ■= clr"^ -\-T^dQ'^ ; and for motion of one particle m, 

2T = m(/2q.^2 0/2^. 


** d? 

d r/T 
dt dr' 
d'ï 
dr 


= mr\ 
= mr'^ 






d du , „ 

r/T 


dO 


0 . 
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2t = 


cU 


= ms 


so that Lagrange’s expression becomes 

m (r" ~ T 0'^) br + m (r^ ôy b 6. 

Now if P and Q are tbe central force and the transversal mo- 
ment respectively, and are so connected witb the force-function 

v, that they are of the form — (^) and — ) respectively : 

then + DV, 

and we hâve . / o ./x, 

m[r —rô = P, m[r^ô ) = q. 

The eorresponding prohlem in spherical coordinates will be found 

in a subséquent Article. 

Ex. 2. The motion of a single particle in a plane referred to 
tangential and normal resolution. 

dT 

d rZT 

dt ds' ds 

which is the tangential component of the expressed momentum- 
inerement. 

Again, 2t = +y^)- 

.Let be the length-element of the normal ; then 
rJT _ ^ d'^xdx^d'^ydy 

dn' ’ dn^'^ dndt"^ ’ 

d du r. ^ 1 n 

dtd7i'^ ' ^ dn^ d s'" dn^ 

dT __ d‘^xdy — d'^ydx 

dn^ dsdP 

= m — 3 

P 

if P is the radius of curvature of the curvilinear path of the par- 
ticle at the point {o3,y). Hence m~-is the normal component of 

the expressed momentum-increment. 

330.] The équation of vis viva is deducible from the general 
équations of motion in the folio wing way, as shewn by Lagrange : 
Let the équations (139) be multiplied respectively by d^, rh-j, 
and added, then since 


dæ ^ 
'Ts’ 


^dï]' 


t PEICE, VOL. IV. 


M 
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we hâve 

* 0'"’+ 

Now, since T, ifit does not in volve t,is a komogeneous fonction 
of the second degree in ternis of we kave by Euler’s 

Theorem ^ 

... 

substituting in (140) we kave 

Mit- ^(^)£"it + ... 

but since T is a fonction of v^i •••> 

t'M = (0) + • . • + (|j>) i" à t + ( A ) ri" dt 

2^' dt—T' cU =. —rZv; 

. T + V = a constant 

= To + Vo, 

wkick is tke équation of vis viva, and states tkat tke sum of tke 
kinetic and tke potential energies is constant. 

131.] Sir W. E;. Hamilton kas by means of certain substitu- 
tions transformed tkese équations, and deduced from tkem some 
tkeorems wkick are of great importance in tke general tkeory of 
dynamical équations, tkougk of not muck use in tke solution of 
particular problems. 

Let us take tke type-equation (134), and make tke following 
substitutions ; viz. let 

(!?')= (S) 


tken from (134) we kave 


also let 


f /d\^\ ^ , /dJ3\ 

H = -u + m^' + î;ij'+...; 
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then if DH is the total differential of h, 

■{■i'du -\-r] dv-\- (144) 

but by reason of (141) the second and third rows cancel each 
other, so that /rZUv /rZu\ . 

+ ^'du + r[dv + . . . ; (145) 

also by means of (141) ... may be replaced in H in terms of 

that H is a function of these quantifies 


only, with or without t, and consequently 

+(£)'**+(£)*+■■■' 

compaiîng* this with (145) and equating coefficients, since the 
two expressions are identical, we hâve 

(|) =-(!)■ (£)=f. 

with similar équations for each of the other coordinates. 

So that from (142) and (147), 

“'+(^)='>' «'-(£)=“• 

with similar équations for each of the other coordinates ; where 

and H = -u+ îif + î;i)'+.... (150) 


Thus, as in (148), there are two differential équations corre- 
sponding to each coordinate : so that the whole number is twice 
that of the Lagrangian équations ; but as each équation in (148) 
is of the first order, and each Lagrangian équation is of the 
second order, if u is the number of independent coordinates, there 
are 2n équations of the first order instead of équations of the 
second order. Now in the intégration of these équations 2n 
constants will be introduced whether they arise from 2n équations 
of the first order or from % équations of the second order. 

M % 
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Equations (148) are called Hamiltonian Equations; and the 
function h, given in (143), has been called tbe Hamiltonian 
Eunction. 

132.] Witb respect to h. Since i-i and u are so related by 
(148) tbat \ /du. 


witb similar relations for the other coordinates, H and u hâve 
been called Reciprocal Functions, each being the reciprocal of the 
other. In the case where T does not contain but is a homo- 
geneous function of the second order in ter ms of 77 ', . . ., so that 
by Euler’s Theorem 

thea siace u = T— v, 

H= — U + î«^'+î>7j'+ ... 


= — T+V+ 





(152) 


= — t + v + 2t 
:;=T + v; 


so that H is the sum of the kinetic and potential energies, and is 
thus the whole energy of the System. 

For further information on this subject I must refer the reader 
to Sir W. E. Hamilton's original Memoirs in the Philosophical 
Transactions 1834 and 1835. 


Section 7. — Gauss' theorem of least constraint, 

133.] In Art. 110 , Vol. III, a statical theorem is given which 
is there deduced from the principle of virtual velocities. It is 
however only a particular form of a very general proposition 
which includes ail dynamics. It is useless for the dii’ect solu- 
tion of problems, but in the same way as the principle of least 
action is useless : yet, as it comprises the équations of motion 
given in (37) and (38) of Art. 73, and gives a new meaning to 
them, it deserves attention. If we could either assume its 
truth, or prove it to be true by general reasoning, we might 
deduce from it ail the équations of motion : but it is better for 
us to take an opposite course ; to state the principle, and then 
to shew that it is dediicible from the équations of motion. 


THE PRINCiPLE OF LEAST CON>TEAîXT. 


^ OÛ\ 


if»ri 


Tlie theorem is due to Gauss, and is no%T ealkd Gau>--' i^^riîi- 
eiple of îeast eonstraint : ” it was first given in CrelleV JrazriisL 
Vol. IAt 1829; and a Freneli translation of the nn/moir is in- 
serted as a note to the 2nd volume of the Aîécaniqne 
of Lagrange, edited hy AI. Bert-rand, Paris. 1855. A fuîl expla- 
nation of it with examples is given in Zeitschrift für Alaîhe- 
matik und Physik von Sehlomilch und Witzschel,” III. Band, 
Leipzig, 1858, bv Dr. Hermann Scheffler. The following is tho 
enunciation of the theorem : 

If a System of material partieles is in motion, under the aeîiftn 
of given finite aecelerating forces, the sum of the prodiiets of 
eaeh partîcle and of the square of the distance between îts pîaci" 
at the end of an infinitésimal time, say df, and the place whieh 
it would hâve under the action of the given forces, and in the 
same initial circumstanees, if it were free, is a minimum. 

If therefore we measure constraint by the square of îhe dis- 
tance between the actual place of and the place whieh iî 
would hâve if it were under the action of the same forces and 
were a single unconstrained partiele, then the theorem is, that 
the sum of the produets of eaeh partiele and its constraint is a 
minimum. 

Let m be the type of the partieles of the System ; and let 
(^5 its place at the time t ; let u, r, w be the axial com- 

ponents of the velocity of m, and let x, Y, z be the axial eompo- 
nents of the impressed velocity-increments. Then, at the time 
t-^dt, the coordinates of m are respeetively 


x + 'iidt + '^—dP, y + vdi + ^'l^df\ + + dfi; ('153j 

but if M were unconstrained, and moved with the same initial 
circumstanees, the coordinates of its place would be 


x + udt + -^dP 


y-Vvdt^-^ dfi, 


Z + w ^ d { 1 54 j 


Let us suppose (a; 4- y + î]? - -f C) to be any other place whieh 
it were possible for rd to take ; and let r be the sum of the pro- 
duets of every partiele, and the square of the distance between 
the possible place and the place 'which the partiele would hâve if 
it were unconstrained ; so that 


F = 2.»«|(£- 


71 dt - 


:dd 


2)2 + (rj-vdi- 1 dt-f + (C- I dt^f I . 
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Then Gauss’ theorem eonsists in the assertion that u is a mini- 
mum wh.en tlie possible place is tbat given by tbe coordinates 
(153). 

134.] Let us differentiate u ; then, if the total differential 
vanishes, 

DU = 0= 2:z,m{^--ucU—^dt^)d^+2:^,m(rj—vcU~- ^dP)drj 

+ 2:s.m(C-wdt-^dt^)aC; (155) 

and as d^jdrjjdC are indépendant of each other, the coefficient 
of each must separately vanish ; therefore 

uêt^ ^ dt"^) = 0, 

Aj 

Y 

z^,m(r) — vdt-- 2 dt^) = 0 , 

:^,m(C—wdt-‘ ^dt^) = 0. 

But hy the équations (37), Art. 73, 

d‘^co du 

'S.mx = 2. ^ TTT = 

dt^ dt 

d^y dv 

'S,.mY := 2.^-T7Îf = 2. m -7-7-3 
dt^ dt 

d^ Z dw 

2.mz = ■=^'Z,m~:rr\ 

dV dt 

so that (156) hecome 

S.m{ri-vdt- i dt^) = 0, l (158) 

^.m{C—^odt—^^dt^)=0\ j 

and therefore it is necessary that the possible place should coin- 
cide with the actual place of which the coordinates are given 
in (153). 

Since u is the sum of a sériés of positive quantities, it is 
évident that it does not admit of a maximum ; neither generally 
is it a constant : it must therefore be a minimum ; so that the 
sum of the products of each particle and its constraint is a 
minimum. 
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And that it is a minimum, we may also thus demonstrate. 
Differentiating again (155) we hâve, 

D^u = + udt— ^ ,,, + ... 

by reason of (156) ; and this is neeessarily a positive quantity ; 
so that XJ is a minimum for the particular values of 77 , C given 
in (158). 

The minimum value of XJ is evidently 

1 (/ du^^ / dvs^ / dw^^) 

,= + (v- jj) +(î- 3 ^) f*‘. (159) 

In statics m has no veloeity, so that w = 0 ; and the 

theorem takes the folio wing form : 

If a System of particles of invariable form is in equilibrium 
under the action of given pressures, and is disturbed ; the sum 
of the products of each particle and the square of the distance 
between the original place, and the place which it would hâve in 
the displacement, if it had been free, is a minimum. 

Let us apply this prineiple to the following example. Two 
inelastic particles, m and m\ impinge on each other; it is re- 
quired to find their common veloeity after impact. 

Let V and v be the velocities of m and m respectively before 
impact ; and let v be the common veloeity after impact : then, 
if XJ is the sum of the products of each mass and the square of 
the distance between the place which it has actually, and the 
place which it would hâve if it were unconstrained at the end 

U = dt^ + ; 

— 2m{v~-'v) dt^^ [Y-‘v')dt^ = 0 , 
if m{v — \) = m {y—v') ; 

V = — 

m + m' 

It is hardly necessary to observe the close analogy which exists 
between the prineiple of least constraint and the method of least 
squares. As that method gives the most likely value to quanti- 
ties determined by observation, which are subject to small acci- 
dentai errors, so, if we apply to dynamics similar considérations, 
this theorem of least constraint would assign the most plausible 
position to a System of constrained particles. We hâve however 
deduced this theorem from the ordinary laws of motion, and 
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from D’Alembert’s principle ; from laws that are incontestably 
and otherwise true ; so that the places whieh. would be assîgned 
to tbe partieles as the most plausible by tbe metbod o£ least 
squares are proved to be their actual places. 

Nctwithstanding the disparaging remarks whieh are not un- 
frequeutly made on the principle of least action, and whieh La- 
grange thought it worth while to reply to ; and although similar 
reniarks may be made on this theorem, inasmuch as it is, like 
that of least action, the expression of a metaphysical idea, yet it 
commends itself to every mathematician on account of its ele- 
gance and its comprehensiveness. The end of ail science is a 
knowledge of laws whieh govern phænomena : and therefore a 
theorem whieh includes ail mechanical phænomena, and gives 
a new meaning to them, and indieates that there is no waste of 
power, is not to be discarded as useless. In the solution of par- 
tieular problems we may indeed apply less general laws : but the 
more general law cannot fail of exciting curiosity and of creating 
a desire to know the details whieh it contains. 


Section 8. — Newton^ s jorinciple of similitude. 

135.] As in the présent Chapter we are investigating those 
theorems and prineiples whieh follow immediately from the équa- 
tions of motion of Art. 73, and whieh will be, each in its own 
degree, applied in the folio wing Chapters ; so shall we here intro- 
duce a principle of similitude whieh is given by Newton in Book 
II, Section VII, Prop. xxxii, of the Principia ; and of whieh a 
proof and some applications are given by M. Bertrand in Cahier 
XXXII of the Journal de TEcole Polytechnique, Paris, 1848. 

The problem whieh the principle of similitude solves is this : 
A System of material partieles of a certain form is in motion 
under the action of certain forces ; we hâve a new System exactly 
similar, and either larger or smaller : in what proportions are 
the masses, their expressed velocities^ the time of motion, and 
the impressed momenta or the acting forces to be changed, that 
is, either increased or diminished, so that the motion of the new 
System may be similar to that of the old System? In other 
words, a machine works ’’ on a given scale ; in what proportion 
are its parts to be changed, that it should "‘work’’ on another 
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^lYen seale ? A mode! succeeds ; a machine made after the model 
breaks into pièces : what is the cause of this ? Here is a dis- 
tinguishing point between geomefciy and mechanics ; whatever 
in geometry is triie of a triangle on a small scale, is equally true 
of a triangle on a large scale : in mechanics it is not so ; if 
a large machine is made with ail its parts geometrically propor- 
tional to ail the parts of a small one, the ''working” of the 
large one cannot be inferred from that of the small one. Now 
the proportion in which the parts are to be changed is rightly 
givcn by Newton in the proposition above mentioned, and of 
which the enunciation is ; 

Si corpornm systemata duo similia ex æquali particularum 
numéro constent et particulæ correspondentes similes sint et 
proportionales, singulæ in uno systemate singuhs in altero, et 
similiter sitæ inter se, ac datam habeant rationem densitatis ad 
invicem, et inter se temporibus proportionalibus similiter moveri 
incipiant (ea inter se quæ in uno sunt systemate, et ea inter se 
quæ sunt in altero), et si non tangant se mutuo, quæ in eodem 
sunt systemate, nisi in momentis reflexionum, neque attrahant, 
vel fugent se mutuo nisi viribus acceleratricibus quæ sint ut par- 
ticularum correspondentium diametri inverse et quadrata velo- 
citatum directe, dico quod systematum particulæ illæ pergent 
inter se temporibus proportionalibus similiter moveri. 

According to this theorem, to any System of particles of a 
certain form, the numher of similar Systems is infinité. A pro- 
portionality however must exist between five éléments of the 
two Systems, each to each ; the lengths, the times, the velocities, 
the acting forces, and the masses ; instead of between the lengths 
only, as the principle of similitude in geometry requires. 

Let us take the general équation of motion (43), Art. 76, as 
given by the principle of virtual velocities ; and modify it so 
far as to make x, y, z the impressed momentum-inerements ; 
then we hâve 

8* + (Tf-® (160) 

and this équation, as we hâve shewn in that Article, includes ail 
possible cases of motion. Suppose now that ail the circum- 
stances of motion of the System are deduced from this équation 
and that the place of every particle at the time t is given in terms 
of t, Also, let us suppose that we hâve a second System of par- 
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ticles of a form similar to the first ; so that when the moti< 
beginsj the position of the particles in one System is similar ai 
similaiiy situated to that of those in the other; and let ho‘ 
Systems be subject to similar eonstraints, so that both ha' 
similar équations of condition ; and let the équation of moti( 
which applies to this latter System be 




Let 


r = the ratio of the similar Unes in the two Systems, 

= the ratio of the masses of corresponding particles, 

P = the ratio of the corresponding impressed momenta, 
n = the ratio of the times in each, 

<r = the ratio of the velocities of corresponding particles in each ; ^ 
so that 

^ _ y _ __ ôa?' _ h y ^ 

OG y Z ^ Ix hy ^ 
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(16! 


then it is évident that, if these quantities are substituted i 
(161), the resuit is identical with (160) if 

p = 5; (16. 

by which équation, any three quantities being given, we can d( 
termine the fourth. Thus, for instance, if ail the éléments of 
System are changed in the ratios given in (162), the time varie 
directly as the square root of the linear distances, directly i 
the square root of the masses, and inversely as the square roc 
of the acting force. Newton's principle of similitude consists i 
équation (164). 

:-=(Ç)* (16= 


Also 


dt' ch % 

Thus, in ail questions of Dynamics, if the motion or working 
of any System is to be inferred from that of a similar system : : 
the linear distances, the times, and the masses are increase 
in the ratios r:l,n:l,k:l respectively ; then the velocitiei 
and the impressed momenta or acting forces, must be increase 
in the ratios respectively of r:7i and of kr : Let us tak 
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the following case of tliis : A large locomotive works ; what 
conditions are necessary that a small similar locomotive shonld 
also work ? 

Let tLe ratio of the linear dimensions of the parts in the small 
machine be to that in the larger machine as r : 1, where r is a 
proper fraction ; then the ratio of the masses is as : 1 ; so that 
; also, since gravity acts in both cases, and since the 
ratio of the weights of the several parts are as the masses, there- 
fore the ratio of the forces is as r^:l ; and this is to be constant 
with ail the forces, so that p = : thus, from (164), n = r^; 

and, from (165), cr = : thus the timès and the velocities will 

both be in the ratio : 1. Let us consider other forces : the 

pressure of steam on the piston will be diminished in the ratio 
of : 1. As the résistance of the air varies as the square of 
the velocity and as the area of the surface, it is diminished in 
the ratio of : 1. Sliding frictions, being proportional to the 
pressures, are diminished in the same ratio. Rolling frictions, 
which are found to vary directly as the pressures, and inversely 
as the radii of the rolling wheels, must be diminished in the 
ratio of : 1. Thus, in a small machine, this ratio may be very 
great, and consequently rolling friction may be very great. 

I subjoin two simple examples of this principle of similitude ; 
others will be found in the Memoir of M. Bertrand, which bas 
already been alluded to. 

Ex. 1. Two equal particles at rest are attracted tow^ards a 
centre of force, which varies directly as the distance ; to prove 
that, whatever are their initial distances, they arrive at the centre 
simûltaneously, and that their distances at any instant from the 
centre are proportional to their initial distances. 

Let cGq and x'q be the initial distances of the particles from the 
centre of force ; so that cc'q = ræ^ : also, if p.æ is the attractive 
force, then ilx\ = pixXq ; therefore p ^ r; also ^ = 1 ; so that 
(164) gives ^ = 1 ; therefore the times are equal in the two 
cases and both arrive simultaneously at the centre of force. 
And as the Systems are similar at first, they are similar through- 
out the motion ; and thus, if x and x are the distances of the 
particles from the centre of force at the time 

Xq Xq 

which is the. second part of the theorem. 
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These results are manifestlj also true, wlien thé motion takeâ 
place in a medium of which the résistance varies directlj as the 
velocity. 

Ex. 2, Two simple pendulums, with equal weights, whose 
lengths are l and V respectively, are moved from their vertical 
position through equal angles, and are under the action of the 
gravities g and / respectively ; it is required to compare the 
times of oscillation. 

These are evidently two similar Systems: l'z=rl,g'=pg, /c = 1. 
•• ” -p-l/’ 

therefore, if T and t' are the times of oscillation, 


/ /l\i (V 


which is the well known resuit. 


Section 9. — On IJniU, 

136.] The conclusions of the preceding sections of this Chapter 
are drawn from certain équations which hâve their origin in 
D’Alembert’s principle and in the principle of virtual velocities, 
and which are expressed in terms of velocity, accélération, mo- 
mentum, momentum-increments, &c. These lead to quantities 
called vis viva, work, force-function, &e., and to équations connect- 
ing these quantities. Now as the science of Mechanics is rigor- 
ous and précisé, these équations must be intelligible, interprétable 
and measurable; these conditions affect both their qualitative 
and quantitative characters. 

In respect of the former, viz. the qualitative character, as 
three and only three capital and fondamental éléments, viz., 
space (linear space or length), time, and matter enter into these 
équations, and as these are independent of each other, ail the 
terms must be homogeneous in respect of each of these éléments ; 
for were they not so, th-e form of the équation might vary as the 
unit of each element, which is arbitrary, varied, and the law ex- 
pressed by the équation would change, and consequently would 
not hâve the attributes of permanence and invariability which 
the science requires. AU the symbols, however, are not imme- 
diately referable to these simple éléments; there are certain 
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secondary and derived ones, and the dimensions of tliese in 
referenee to thé three primary ones must be determined, ere we 
can conveniently test for homogeneity the several terms of the 
équations. The détermination of these is the subject of the fbl- 
lowing Articles. It is to he observed that whenever the word 

space is used, it means linear space or length. 

137.] In the first place it is évident that geometrical surface 
or area is of (2) dimensions in space; and that geometrical 
volume or content is of (3) dimensions in space. 

As velocity is connected with space and time by the équation 

V velocity is of (1) dimension in space, and of (— 1) di- 

Cv t 

mension in time. 

Hence the unit of velocity is the unit of space passed through 
uniformly in an unit of time t. 

cPs . • . 

As to accélération/, smce/=: j accélération is of (1) dimen- 

sion in space, and of ( — 2) dimensions in time. 

This resuit is also thus évident : let f act uniformly during 
the time, and let v be the velocity thereby generated ; then 

V =zft ; and thus/ is of (1) dimension in velocity and of (—1) 
dimension in time ; but since velocity is of (1) dimension in 
space and of ( — 1) dimension in time, it folio ws that accélération 
is of (1) dimension in space and of ( — 2) dimensions in time. 

Hence the unit of accélération is that accélération which 
acting uniformly during an unit of time générâtes an unit of 
velocity. 

DQdjSS 

As density = — j , density is of (1) dimension in mass, and 
of ( — 3) dimensions in space. 

Hence the unit of density is the unit of mass contained in an 
unit of volume. 

(IH 

As expressed momentum-increment = ’ it is of (1) dimen- 

sion in mass, of (1) dimension in space, and of ( — 2) dimensions 
in time. 

Consequently asmoving force ris, or is measured by, expressed 
momentum-increment, it is of (1) dimension in mass, of (1) 
dimension in space, and of ( — 2) dimensions in time. 

Consequently also weight, which is equal to 71% g ^ is of one 
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dimension in mass, of ( 1 ) dimension in space, and o£ ( — 2 ) 
dimensions in time. This is the dynamical définition of weight. 

Hence the unit of moving force is that which impresses on an 
unit-mass an unit of accélération. This is Gauss’ absolute unit 
of force. 


« • • • • 

As work = ô dimension in mass, of ( 2 ) 

dimensions in space, and of ( — 2 ) dimensions in time. 

cPs 

This is also évident, since dyf = ^cls = 


Hence the unit of work is thé work done by an unit of force 
when its point of application is moved through an unit of space 
on the line along which the force acts. 

The secondary units thus determined are absolute units, inde- 
pendent of any arbitrarily chosen units of space, time, and mass ; 
their truth rests immediately on the principles of the science of 
Mechanics, and hence they are called absolute kinetic units. Let 
us apply them to some examples, before we proceed to the considér- 
ation of the Systems of primary units which are principally in use. 

138.] Take the general équation (160) as given in Art. 135 ; 
here x, y, z are impressed momentum-increments and are conse- 
quently of ( 1 ) dimension in mass, of ( 1 ) dimension in space, and 
of ( — 2 ) dimensions in time; as these are also the dimensions 
of the expressed momentum-increments, the whole équation is 
homogeneous, and, including the arbitrary displacements, is of 
( 1 ) dimension in mass, of ( 2 ) dimensions in space, and of (— 2 ) 
dimensions in time ; consequently the several terms express work, 
and the whole équation is an équation of work. 

Again, take the first of Euler’s équations of rotation ; see 
équations (95), Ai*t. 174, viz. 

diù^ / \ 


as A, B, c are moments of inertia, each is of one dimension in 
mass and of (2) dimensions in space: is of ( — 2) dimensions in 


time, 0)2 and 0)3 are each of ( — 1 ) dimension in time, so that the 
left-hand member is of ( 1 ) dimension in mass, of ( 2 ) dimensions 
in space, and of (— 2 ) dimensions in time. Also as the right-hand 
member is the moment of a force (impressed momentum-incre- 
ment), it is of ( 1 ) dimension in mass, of ( 2 ) dimensions in space, 
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and of ( — 2) dimensions in time. Hence the équation satisfies 
the test of homogeneity. 

The preceding rules of homogeneity afford a presumptive test, 
which is easily applied, of the correctness of operations performed 
on mathematical expressions. If these are homogeneous in 
their original state, this quality of homogeneity continues, what- 
ever are the processes to which they are subjected ; and conse- 
quently if they are homogeneous in their final state, it is a 
presumption that the processes hâve been correctly performed. 

Further applications of these prineiples will occur in Hydrome- 
chanics, in the theory of Elasticity, in Heat, in Electricity and in 
Magnetism ; and indeed in ail sciences where work is donc in 
conséquence of acting forces. 

139. ] As to the three primary units of time, space, and mass, 
they are entirely arbitrary ; but as the équations in which they 
occur hâve to be applied quantitatively, it is convenient to choose 
those particular values which are best suited to the circum- 
stances of the science. Two such Systems are principally in use ; 
one by English engineers, which is called the British System ; the 
other by French engineers, which is called the French metrieal 
System ; or, derived from it, the C. G. S. System, which is now 
generally used by ail Physicists. 

140. ] In the British System a second is taken as the unit of 
time, being such that 86400'' are equal to a mean solar day ; 
were this unit lost, it would be recoverable by means of astrono- 
mical observations and a dock. 

The British unit of length is one foot, being one-third part of the 
British standard yard. The British standard yard is the distance 
at 62° F. between two parallel lines in gold plugs in the bronze 
bar deposited in the Standards Office at the Board of Trade in 
London ; copies being also deposited at the Eoyal Mint, at the 
apartments of the Royal Society at Burlington House, at the 
Royal Observatory at Greenwich, and at the New Palace at 
Westminster. This standard is arbitrary, and is not founded on 
ahy natural length or distance ; it was choscn so that its length 
might be as nearly as possible th<3 same as that of fche best yards 
as formerly used in England. Its authority is derived from an 
enactment in Parliament (18 and 19 Vict. c. 72, July 30, 1855). 
An inch is one thirty-sixth part of this standard yard ; and 1760 
standard yards are a mile. 
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Were this standard 3 '-ard and ail the copies of it lost, ifc might 
possibly be recovered from tte aeeurately measured and now 
known length between two points fixed in tbe earth, which are 
the extremities of a base used in a Trigonometrical Survey. 

Tbe British unit of mass is the impérial standard pound avoir- 
dupois : being the quantity of matter contained in a certain dise of 
platinum which is deposited in the Standards Office at the Board 
of Trade, London ; copies being deposited also at the places where 
copies of the standard yard are kept. One seven-thousandth 
part of this pound is a grain, and 5760 grains are a pound Troj^ 

Thus, in the British System, the unit of force (impressed mo- 
mentum-inerement) is that force which, acting on a pound, pro- 
duees an accélération of one foot-per second-per second. This 
unit is ealled a poundal. 

Hence, as the earth’s attraction, acting on a body near its sur- 
face, produces an accélération of 32-19 feet-per second-pcr second, 
the weight of a pound is 32-19 poundals : and so on for any 
nnmber of pounds under the action of the carth’s attraction. 

Thus also, in the British System, if the force producing work, 
or the force against which work is donc, is gravitation, or the 
earth’s attraction, the unit of work is the work required to lift 
one pound through one vertical foot. This unit of work is ealled 
a foot-pound. As g varies at different places on the earth’s sur- 
face, the foot-pound also varies ; and consequently, in mcasure- 
ments of great aecuraey, the place must he given where they are 
made. Thus the foot-pound is a gravitation mcasure of work, 
and, not being absolute, is not useful as a sciontilie mcasure. 

The rate of doing work is generally termed power ; and horse- 
power is the unit of power adopted by British engineers ; it is 
taken to be 33000 foot-pounds per minute, or 550 foot-pounds 
per second. 

141.] In the French System, as in the British, a second is 
the unit of time. The unit of space is one centiinôtro, being 
the one-hundredth part of a standard ealled a mètre, which is the 
length of a certain platinum bar at the température 4° C., this 
température being chosen as that at which the den.sity of water 
is the greatest. This bar was made by Borda* ; its length ia 


Mon "" Commission consisting of Borda, Condorcet, 

tLn to Laplace appomted soon after the French Revolu-1 

won to préparé a new System of weaghts and measuros. 
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39*37043 inelies, that is 3*280869 feet, being supj)osed to be the 
ten milliontb part of a quadrant of tbe eartb's meridian aecording 
to measurements of the same made by Delambre and Mèchain ; 
the object was to obtain a natural standard of length, in contra- 
distinction to an artificial one — one, that isj which would be 
reeognised by ail nations, and not be the national standard of 
only one country. Subséquent surveys, however, hâve shewn 
that the measurements on which the length was founded are not 
sufSciently exact for the purpose ; and the mètre has now be- 
corne an artificial length, quite as much so as the English foot, 
and is the length of the aforesaid platinum bar at 4° C. The bar 
is kept at Paris. It was established as the standard of length 
by a law of the French Republic in the year 1795. Multiples of 
mètres are called by names derived from the Greek; as, e. g., 
deca-mètre, hecto-mètre, kilo-mètre ; sub-multiples by names 
derived from the Latin : as e. g., décimètre, centimètre, milli- 
mètre. The relations between the French and English measures 
of length and volume are as folio ws : 

1 cm. = 0*3937043 inches, 

1 mètre = 39*37043 inches, 

1 kilo-mètre = 1093*62311 yards; 

1 inch = 2*53998 cm., 

1 foot = 30*4797 cm., 

1 litre = 1*760725376 pints. 

The French unit of mass is a gramme, being the one-thousandth 
part of a certain mass of platinum, in the form of a cylinder, whose 
height is equal to the diameter of its base, made by Borda and 
kept at Paris, which is called the Kilogramme des Archives. 
It was originally intended that this mass should be equal to 
that of a litre, viz. a cubic décimètre, of distilled water at its 
greatest density, that is, at 4° C., and thus that it should be 
a natural standard : it is found, however, that this is not ex- 
actly the case, the mass of the cubic centimètre of water being 
1*000013 gm., and not 1 gm. exactly, according to a comparison 
of standards made by Professer Kupifer, Thus this standard of 
mass is just as arbitrary as the English pound, since the authority 
for it dépends on a law of the French State. The relation be- 
tween the English and French units of mass are as follows : 

1 ounce avoirdupois = 28*3495 gm., 

1 pound do. = 453*5927 gm., 
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1 gramme = 0-03527 oz., 

J, = 15-43234874 grains, 

1 kilogramme = 2-20462 pounds. 

142.] This System of nnits is known as tke metrieal System, 
having been fonnded on the mètre as its base unit. In tbe 
System now generally used by Pbysieists, the centimètre, the 
gramme, and the second are the fondamental units, and the 
System is called the C. G. S. System. It has the great advantage 
over the British system of having an uniform décimal method 
of multiplication and sub-multiplication in ail its éléments, their 
multiples and sub-multiples being formed in ail cases by 10 and 
powers of 10. 

The folio wing are derived units in the C. G. S. system : 

The unit of velocity is one centimètre per second. 

The unit of accélération is an unit of velocity per second. 

The unit of force (impressed momentum-inerement) is the force 
which acting on a gramme produces an accleration of one centi- 
mètre-per second-per second. This unit of force is called a dyne ; 
so that a dyne = 1 gm. x 1 em.-per seeond~per second. One 
million dynes is called a megadyne, and is equal to 10 ^ dynes. 

The relation between the English and the C. G. S. units of force, 
that is between the poimdal and the dyne, is thus determined : 

A poundal 

= 1 pound X 1 foot-per second-per second, 

= 453-5926 gm. x 30-4797 cm.-per second-per second, 

= 13825-38 dynes. 

Hence also the weight of a gramme may be expressed in 
dynes as follows, if y = 32-19 : 

Weight of 1 gm. 

= 1 gm. X 32-19 feet-per second-per second, 

= 1 gm. X 32-19 X 30-4797 cm.-per second-per second, 

= 32-19x30-4797 dynes, 

= 981 -1142 dynes. 

The unit of work is the work donc when a dyne acts through 
a centimètre along its line of action. This unit of work is called 
an erg, so that an erg= 1 gm. x 1 cm.-per second-per second x 1 cm. 
A million ergs is called a megalerg and is equal to 10*^ ergs. 
Hence also a foot-poundal, corresponding to a given value of, < 7 , 
= 421393*8 ergs. The relation between the foot-poimd and the 
erg may thus be found : 
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A foot-pound 
= 1 Ib. X 32-19 feet-per seeoiid-per second x 1 foot, 

= 453-592gm. x 32-19 x 30-4797cm.-persec.-persec. x 30-4797cm.j 
= 453-592 X 32-19 x (30-4797)2 
= 13-565 megalergs. 

Anotber unit of work in the metrieal System is tbe kilogramme- 
mètre, wbicb is the amount of work donc in lifting a kilogramme 
through a vertical mètre near to the earth’s surface. This is 
also a gravitation unit. It is equal to 7-233 foot-pounds- 

The kilogramme-mètre, corresponding to a given value of 
gravitation, say = 32-19 feet-per second-per second, may thus 
be expressed in terms of ergs. 

The kilogramme-mètre 

= 1000 gm. X 32.19 feet-per seeond-per second x 100 cm., 

= 100000 X 32-19 X 30-4797 gm. cm.-per sec.-per sec. . cm., 

= 98114000 ergs. 

Dr. Joule of Manchester found by a sériés of very exact ex- 
periments, made with great care, that the beat required to raise 
one pound of water from 58*^ F. to 59° F. is équivalent to 772 
foot-pounds of work at Manchester. This is ealled the mechani- 
cal équivalent of beat in the British System. Now the corre- 
sponding équivalent in the metrieal System is the quantity of 
work to be transmuted into beat so as to raise the température 
of one kilogramme of water by 1° C. This can be dedueed from 
the British équivalent by the folio wing process : 

The work which raises 1 ib. of water by 1° F. 

= 772 foot-pounds, 

or, expressing these quantities in the metrieal system, 

5° 

the work which raises 453-5926 g‘m. by ^ C. 

= 772 X 30-4797 cm. x 453-5927 gm. weight. 

work which raises 1001) grn. by 1° C. 

= 423-545 kilogramme-mètres. 

143.] In the proeeding Articles the threc fundamental iinits 
of time, spacc, and mass bave bcen assumed to be entirely inde- 
pendent of cach other, and the dimensions of the scveral terrns 
of the équations hâve bcen estimated on this assiimption. As- 
sumiog however niatter to have the property that two particlcs 
attract cach other direetly as their masses and inversely as the 

N 2 
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sc^narô of tli6 distanCG l)6tw6Gii tliGiïij tîi6 fbllowiiig* iGlatîoii 
exists between mass, space, and time. Let unit-niass be placed 
at P, and a partiele of mass m at Q, and let tbe distance p = :r ; 
then by tbe law of attraction, 

m- 

and consequently mass is of (3) dimensions in space, and of ( — S) 
dimensions in time ; wberever tberefore mass oecurs in tbe prG— 
ceding* déterminations of tbe dimensions of an expression, (1) 
dimension in mass may be replaced by (3) dimensions in space, 
and ( — 2) dimensions in time. Hence we bave tbe following* 
dimensions : 

Density is of (0) dimensions in space and of (“”2) dimensions 
in time. 

Force (impressed momentum-inc rement) is of (4) dimensions 
in space, and of (~4) dimensions in time. These are also the 
dimensions of weigbt. 

Work is of (5) dimensions in space and of (—4) dimensions in 
time. 

Prom tbe preeeding value of mass it follows tbat an unit of 
mass is tbat mass wbicb by its attraction on an unit of mass 
produces an unit of accélération at an unit of distance. This is 
an absolute unit. 
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CHAPTER IV. 

THE EQUATIONS OE MOTION OE A EIGID BOUT EXPEESSEU 
IN TEEMS OE ANGULAE VELOCITIES AND THEIE INOEE- 
MENTS. PEINCIPAL AXES AND MOMENTS OE INEETIA. 

Section 1. — The tmnsformatioji of the equatione of motion, 

144.] The most general motion of a System of material parti- 
cles of invariable form may be, as we bave already proved, re- 
solved into a motion of translation of any point, and a motion 
of rotation about an axis passing througb that point. Generally 
the position and dneetion of that axis nndergoes a continuai 
change, and the axis may be considered to be constant during 
only an infinitésimal time-element cU ; for it is only in a few 
cases that the axis is fixed during the whole motion. 

Prom the nature of angular velocities, which hâve been ex- 
plained in Chapter II, it is évident that they admit of increase 
and decrease, either continuously or discontinuously ; and, in 
the general motion of a body, there will generally be a continu- 
ons variation of angular velocity, whether the rotation-axis is 
permanently fixed, or bas the same position for only an infini- 
tésimal time-element ; and the angular velocity may either 
increase or decrease. In motion however about an axis, even 
though no momentum is impressed by any external force, yet 
certain centrifugal forces are developed which may produce a 
couple, and thereby cause not only a change of angular velocity 
but also a change of position of the rotation-axis both in the 
body and in space ; but these changes will be contained within 
certain limits which are fixed by the prineiples of conservation of 
kinetic energy and of moments of momenta ; they will generally 
be periodical ; but they can no more exceed thèse limits tban 
kinetic energy can be acquired without the communication of 
work. If ever a change takes place outside these limits some 
force acts to produee that change ; and the relation between the 
change of angular velocity and the producing forces will be the 
subject of our inquiry in the présent Chapter. We shall demon- 
strate the relation indirectly at first, by a transformation of the 
preceding équations of motion: but we shall introduce direct 
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proofs as occasion arises in the course of our inquiiy. Thus, 
wliile tlie process of transformation will enable ns to conduct onr 
treatise in a systematic form, tbe direct proofs will remove ail 
intermediate operations, shew the close dependence of our results 
on first principles, and thus enahle us to view the relations as 
thej are in themselves. Thus, as I conceive, we hâve the ad<- 
vantage of hoth the analytical and the synthetieal processes, of 
which such admirable examples are given respectively in the 
Mécanique Analytique of Lagrange, and the Nouvelle Théorie 
de Rotation of Poinsot. 

145.] As we shall hâve for the most part to eonsider the 
changes of angular veloeity which take place in an infinitésimal 
time clt^ the position of the rotation-axis will be assumed to be 
unchanged during that time, beeause any change which it un- 
dergoes will be infinitésimal, and will be expressed in infinitesi- 
mals of a higher order than those which express the changes in 
the angular velocities and are eontained in the same équations. 
Thus if <ü is the angular veloeity at the time t about an axis 
whose direction-angles are a, j8, y in reference to axes fixed in 
space, and are the axial components of co, then 


(l(ù d(ù., ^ dùù. 

d.cosa d. cos/3 ^.cosy 

' + ■ 


+ <>>x ' 


dt 


dt 


but sinee Wj., co, are proportional to cos a, cos cos y, and 
(cos a)^ + (cos /3)^ + (cos y)" = 1, the sum of the last three terms is 

equal to zéro ; and thus ^ does not involve any variation of the 

position of the axis of o), so far as first differentials are concerned* 
This theorem is also évident from the following considérations : 
sinee 


II 

(M 

3 





d(ù 


d(o^ 

d(i>,, 

dù). 

II 


dt ^ 



doD 


dcù^ 


, doù^ 

dt 

Où 


Où dt 

w 7ft 


d(ù, 


dûù,, 


dt 

which is the same resuit as above. 


= cos a — + eos/3 ■— -h cos y 


d(^ 

dt 
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He»ce if the axis of co becomes coincident witK one of the coor- 

dinate axes, say, the axis of not only does co become o)^,, but — 

ci t 

TT 

5 for in this case a = 0 , ^ = y = and 

d(ù â ùùy. 

and similar results are triie for the other axes. 

These theorems may also be proved from general kinematieal 
principles. 

In ail cases therefore of an infinitésimal variation of an 
augular velocity about a given axis, the position of the axis will 
be taken to be unchanged. This is a theorem of considérable 
importance in subséquent parts of our worb. 

146.] If, by the action of an impulsive force, the angular velo- 
eity of a body is abruptly changed, or if a body at rest reçoives a 
finite angular velocity, we consider only the whole velocity which 
is communicated to be the effect of the force : we do not inquire 
into the law of communication, which would assign the rate at 
which, in successive time- éléments, the communication took 
place, but as the whole process is completed in an infinitésimal 
time, we take the whole at once. 

If however a finite force acts, whereby the angular velocity of 
the body about the given axis continuously varies, then there 
are two cases to be considered, according as equal or unequal 
angular velocities are communicated (or abstracted) in equal 
time-elements ; these two cases corresponding to those of a con- 
stant and of a variable force in the linear motion of mate rial 
particles respectively. Let us first take the case in which equal 
angular velocities are impressed in equal times. Let ‘i> be the 
angular velocity impressed in an unit of time ; and let co be the 
angular velocity impressed and also expressed in t units of time : 
then co = (1) 

As equal angular velocities are impressed in equal times, the force 
which impresses them is called a constant angular force. 

If the body moves with an angulaa* velocity n, before the force 
which impresses ^ acts, and if co is its angular velocity, when the 
force has acted for t units of time, 

co = n + ; (2) 

and if <i> is impressed in a direction contrary to that of n, 

co = n — (3)' 


is also equal to 
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Now from Art. 33, équation (4), — = cü ; so that, if Q is the 

angle through which the body rotâtes in tlie time and if ^=0, 
wlien 1 ^ = 0, tben generally from (2) 

dô 


0 = ; 


(4) 


whieh gives tbe angle through wbieh. the body rotâtes in the 
time t under the action of a constant angnlar force. 

Next let us suppose nnequal angular velocities to be impressed 
in equal time-elements ; then the force is called a variable an- 
gular force. Let us however suppose it to be such at the time 
that an angular velocity ^ would be impressed by it in an unit 
of time. if the force were constant during that unit of time ; 
and to be such at the time t + that an angular velocity 
would be impressed by it under the same supposition as to con- 
stancy ; let co be the angular velocity at the time and (X) + düù 
at the time t + dt; then, if is a Symbol for a proper fraction, 

+ ed^ will express the mea7i or average value of the impressed 
angular velocity due to an unit of time during dt ; and as dcû is 
the angular velocity expressed in dt, we hâve from (1) 
d(ù = -{-ed^l?) dt ; 

and neglecting d^x dt, which is an infinitésimal of the second 
order, 

doi = ^dfr^ (5) 

''' 

if t is equicrescent ; and this supposition we shall make through- 
out the treatise, unless it is expressly stated that t is not equi- 
crescent. 

What we hâve called an angular force, is a force which pro- 
duces rotation, and is consequently a couple, of whieh the 
moment is given. 

Hence, if ^ is given in terms of either 0 or t, we can deduee 
from (6) by means of two intégrations the relation between 6 
and t, and thus détermine the angle through which the body 
rotâtes in the time t. 

As doy is*an angular velocity, although it is infinitésimal, it is 
capable of resolution and composition according to the laws 
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whicli hâve been investigated in Chapter II. This observation 
is important. 

Let thns mneh snffiee for angular velocity-increments ; we re- 
turn to the équations for rotatory motion whieh bave been found 
in Art. 73, with the purpose of expressing them in terms of an- 
gnlar velocities, and angular velocity-increments. 

147.] Let us first take équations (35), Art. 73 ; and replace the 
linear velocities in them in terms of the angular velocities about 
the three eoordinate axes, these angular velocities being due to 
the acting forces. 

Let us take any point of the body for the origin ; and let three 
rectangular axes fixed in space originate at it : the origin \ve 
may consider to be fixed, while we calculate the rotation about 
an axis through it. We will assume the body to be initially at 
resfc. Let a, /l, y be the direction-angles of the rotation-axis ; 
let n be the angular velocity due to the acting forces ; let 
njB, be the axial components of n ; then 

= n cos a, = n cos jS, m = n cos y ; l 

Let L, M, N be the moments of the axial components of the 
couple of the impressed momenta ; so that 
L = ' 2 , zy )^ \ 

M = > (8) 

N = yx); ) 

then from (35), Art. 73, we hâve 

s.m(yv,-zv;) =1., \ 

2.ni{zY.^ — CCvJ) =: M, > (9) 

= N. ) 

Now, by (72), Art. 53, we hâve the following values for the axial 
components of the linear velocity of Wy which is due to the 
angular velocity n, 

Y^:=z Z üy — y m = n(z cos /3 —y eos y), ) 

Vy = — = a(æ eos y—z cos a), > (10) 

v„ = = a{yooBa—XQos ft) ; ) 

then substituting in (9), we bave 

a{ cosa2.m(/f + c^) — coiil32.m.x?/~cosy2.wzx] = L, ] 

+ + = m, [ (11) 

n{ — cosa2.7y^xr^; — cos/32.w^;2; + cosy :s. w.(. 2 ?‘^+^y^)} = n; ) 

n, cos a, cos /i, cos y liaving been placed outside the summatory 
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sjmbols, beeause tbey are tlie same for ail particles of the body. 
And tbese three équations are, in terms of the résultant angular 
velocity and the direction-angles of the rotation-axis, the équi- 
valents of (35), Art. 73 ; and by these the angular velocity a 
and the position of the instantaneous rotation-axis are to be 
determined. 

Let us multiply them severally by cos a, cos /3, cos y, and add ; 
then 

n :s . m{{f + (cos a)^ + + 03 ^) (cos j3f -f- -f/) (cos yf 

— 2^zcos l3cosy — 2zû3 cos y cos cos acos 13} 

= L cos a + M COS /3 H- N cos y ; (12) 
which may be expressed as follows ; 

n 5 . m { (; 2 : cos /3 — ^ cos yf + {xcosy—z cos af + {;y cos a^x eos /3)- } 

= L cos a -h M cos /3 -f- N cos y ; (13) 

but if r is the perpendicular distance from (æ, ^), the place of 

m, to the rotation-axis, 

= [z eos 0 —y cos y'f + [so cos y— ^ cos a)^ -h (y cos a — x cos /S)^ ; (14) 
so that (13) becomes 

= L cos a m cos /3 -h n cos y ; (15) 

L eos a H- M cos ô + N cos y 

' O — L 


which gives the angular velocity about the instantaneous axis. 

148.] The right-hand member of this équation requires ac- 
curate and close examination. The numerator of the fraction 
is the moment of the couple of the impressed momenta of ail the 
particles about the rotation-axis ; for L, m, n are the moment s 
of the axial components of the couples of the impressed mo- 
menta, and the numerator is the sum of the parts of those axial 
components which are effective about tli.e rotation-axis. The 
denominator is the sum of the products of every moving particle 
and the square of its distance from the rotation-axis : and in 
the case of a continuons body it becomes the integra! of ‘rdm, 
the intégration extending over and including ail the mass-elc- 
ments of the body. This quantity is called the moment of inertia 
of the body or of the moving System, relatively to the particular 
rotation-axis, and the geometrical définition of it is that just 
given. It appears also from (15) that it is the factor by which 
the angular velocity n is multiplied, and thus equated to the 
moment of the couple of the impressed momenta about the 
rotation-axis. This last is the dynamical définition of it. 
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The name moment of ineitia ” has been given for the follow- 
ing reason. Let us compare (15) with the fandamental theory 
of Art. 257, Vol. III, of the motion of translation of a material 
partiele whieh is aeted on by an impulsive force. It appears 
that if V is the expressed velocity of and if P is the momentum 
impressed by the instantaneous force, then 

mv=P; (17) 

so that which symbolises the mass, is the factor by which v is 
multiplied, and so equated to the impressed momentum ; and as 
in (15) is the factor by which a is multiplied, and thus 

equated to the moment of the impressed momentum, so the old 
mechanicians compared the m in (17) with the in (15) ; and 

as they were wont to say that a body’s inertia was proportion al 
to or identical with its mass, so, by an analogy somewhat rough, 
they called the moment of inertia. It seems difficult to 

demonstrate the correctness of the term ; but as it is undesirable 
to introduce a new name, except by urgent necessity, I shall 
retain the old one, and call the moment of inertia of the 

body or System of particles relatively to the rotation-axis. It 
is a quantity which is evidently of one dimension in mass and of 
two dimensions in spaee. The détermination of it is the first 
step in the solution of a problem which dépends on the équation 
(16) ; and it is otherwise of great importance. Hereafter many 
properties of moments of inertia will be investigated, and I shall 
calculate the moments of inertia of bodies and moving Systems 
in many particular cases. 

Sometimes the moment of inertia is expressed in the folio wing 
manner: Let M be the mass of the moving System, and let us 
suppose the whole System to be condensed into a partiele of mass 
M, at a distance le from the rotation-axis, so that the moment of 
inertia of the System thus condensed may be the same relatively 
to the axis as that of the moving System : then, as the moment 
of inertia of m in this imaginary and condensed state is m so 
by our assumption, ^^^.2 ^ ; (18) 

Je is called the radius of gyi’ation of the body relatively to the 
particular rotation-axis. 

Hence, if a continuons body is referred to three reetangular 
axes in space, and if p is the density of the partiele at z), 

dm = pdoûdydz, (19) 
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and tlie paoments of inertia of tlie body relatively to thé three 
eoordinate axes of y, and 0 are severally 


JJJ 0 ’ 


the intégrais being definite, and including ail the éléments of the 
body. 

149.] As (16) is the fundamental équation of rotation of a 
body nnder the action of instantaneous forces, it is worth while 
to deduee it immediately from the first prineiples of motion. 

For the sake of simplicity, let us take the rotation-axis to he 
the eoordinate axis of and suppose the line of action of the 
impressed momentum to be perpendicular to this axis. Let N 
be the moment of the couple impressed about the axis of 2 ; ; let t 
be the distance of m from the axis of z ; and let n be the expressed 
angular velocity, and v the expressed velocity due to the in- 
stantaneous force ; so that 

V = rn ; (20) 

hence the expressed momentum is mv = mTQ.y of which the 
moment, relatively to the rotation -axis, is so that the 

excess of the moment of the couple of the impressed momentum 
over that of the exjpressed momentum in the case of the particle 
is N— 


and as by D’Alembert’s principle these taken throughout the 
moving mass are in equilibrium, we hâve 

2.N — = 0. (21) 

As n is the same for ail mass-elements, it may be placed outside 
the sign of summation ; also let a be the moment of the couple 
of the impressed momenta of ail the particles, then we hâve 

= ( 22 ) 

G 

• • ~ 2 J 

which is the same équation as (16) ; for if the axis of is the ro- 
tation axis, then in (16) cos a=cos /3 = 0, cos y = l ; and we hâve 

N 

2 > 

where N is the moment of the couple of the impressed momenta 
about the rotation-axis, and is the same as G in (23). 

Equations (11) are so close on the first prineiples of motion, 
as exj)lained in Art. 53 and of the measure of couples, that fur- 
ther explan ation is unnecessary. 
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150.] The direction-cosines of the instantaneous-axis are pro- 
portional to ; and these latter quantities may he thus 

found : 

Let us once for ail make the following abbreviations ; let 

+ = A, + = B, = c ; (25) 

= h! ^ = b'", = o'\ (26) 

= 2.^;s^^î? = e, :î,,mxy = 'F, (27) 

These nine quantifies are of great importance in the following 
investigations, and the substitutions which are here made will 
be continued throughout the treatise. 

A, Bj c are the sums of the products of each partiel e of the 
moving mass and the square of its distance from the axes of 
æ ?5 y, Z respectively : in other words, a, b, c are the moments of 
inertia of the moving System relatively to the axes of x, z re- 
speetively. 

a', b', 0 ', are severally the sum of the products of each particle 
and the square of the a?-, y-, ^-coordinate of its place. 

D, E, E will hâve full explan ation in the following section, 
although (27) evidently exhibit their meaning. 

I may observe, that 

A = b' + c', b = c' + A^ c = a'h- b' ; ’ (28) 

A=— J— . B = ^~. 0 = ^—, (29) 

whereby a, b, c are severally determined in terms of a', b', g' ; 
and a', b', c' in terms of a, b, c, Also 

a + a'= bh-b'= c + c'= a'+ b'+ c'=: I (say). (30) 

Thus B -f c — A, c + A— b, a + b — c are ail positive quantifies ; 
as are also bc — d^, ca— ab — e^. 


151.] Now, usingin (11) these abbreviating symbols, we hâve, 
by iQeansof(7), = l, x 

— En^ + Bn^ — Bu^ = M, i (31) 

-Eu^-nn^ + ca, = n; ) • 

L (bc — I)2)+m(dE4-Ce)+k(dE+BE) \ 

ABC — AD^ — BE^ — CE^ — 2dEP " j 

L (eD + ce) + M (c a — e2) + N (eE + A d) 


whence 




ABC — AD^ — BE^ — Ce2---2dEE 
L (eD + B e) + M (fE + ad) + N (aB — E^) ^ 
ABC — AD‘^— BE^ — CE‘^ — 2dEE ’ 


( 32 ) 


INSTANTANEOUS l'OBOES. 


190 


[152- 


from whichj and from (T'), a, (3, y may be determined. The 
équations to the instantaneous-axis are 

^ = Z. = ^ . (33) 

152.] The form of the preceding expressions at once suggests 
a geometrical interprétation, and it is désirable to work it ont 
because further and important mechanical conceptions will be 
thereby exhibited which it is désirable to bave présent to our 
minds. 

Let us take équation (12) and replace the coefficients by their 
équivalent symbols which are given in (25) and (27). Let K be 
the moment of the impressed couple about the instantaneous 
rotation-axis, so that 

L cosa + M eos)3 + N cosy = K ; (34) 

then from (12) we hâve 

A (cos a)^ + B (cos /3)^ + c (eos y)^ — 2 n eos /3 cos y — 2 e cos y cos a 

IC 

— 2 F cos a cos /3 = ~ • (35) 

Along the instantaneous-axis from the origin take a distance 


f, such that 


K 

— î 

a 


(36) 


where is an undetermined constant, which may be unity, if 
such a value is convenient. Let [x^y^z) be the extremity of r, 


then 


X 

eos a 


y 


cos/3 


Z 

cosy 




(37) 


and from (35), 

Aa?24.By24.c^2__2Dy^-~2E^Æ? — 2Fi??y = /X. (38) 

As A, B, c are ail positive, and are related to d, e, f by the in- 
equalities given in Art. 150, this équation represents an ellipsoid ; 
and also a sériés of concentric and coaxial ellipsoids, since /x is 
undetermined. 

153.] Since n^, are proportional to cosa, cos/3, cosy, that 
is to x,y, Z, it follows from (31) that M, N are proportional to 
KX^Yy—-^z, .-E/r + By— D^:, —e^ — Dy H-C£^ ; that is, to the 
X-, < 2 :-partial differential coefficients of (38) ; and as these last 
are proportional to the direction-eosines of the normal to the 
plane which touches (38) at the point {x,y, z), it follows that the 
axis of the impressed couple is perpendicular to the plane which 
touches the ellipsoid at {x, y, z) ; in other words, the central 
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radins vector to thé point (a?, y, z) is conjugate to the plane of 
the couple ; but tbis radius vector is tbe instantaneous-axis ; 
hence we bave tbe following important tbeorem : If an impul- 
sive couple, sucb as tbat due to a blow, is impressed on a body 
or a System of material particles wbereby rotation is produced, 
tbe instantaneous-axis is tbe axis conjugate to the plane of tbe 
impressed couple witb respect to tbe ellipsoid (38). 

Also since 

û = (39) 

tbe instantaneous angular velocity is proportional to tbe square 
of tbe radius vector of tbe ellipsoid wbicb coincides witb tbe 
instantaneous-axis. 

Hence also inversely if a body or a S 5 ^stem of particles bas 
rotation about an axis at a given time, tbe System may be brougbt 
to rest as to rotation by means of an impulsive couple wbose 
plane is conjugate to tbe instantaneous axis witb respect to tbe 
ellipsoid (38). 

As /X does not enter into tbe équations to an axis wbieb is 
conjugate to a given plane, or into tbe équation to a plane wbicb 
is conjugate to a given axis, any value tbat is convenient may 
be given to it in (38). Tbe ellipsoid is evidently of great im- 
portance in tbese enquiries ; its form and sbape dépend on tbe 
coefficients, and tbese are again dej)endent on tbe configui*ation 
of tbe material System. 

As tbe ellipsoid bas tbree principal axes, tbe conjugate planes 
to wbieb are perpendicular to tbem, it follows tbat tbere are 
tbree lines at every point mutually perpendicular to eacb otber, 
wbieb being axes of impulsive couples are also eorresponding in- 
stantaneous axes ; and no otber axis bas tbis property ; hence, if 
an impulsive couple bas any otber line as its axis, it produces 
rotation about a line wbicb does not coincide witb its own axis. 
If tbe axis of tbe couple is a principal axis of tbe ellipsoid, and 
if K is tbe moment of the couple, tben from (39) 



(40) 


where r is tbe lengtb of the coincident j)rineip>al axis ; so tbat 
tbe instantaneous angular velocity is a maximum, a mean, or a 
minimum, according as r bas like values. In ail tbese respects 
the principal axes form an unique System. 
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If the équation to the ellipsoid given in (38) is transformed, 
according to tlie process of Art. 6, to principal axes, it takes the 

+ + = /X, (41) 

where a, b, c are not the same as in (38), but are fonctions of 
them and of r>, e, e, as determined in Art. 6. They are also the 
moments of inertia of the System about the three new axes of 
x^y,z\ and if the moment of inertia is greatest about the . 2 :-axis 
and least about the ^-axis, so that c > b > a, then for an im- 
pulsive couple of given intensity K, which is coaxial with a prin- 
cipal axis of the ellipsoid, the resulting angular velocity a is 

2 *reatest about the ^r-axis, and least about the ^-axis : being* - 

& ’ ^ A 

IC K 

about the former and - about the latter ; it is - about the mean 
c B 

axis of y ; and ail other angular velocities are eontained within 
these limits. 

154.] Next let us consider équations (38), Art. 73. Let any 
point of the body be the origin ; and at it let three rectangular 
coordinate axes fixed in space originate ; and let us consider the 
body at the time t, and during dt^ so that the rotation-axis may 
be considered fixed during that time. Let a, ,3, y be the direc- 
tion-angles of the rotation -axis, and let co be the angular velocity 
about it at the time t ; of which let a)^,, co^, be the axial-com- 
ponents ; so that ^ , o , o 

= û) cos a, (ùy — üi cos ùùg = O) cos y. (42) 

Let the moments of the axial-components of the couples of the 

impressed momentum-increments at the time be l, M, N ; so 

that , 

:s.m(yz — ZY) = L, \ 

:è.m{z^ — {jcz) = m , v (43) 

:^.m(xY —yx) = N. ; 

Then, taking the form of the équations as given in (40), 
Art. 74, we hâve 


â 

/ dz 

dt' 

- L, ' 

d 

f dx 

dz\ 



^^dt 

-‘rd 

= M, - 

d 

f 

dâS\ 


-nS.OT 

di 



= N;j 


( 44 ) 
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and from (72), Art. 53, we hâve 

^ = 6)(5;eos/3-^cosy), 

^hl { \ 

^ = û)(Æ?cosy~.0COSa), 

â Z , » 

— = co(ycosa — a?cosj3); . 

whenee we hâve also 

dx dy dz 


dx 


dy 


dz 


cos a ' 7 - +eosâ -~4* cosy 
dt dt ' dt 


0 ; 


(45) 


(46) 

(47) 


(46) shewing that m at {x^ z) remains at the same distance 
from the origin during dt^ and (47) shewing that the line of 
motion of m during dt is perpendieular to the instantaneous axis. 
Now introdueing these substitutions and conditions^ 

d / dz dy\ d r/ o o^ 

= -y- %,m(ù {(j/2 + ;2:^)C0Sa — a?^C0S/3— a7;2?C0Sy}, 


dt 


'dt 

= {{x^ + z^) cos a— Æ? (x COS a +y cos /3 4* ^cosy)}, 


d(ù 


2. m -J- { {x? ■\-y^ + z^) cos a--x {x qos a + y eos + z cos y) } 


dt 

— {(iî?cosa+y cos/3 + - 2 ^cosy) (^cos)3~ycosy)}. 

Therefore, substituting in (44), and placing co and ^ outside 

the sign of summation, as they, as well as the direction-cosines 
of the rotation-axis, are the same for ail the particles, we bave 

d (ù / O O o\ d Où f _ ^ 

cosa2.m(ic- + z^)— ~ :s, .mx [X CQSa + ^ cos (3 + Z cosy) 
--cü-5.m{(^’COsa4-^cos/3-f;2:cosy) (^cosj3— ycosy)} =L; (48) 

d(^ ^ / O O d(Ù f ^ . 

-y™ cos /3 . in [x^^ + + ^") fr 2 . w.y {iv cos a +y cos /3 + <c cos y) 

CùO eût 

—■(z^-:Z.m{{xcosa-\-ycos^-\-zcosy){xcosy — zcosa)} =M; (49) 

d(si / O O c,\ d(û f' ^ . 

-Yj C 0 sy%.m(x- 4-^“ 4- r-2.?;^Æ^(^cosa-l-^cos/l 4-c?cosy) 

(ht (ht 

— û)^5.^>?^{(^cosa4ycos^4■- cosy)(ycosa— .'rcos/3)} =:]sr. (50) 

The complété solution of the problem requires that co, cos a, 

cos /3, cos y should be expressed in terms of ; L, M, and N being 

functions of these five quantities : now, as a relation exists be- 

tween a, /3, y, the preceding équations contain only three inde- 
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pendent qiiantities which are to be expressed in terms of t ; for 
tliis purpose the number of tbe équations is sufficient ; but as 
tbey generally do not admit of intégration, we can apply them 
only to particular cases, and bave recourse to such artifices as 
a particular problem suggests. 

155.] Let us multiply (48), (49), and (50), severally, by cos a, 
cos jS, cos y, and let us add them ; then 

^ — (ic cos a ^-y cos + ; 2 ; cosy )^ } 


= Lcosa + Mcos^+Ncosy ; (51) 

but if r is tbe perpendicular distance from (^, y^ z\ tbe place of 
m at tbe time on tbe rotation-axis, 

= ix? -|-y 2 4 . ;s :2 _ cos a cos j 8 + 0 cosy)^ ; 
so tbat (51) becomes 

= Lcosa-f mcos/3 + n cosy ; 

cl(ù ^'L cos a 4- M cos i8 + N cosy ^ 
dt ^ 


dt 


(52) 

(53) 


wbicb gives tbe angular velocity-increment about tbe rotation- 
axis wbicb is due to tbe impressed momentum-inerements. 

Now tbis équation, like (16), requires careful attention ; it is 
tbat from wbicb, by intégration, the increase or diminution of 
tbe angular velocity in a finite time is to be found. The nu- 
merator of tbe rigbt-band member is the moment of tbe couple 
of tbe impressed momentum-inerements of ail the particles re- 
latively to tbe rotation-axis ; for l, m, n are tbe axial components 
of the moments of tbese couples ; and Lcos a + m cos /3 + N cos y 
is tbe sum of tbe parts of tbese axial components wbicb are 
efiective about tbe rotation-axis. Tbe denominator is the mo- 
ment of inertia of tbe body or moving mass relatively to the 
rotation-axis ; and tbe remarks made in Ai-t. 148 are applicable 
equally to tbat and tbis case. 

156.] If the rotation-axis of the body bas the same position 
during the whole motion, either because two or more points in 
it are fixed, or because it bears a certain relation to the particles 
of tbe moving mass, tben a, /3, y are constant, and are known, 
and the numerator of (53) is given at the time t ; and, if the 
intégration can be performed, the angular velocity will be de- 
termined. If, however, tbe position of tbe rotation-axis changes 
continuously from time to time, so tbat it can be considered 
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fixed only for an infinitésimal time-element tlien a, /3. y are 
fonctions of and équation (53) cannot generally be integrated 
as it stands. In tbis case we must return to équations (48), (49), 
(50) ; in tbem let us replace co cos a, co cos /3, o) cos y, severally, 
by co^, 0 )^, and use the abbreviating symbols of Art. 150; 
then they become 


^ + (c - b) "ï w, - D (a)j,2 _ w/) -E + Û)^ Wy) — F 

B + (a— c)tü^cû^— E( û)/— C ü/) — f(^ +ft)yû)^) 




dt 

d(Ûg. 

dt 


co^co,) = 

(ùy û)^) = M ; r 

= N;j 


(54) 


from which three équations co^,, are to be determined in 
terms of üî : tbe intégration bowever is beyond our power, except 
in a very few spécial cases, wbich we sball consider hereafter. 

157.] As these last are tbe fundamental équations of rotation 
of a solid body, or of a material System of invariable form, and 
will be employed in ail our subséquent investigations, tbey re~ 
quire close exarnination. We hâve arrived at them by trans- 
formations from expressions involving velocities of translation 
into those involving angular velocities. I will now shew that 
tliey may be found more directly by D’AIembert^s principle : 
and, in the course of the inquiry, I shall dissect the équations, 
and shew tbe independent origin of their several terms ; and I 
shall also exhibit other properties of these équations of rotating 
rigid Systems besides those of the preceding pages. 

As the particles of the moving System are in a state of rela- 
tive rest, the moments of the forces acting on them, relatively to 
every and any axial line, satisfy the conditions of statical cqui- 
librium ; and thus, by D’Alembert^s princijile, the moments of 
the stresses, which arise from the excess of the impressed over 
the expressed momentum-increments, must satisfy the laws of 
equilibrium when they are takcn throughout the whole System. 
In référencé to any axis and for any one particle w, we hâve the 
folio wing moments : (1) the moment of the impressed mo- 
mentum-increments ; (2) the moment of the expressed angular 
momentum-increment ; (3) the moment of the centrifugal force 
which is due to the motion of the body about the instantaneous 
axis at the time t ; and the moment of the stress, which is 
effective at is the excess of the moments of the impressed 

0 % 


196 


BXyBESSED MOMBNTUM-INCEBMENTS, 


[ 158 . 


momentuni-incremeiit and of the centrifugal force over tlie 
moment of the expressed momentum-increment ; and the moment 
of ail these stresses vanishes for every axis. 

Let ns employ the same notation as heretofore ; m is the type- 
partic^e of the System ; (æ, y, z) is its place at the time ; o) is 
the angnlar velocity at the time t about the instantaneons axis, 
of which ùù^y (jùyy cOg ai^o the axial components ; a, /3, y are the 
direction-angles of the instantaneons axis ; r is the perpendicnlar 
distance from (x, y, z) on the instantaneons axis ; l, m, N are the 
axial components of the moments of the couples of the impressed 
momentnm-increments on ail the particles of the System. 

158.] Let x', y', z' be the axial components of the expressed 
momentnm-increments of ail the particles of the System due to 
the incréments of the angnlar velocities at the time t ; and let p' 
be the résultant of these ; then, from Art. 53, we hâve 

/ d(û,j d(ù.A , 



/ dûù^ 

dt 

d(ù^\ , 

(55) 


/ dod:. 

â(Ûy^ / 


and 

= x' 

2 + y'^ + Z^ 

(56) 


If the origin moves, p' is proportional to the expressed veloeity- 
increment of it, which is due to the incréments of the angnlar 
velocities at the time t) and if the origin is absointely fixed, 
p' prodnces a pressure on it. 

Let \!y m', be the axial components of the moments of the 
couples which arise from these expressed momentum-increments ; 
and let g' be the résultant moment of these ; then, as the axial 
components of the expressed momentum-increment of m are 


/ d(ùy 

m 


d(ù 




m\x 




it-n-dî)- "yn-if - U 

so the axial components of the moment of the couple of this 
expressed- momentum of m are respectively 

/ O . o\ d(JÙ^, d(jd„ 


d(ù 


dt 

d(à 


mxy- 


37 “*'- 1 

d(ù 


d (Ogj . ç d(ù^ dcù„. I 


( 57 ) 
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and taking the aggregates of these for ail the particles of the 
System, and using tke abridging symbols of Art. 150, we bave 


B 


cï ûüj 

cU 

dùù^ 

dt 


. F 


-D 


;__E 


d(ù^ , 

dt 

d{x> 

dt 

d^ 

dt 


■— E 


— E 


d(ù^ 
dt 
d ou ^ 
dt 

d(Ùy 

dt 


= l', 


= m'. 


(58) 


g'2 = l'2 + m'2+n'2; 

which are indeed the same expressions as (31), Art. 151, and give 
the moment of the couple of the expressed angular momentum- 
increments of the System. 

159.] Again, let y^', z" be the axial components of the 
momentum-inerements of ail the particles which arise from the 
centrifugal forces; and let be their résultant. As o) is the 
angular velocity of the System about the instantaneous axis at 
the time t^ and as r is the perpendicular distance to that axis 
from z) the place of m, m(jc>^r is the centrifugal force of 
the line of action of which lies along r. Now as r is drawn 
from (a?, y, z) at right angles to (a, j8. y) which passes through 
the origin, the direction-cosines of r are 


^’ — cosa(^cosa+^cos^ + ^cosy) y — cos^(^eosa+ycos/3 + ^cosy) 

T T 

2 :~cosy(a?cosa+y cos/3 + 2 :cosy) ^ 

^ ^ 

T 

and therefore the axial components of the momentum-increment 
of due to the centrifugal force, are respectively 

m. 0 )^ { ^ — cos a(^ cos a 4-y cos jS + ^ cos y) } , ] 

— cos/3(^cosa+ycos/3 + ^cosy)}, > (59) 

(xy — cosy(iî?cosa+ycos/3 + ^cosy)}, ) 
the tendency of these forces being to increase y^ z t in- 
creases : and, taking the aggregate of these for ail the particles 
of the System, 

6)^ {xo).j,+yo)y + zœ^)} = x", \ 

2.ra{cü2y-Q)j, (iCCO^+yCûj + ^CÜ,)} = ï" ( (60) 

x.m{o}^z—o)^ (æù)^+y(jùy + zo)^)} = yf'; ) 
and ^ ^ ^ 


If the origin moves, r'' is proportional to the impressed velocity- 
increment of it, which is due to the centrifugal forces of ail the 
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particles ; and if the origin is absolutely fixed, produces a 
pressure on it. 

Let be the axial components of the moments of the 

couples which arise from these centrifugal forces ; and let g" be 
the résultant moment of them ; then as the axial components 
of the moment of the couple which arises from the centrifugal 
force of 'm are, by reason of (59), 

m{(a7cù^+yû>j^ + ;?o);,)(aîa);ï---2:co^)}, ( (61) 

so taking the aggregates of these for ail the particles of the 
System, and using the abridging symbols of Art. 150, we bave 
,n((o/~û)/) + Ea)^ûj^-rû)^6), + (B-c)a)^a), = l'', \ 

E (a)/--ûù^2j + Eû)yû)^~Dû)^co^+(G-~A)û),6)^==M'', V (62) 

and = + + 

The couple, of which g'' is the moment, is called the centrifugal 
couple. 

I would also observe that (62) may be expressed symmetrically 
in the following forms 




— E6)a,4-B6)j,~-n602. 

— EcOa, — DC0j, + CC0,, 

<ùy 


— E co^. — D oüj, + C 

ACO^ — ECOy — ECOj, 



Aû)jç — Eco J, — EcOjj 

— E cOjg + B cOy — D cOj; 


<^V 


i!\ \ 


=:M- 

=N-;j 


(63) 


and introducing the notation of Art. 94, we hâve 

CO^— = m'', \ 

7eiL" + /^2M" + V"=0; 

that is, the axis of the centrifugal couple is perpendicular to the 
axis of the couples of the momenta. 

From (60) and (63) it follows that 

Cü^ + Y^o>y + z"cü^ i 

+ n"cü^ = 0 ; ) 

so that the instantaneous axis of rotation is perpendicular to 
both the line of action of the résultant of translation, and to the 
axis of the couple, which arise from the centrifugal forces of ail 
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the paitieles, and is therefore perpendicular to the plane which 
contains the two lines. 


160.] Now, as we hâve already ohserved, the moment of the 
couple of the expressed momentnm-increment is equal to the 
moment of the couple of the impressed momentum-increment 
together with that of the centrifugal couple : and this equality 
is true relatively to an y rotation-axis, so that for the coordinate- 
axes of CG, y, z we hâve respectively 

l'= l + 1 /', m'= M + m", n'= n + n''; ( 64 ) 


and therefore we hâve 

^ + (c - b) <Bj,CO, - d((u/ - 0)/) - E (^ + <0^ CÛJ, 
^ + (a -c) - E (û),2 _ _ P CO, 

^ + (b - a)co,,(0„ - F(<0,,2 _ ^^2) _ J, ^ 


rd(ù 




‘ dt 

rd(£i, 


\ \ 


whieh are the équations (54). By the preceding process there- 
fore they are, as it were, dissected, and the meaning and origin 
of the several terms are traced ont ; and those which arise from 
the expressed momentum-increments are distinguished from those 
which arise from the centrifugal forces. 

If the System is at rest when the forces begin to act, then 
at that instant co = 0, and l"= m"= n"= 0 ; and the équa- 
tions are reduced to forms identical with (31), Art. 151, where 


of course 


<'Zco^ d(ùy 

dt ^ dt ’ dt 


take the places of 


161.] Before we leave this part of our subject it is fit to ex- 
plain the form which the expressions for the axial components of 
the accélération take when they are expressed in terms of angular 
velocity and angular velocity-increments. The origin, through 
which the rotation-axis passes and relatively to which the ve- 
locity of M as expressed in the équations (45), Art. 154, is 
estimated, is considered not to change its place during the time 
dt, so that the velocity and velocity-increment of m are due to 
the rotation only. If we differentiate (45), Art. 154, we hâve 


d^x 

dij^ 


d (Ù y dl(Ù f O f 




( 66 ) 


and similar values for 


and ^ ; so that the axial components 
(It^ cl 
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of the expressed momentum-increments relatively to the origin 
are 


;z^|— 2.*«{û)2y-cüj,(a!cü^ +y&)j, + ^cüJ}, 
5.M W;, («W;, +ycûj, + ^rcü ,)}. 


\ 


W67) 


These expressions are evidently x'— x'""', t ! — as deter- 

mined in Articles 158 and lôQ, so that the first two ternis in 
eaeh arise from the expressed angular velocity-increments, and 
the latter terms from the eentrifugal forces. Now the excess of 
the eorresponding impressed momentum-increments over these 
qnantities evidently acts at the origin, and produces either a 
motion of it, if it is capable of motion, or a pressure on it if it is 
fixed ; and the circumstances of each can be determined from the 
preceding expressions. 

162.] Thus if the origin is fixed ; if P is the pressure at it, 
and A, p., 27 are the direction-angles of its line of action, 

PcosX = 2.??^x--x' + x'', \ 

Pcosp = y' + y'', > (68) 

PCOSZ7 = — z' +z". ) 


If the origin, fixed or moveable, is the mass-centre, 
x'= y'= z'= 0, x''=y"'= 0, 


P = 


2.mx 2.mY :s.mz 




cosX cos P cosz; 

60 that the pressure at the origin is, as to intensity and line of 
action, the same as the résultant of the impressed momentum- 
increments. 


163.] In ail cases the équations (31) and (54) admit of great 
simplification. It wili hâve been observée! that the équations of 
translation of a System of material particles, viz. (34) and (37), 
Art. 73, are much simplified if the mass-centre is taken for 
the origin, as we hâve shewn in section 2 of the preceding 
chapter; équations (60) and (62) in Arts. 82 and 83 are more 
simple than (34) and (37) of Art. 73. It does not however ap- 
pear thus far that any simplification is hereby introduced into 
the forms of the équations of motion of rotation ; (61) and (63), 
in Arts. 82 and 83, are exactly the same in form as (35) and (38) 
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of Art. 73. Neither does it appear that any cliange of axes will 
generallj introduce a further simplificatioii into'the équations of 
motion of translation ; it may do so in a particular case, because 
:B,mz may tben take simple forms. In tbe équa- 
tions of rotation bowever it is otherwise. Consider the équations 
(31), wbich are équivalent to (35), and équations (54), which 
are équivalent to (38), of Art. 73 ; they contain tbe quantifies 

'X.mxy\ and tbese are 
dépendent on tbe position of tbe coordinate axes relative to 
and in tbe body. Tbey will be determined by tbe ordinary 
processes of summation, and of intégration if tbe moving mass 
is a continuons body. Now tbus far the position of tbe coordinate 
axes, to wbicb tbe moving System is referred, bas not been 
determined ; it is fixed neitber in tbe body nor in space. Hence- 
forward we sball suppose a System to be fixed in the body and to 
move witb it, and to bave a particular position relatively to tbe 
body, wbicb we sball déterminé witb tbe view of simplifying 
tbe preceding équations (31)^ (32), and (54). By tbis metbod we 
sball investigate tbe angular velocities of tbe body about tbree 
axes fixed in tbe moving body ; and we can thence déterminé 
tbe angular velocities about tbree axes fixed in space by means 

of tbe équations (87), Art. 57 ; and deter- 

mined by means of (123), (124), (125), of Art. 64. By eitber 
process tbe position of tbe body in space at tbe time t will be 
determined. 

164.] Let us examine tbe coefficients in (31) and in (54) of 
ibe angular velocities and of tbeir üî-di(fcrentials ; and let us 
suppose the moving mass to bave volume of tbree dimensions. 
Wbatever is the System of coordinate axes, it is évident tbat it 
cannot be sucb tbat gcnerally eitber = 0, or x.my‘^ = 0, 

or == 0; be cause cach of thèse expressions is tbe sum of 

tbe Products of the mass-elcment and of a ([uantity wbicb is 
necessarily positive. Tbus, a, b, c, a', b', g', defined as they are 
in (25) and (26) of Art. 150, are always positive quantitics for 
masses wbosc volume is of tbree dimensions : in plates of infini- 
tésimal thiclcness, if the surface of tbe plate is taken for tbe plane 
of (Xj y\ = 0 for every elernent; and therofore x.mz'^ = 0 : 
and in straight wires or rods, of wbicb the transverse section is 
an infinitésimal area, if tbe axis of x lies along tbe rod, y = ^ = 0 
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foT eveiy mass-element, aBd consequently = 0 ; 

m ail other cases a, c, and a', b', c' are positive qnantities. In 
reference however to d, e, e, whicH are th.e symbols for 'Z.myz, 
:s,.mæy respectivelj, the coordinate-axes may hâve a po- 
sition sueh that '^..myz ^ 'Z.mzx ^ 'Z.mxy = 0, (69) 

or that one or two of them may be zéro ; because in the sériés, 
the sums of which are represented by these abridging' symbols, 
some of the terms may be négative and others may be positive, 
and the resuit of the whole may be zéro. 

Thus, for instance, let us suppose an elliptical plate of infini- 
tésimal thickness to be referred to the centre as origin, and to 
a System of rectangular coordinate-axes, of which the axes of x 
and y are coineident with the major and minor axes of the 
ellipse, and that of z is perpendicular to the plane of the elliptic 
plate. Then, as = 0 for ail the mass-elements of the plate, it 
is évident that 2 . myz = s . mzx = 0 ; 

and since for an element of the plate at {x^ y) there is always 
an equal element at (— ^,y), it is plain that 'Z.mxy = 0. 

This last resuit may also thus be proved. Let y = 
and let p = the density, r = the thickness of the plate ; then 
:è.mœy =z pr f j xyclydx 

= 0. 

We will now shew that a System of rectangular coordinate- 
axes, fulfilling the conditions (69), exists at every point of a body 
or of System of particles. Such a system is called a System of 
principal axes relatively to or at that point. The geometrical 
définition of them is, that they satisfy the conditions (69) : in 
the following sections however several mechanical properties of 
them will be demonstrated. 


Section 2. — P?incipal axes^ and their properties. 

165.] Let us consider a body or a system of particles in 
reference to a point of it which we take as the origin ; and at it 
let two Systems of rectangular coordinates originate ; one of 
which (Æ?,y, z) is fixed absolutely ; and the other (£, 77 , C) is fixed 
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in the body ; and let the position of the latter be determined, if 
it is possible, so tbat 

::^.mr]C=0; = 0. (70) 

Let tbese two Systems be related by tbe direction-cosines of the 
scheme (1), Art. 2. Then, as the Systems are rectangular, the 
nine dii’ection-cosines are subject to six conditions (4) and (6) 
or (5) and (7), of Art. 2: and as three other conditions are given 
in (70), we hâve sufBcient data for the détermination of the nine 
direction-cosines. 

Substituting in (70) the values of rj, C> given in (3), Art. 2, 
and replacing :s,.mzoc^ %.mxy by 

their symbols, we hâve 
h! h + b' ^2 ^2 + 

+ d(^2^3 + h ^ 2 ) + ® (^3^1 + iiCo) + P (Ô^C^ -h = 0, 

a' q + b' <?2 ^2 + C^^3^3 

+ D(i?2^3 + e^a^) + E (c^a^ + c^a^) + e + ^ 2 %) = 0, 

+ d(^-2^3 + ^zh) + ^ (^3^1 + ^1^3) + ^ + ^2^1) = 

New these équations are in form identical with (34), Art. 6, 
and are subject to the same conditions, viz. (5) and (7), Art. 2, 
so that we hâve, as in (40), Art. 6, 


_ 4 - b'æ./ 4- c'a^ 4 - 2 Ba.,a^ 4 - -f 

a-^ 4 - CL2 + glz 

= 4- 4- c'< 23 ^ 4 - 4- 4- (72) 

= == A''(say). (73) 

By a similar process we may obtain the folio wing : 

a'Ci +FC 3+EC,. l’C, + b'Cjj + DiÎ3 ec, +D e., + c'ft, . . . 

i i ±z=i — 1 i :’=;2.mC^ = C (say). (75) 

^2 ^3 

As these last three équations are of precisely the same form, let 
us, as in Art. 6, take a type-exi)ression of ail ; and assume K to 
be the type of a'', b'', &' ; so that the discriminating cubic will 
take the forms 

(a'— k) (b' — k) (c' — k) — 1 )2 (a'— k) — e2 (b" ~ k) — p2 (c/ ~ k) 4- 2 DEP = 0 ; (76) 
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and 


EP 


J 1 

D (k — a') + EF E(k — b') + TD F (k — C') + D'E 


FD 


DE 


-1 = 0 ; 


(77) 


eaeh. of which équations has three real roots, viz. b'', c'', as 
we hâve shewn in Arts. 7 and 8 ; these quantities are tlierefore 
known fonctions of a', b', o', d, e, p, and will henceforth be treated 
as sucb. 


166. ] Also tbe direction-cosines of tbe three principal axes 

of r/, f are given by either of the following' formulæ : Let us 
take the axis of say ; and let Æg, h!' correspond to it ; 

then équations (51) and (55), Art. 9, give 

__ y 

and 

«^{EP— D(a" — a"')} = (2^ {pD~e(b^ — a"')} = â;3{DE — p(c' — A''^)} ; (7 
and similar forms are true for èj, ^25 ^ 2 j ^35 terms 

of and c'' respectively. 

It appears then that at every point of a body, and of a System 
of material particles, a System of rectangular coordinate-axes in 
terms of rj, C exists, so that, if the body is referred to it, 

'^,m'r](z=: = 0 ; 

and this System at any point is generally unique, and is called 
the System of principal axes at that point. Thus the term Prin- 
cipal Axis properly belongs to an axis which is one of a System of 
three rectangular axes. But we shall find it convenient to apply 
the term to an axis fulfilling any two of the three conditions (70). 
Thus, if the axis of x is such that 'î,.mx^ = 'Z.mxz — 0, the axis 
of X is called a principal axis ; and if 2 .mzx z=. 'x,mzy ~ 0, the 
axis of ^ is a principal axis. ITence, if any two of the rectan- 
gular coordinate-axes are principal, the third is also principal. 
Also the three planes which are perpendiciilar to the three 
principal axes are called principal planes. 

167. ] AU these results admit of a geometrical interprétation 
by means of the ellipsoid. From (73), which we will take to be 
the type of (74) and (75) also, since the form is the same in ail, 
we hâve 

+ c'Æg- + 2 DâîgÆg q- 2 e + 2 e = a''. (80) 

Along the axis «g 5 <^ 3)3 which is the axis of £, say, take a 
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length r, and let its extremity be {x, y, z) ; so that, in reference 
to tlie System of axes fixed in space, 

= (81) 

dj ^2 

and therefore, from (80), we hâve 

aV + ^ ^ 2 Dyj^ + 2E^a? H- 2Fa^j/ ~ aV = 0. (82) 

As r is indeterminate thus far, let it Le such that A^'r^ = fi"' ; 
where /jl^ is an undetermined constant, which we may assume to 
be unit J, if sueh an assumption is convenient ; then 

and (82) becomes ^ 

aV + + cV + 2'T>yz -h 2 EZ£c + 2FCüy — /x' = 0 ; (83) 

which is the équation to a central quadric surface, of which the 
origin is the centre, and which is an ellipsoid, because a', b', c' are 
ail positive quanti tics, and their relations to n, E, p are such that ail 
plane sections of the surface are elliptical ; also the radius vector, 
corresponding to the direction-cosines (a^, ‘^ 3)5 along 

which the axis of f lies ; and the length of the corresponding 

f 1 

radius vector is (^) * 

By a similar process we may obtain the same équation of an 
ellipsoid from (74) and (75), if we take the lengths of the central 
radii vectores, which lie along the axes of 77 , ( respectively, equal 

to (,'^y ’ represents an ellipsoid, the 

lengths of three of whose central radii vectores, which. are at 
right angles to each other, are given : this ellipsoid is called the 
ellipsoid of principal axes. 

And these three radii are the geometrical principal axes of the 
ellipsoid ,* for if we apply to (83) the processes for determining 
the lengths and the position of the principal axes of an ellipsoid, 
which hâve been developed in Arts. 6~9, the équations for the 
direction-cosines, given in (51) and (55) of Art. 9 are the same as 
(78) and (79), by which the position of our principal axes is 
determined ; and the coefficients of P, 77 -, and in the reduced 
équation are a", b", and which are determined by (73), (74), 
(75) ; so that the équation to the ellipsoid, referred to the axes 
of i, r,, C, is + + = 0 . (84) 
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Hence it appears that at every point of a body or System of 
particles as a centre, an ellipsoid, wbose équation is (83)^ may be 
described, tbe principal axes of wbicb are tbe principal axes of 
tbe body relatively to tbat point. And if for tbe body, relatively 
to tbe centre and tbe principal axes of tbe ellipsoid, 
a"= :s . m b''=: 5 . mr]% 2 . m 

tbe principal axes of tbe ellipsoid are inversely proportional to 
tbe square roots of a'', b'', respectively. Tbus tbe form of 
tbe ellipsoid, as well as fcbe position of its principal axes, dépends 
on tbe configuration of tbe system of particles relatively to tbe 
point wbicb is tbe centre of tbe ellipsoid. 

In our subséquent investigations on tbis subject we sball assume 

thatis, a">b">c"; } (85) 

so tbat tbe £-axis, and tbe {"-axis, of tbe ellipsoid are respect- 
ively tbe least and tbe greatest of ail tbe axes. 

168.] Let us sbortly examine tbe particular forms wbicb tbe 
ellipsoid (84) and tbe position of tbe principal axes take, cor- 
responding to singular values of tbe roots of tbe cubic (76) or 
(77). Tbe analytical criteria of tbe conditions it is unnecessary 
to specify, as tbey are precisely tbe same as tbose wbicb bave 
been determined in Art. 12. 

(1) Let two roots be equal ; say a"= ; tben tbe équation 

(84) represents a prolate spberoid wbose axis of révolution is 
tbe coordinate-axis of C 5 Q-s c'' is definite, c.^ are also de- 

terminate, and tbe axis of C is a principal axis ; tbe direction- 
cosines of tbe axes of ^ and 77 , wbicb are tbe otber two principal 
axes, are indeterminate, and any pair of rectangular axes in tbe 
plane of (^, t]) is a pair of principal axes^ and witb tbe axis of C 
complétés tbe System. If b" = c", tbe ellipsoid becomes an oblate 
spberoid ; tbe axis of révolution of wbicb is tbe axis of f, and is 
tbe determinate principal axis ; and any two axes in tbe plane 
of ( 77 , C)î wbicb are perpendicular to eacb otber, will complété tbe 
System of principal axes. 

(2) Let ail tbe roots of tbe cubic be equal ; tben 

a" = b" = c" = k (say) ; 

and équation (84) represents a spbere wbose équation is 

Jv 


( 86 ) 
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and every three axes passing througli the given point at right 
angles to eacli otlier will form a System of principal axes. In 
this case 

; (87) 

and ail the nine direction-cosines are indeterminate. 

Hence, for every point of a System of particles, there is one set 
of principal axes ; and, for certain points of certain bodies, every 
System of rectangular axes originating thereat may be a principal 
System. 

The ellipsoid (84) will also assume particular forms if one or 
two of the quantities a", b'', c'' vanish, that is, if the body is a 
plate or a straight wire ; but these cases are so évident that it 
is unnecessary to explain them at length. 

169.] In illustration of the preceding theorems, let us dé- 
termine the principal axes of a cube, with référencé to one of its 
angles. Let eaeh side = a ; and let the axes of a?, y, z lie along 
the edges of the cube. Let p be the density ; then 

A!=zZ,mX^:=: f f f p dz cl CC:=: 

J 0 Ja Jo d 

as the symmetry indicates. 

pyzdzdydx = ^ = E = F ; 

4 

thus the cubic équation (76) becomes 

tte roots of which are ■ ^ ; two therefore are equal ; 

let these be b", c" ; so tbat 

5 P «5 P «5 

^ = B =c 

■ Hence from (78), 

^1 — ^2 — ^3 — 0 ’ 

% -0^ -Og _C2 -C3 

SO that the axis of ^ is the diagonal of the cube ; and the position 
of the other principal axes is indeterminate ; and therefore any 
two lines perpendicular to each other, and in the plane passing 
through the angle of the cube and perpendicular to the diagonal, 
will complété a System of principal axes. 
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Thus tlie équation to the ellipsoid (83) is 

^ (o^ +/ + 2 ^) + ~ {y Z + + ay) — / = '0, 

and tlie équation to the reduced ellipsoid (84) is 

pa^ 


e+^~(v^+e)=i^', 


6pa^ 

"6“^ 12 

which represents an oblate spheroid, whose axis of révolution is 
the axis of 

If it is required to déterminé the position of the principal axes 
at the centre of the cube ; then, if = the leng*th of a side of 


the cube, 


A = B = c = 


Spa^ ^ 


D = E = F = 0 ; 

// // /> 
a' = B '= c''= ; 


so that the position of each axis is indeterminate ; and any 
rectangular System originating at the centre of the cube is a 
System of principal axes ; and the ellipsoid (83) becomes a sphere. 

170.] It is évident from the preceding general investigation 
that the position of tbe principal axes of a bod}?*, relatively to a 
given point, dépends on the values of the definite intégrais which 
are expressed by the symbols a', b', c', d, e, e ; and therefore on 
the symmetry of the body relatively to the origin and to the 
axes of Æ?, y, z: thus, for a solid of révolution bounded by a 
plane perpendicular to the axis of révolution, for any point on 
the axis of révolution that axis is evidently one of the principal 
axes, and the other two are indeterminate in the plane perpen- 
dicular to the axis of révolution. Of a sphère, relatively to the 
centre, every System of rectangular axes is principal. Of an 
ellipsoid, relatively to the centre, the principal System is unique ; 
and the principal axes coineide with the geometrical principal 
axes of the body. Similarly the principal System can often be 
inferred by general reasoning from the symroetry of the System. 

Thus in the case of a regular polyhedron, with respect to its 
centre, the ellipsoid of principal axes is evidently a sphere, be-. 
cause the surface is necessarily symmetrical with respect to the 
perpendiculars from the centre on the several faces, and this 
symmetry cannot exist in any quadric other than a sphere. 
Hence any line drawn through the cenrie is a principal axis. . 
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Also in the case of a thin plate whose boundary line is a regular 
polygon, in referenee to its centre, tbe ellipsoid of principal axes 
is a prolate spheroid wbose axis of révolution is perpendicular to 
the plate. 

171.] If two principal axes relatively to a given point are 
given, the third is also given. 

If however one principal axis is given, the other two are at 
right angles to each other in a plane perpendicular to the given 
principal axis, and may be determined by the following process. 

Let the given principal axis be the axis of .2^ ; and let li be the 
distance from the origin of the plane in which the two other 
principal axes lie : so that 

{z—li) = 'Z.My{z — h) = 0 ; ( 88 ) 

... (ggx 

'X.mx 'Z.my ^ ^ 

which assigns a value of /^, and thus déterminés the position of 
the plane of the two other principal axes ; it also gives a con- 
dition, viz. that contained in the last two of the equalities (89), 
which must be satisfied when the axis of is a principal axis at 
ail; as shewn below. 

Let the new axes of ^ and rj, which are to be principal, lie in 

this plane ; and let the new axis of £ be inclined at an angle 

to the plane of (z, x), so that 

^ z= y ^ + xcos(l>, ) 

therefore V — ^ <p — x sin <p ; y 

= {(coscjf))^ — (sin<jf))^} + sin<^cos<)[):3.m(^^--ii'2); (91) 

and, as this is to vanish, we hâve 

. 2'Z.mxy 2 P 2 F 

tan 2 (/) = = 7 = J (9^) 

^ '2.,m{x^—y^) a'-b' b— a ^ 

and the équations to the two principal axes are 

{^’^ — rf‘)'^>'nixy + ^y]:2,,m[y^—x^) = 0 . ( 93 ) 

The point where the plane of (^, 77) cuts the axis of is called 
the principal point of that line ; and \î z — h = wc hâve also 
2 . m ^?] = 0. 

In the case of a plate, any line perpendicular to it is a prin- 
cipal axis, and the point where it cuts the plate is its principal 
point. 

If a'=: b' and 1^ = 0, tan 2^ is indeterminate ; and con- 
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sequently any straigM line which is perpendicular to the axis of 
Z at its principal point is a principal axis. 

172. ] If tte axis of z is a principal axis, the centrifugal forces, 

wHcli arise from rotation ahout it, either balance each other, or 
compound into a single résultant. For let z) be the place 
of and let o) be the angular velocity of the body about the 
axis of Z : then the components of the centrifugal force along 
the axes of x and y are respectively and mtù^y^ which aet 

at {x, y, z), Hence, if x", z'', i!\ m'^, dénoté the same 

quantities as in Art. 159, 

x"=5.mû)^^, y"= z'^=0; 

+ 5 . m (A? y x:z,mù)^œ Z ; 

andthis = 0,if 

:s,,mx 2,my 

which is the same condition as (89). This, then, is the condition 
that the axis of ^ is a principal axis. 

173. ] The folio wing are examples of the process for determin- 
ing the position of two principal axes at a given point when the 
other principal axis and its principal point are given. 

Ex. 1. To détermine the principal axes of a rectangular plate 
of infinitésimal thickness relatively to the point of intersection 
of the two diagonals of the plate. 

In this case, as in ail problems of plane plates of infinitésimal 
thickness, an axis which passes through the origin and is per- 
pendicular fco the plate is one of the principal axes : and if it is 
taken to be the axis of z, and the plate to be the plane of (^, y'j, 

2.mæz = 2.myz = 0, because z =z0 for ail the éléments of the 
plate. 

Let 2 a and 25 be the sides of the plate, r = the thickness, 

P = the density; 


/a rh 

I prxydydx = 0 : 


■—y'^ 


ra ni 

J -b 


pT[o(?‘—y'^')dydx 




therefore tan 2 <^ = 0 ; and .^ = 0, .^ = 90° ; so that the other 
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two principal axes are parallel to the sides of the plate. If the 

rectangle is a square, l ^ a \ in whieh. case tan 2 ^ ^ ; and (p 

is indeterminate, so that every pair of rectangular axes in the 
plane of the plate, together with the given axis, constitutes a 
principal System. 

Ex. 2. To détermine the principal axes of a triangular plate 
throngh one of its angles. 

. Let 0^ an angle of the triangle, be the origin ; oA=â5, OB = ô; 
and let the axes of û? and y lie along these sides ; then the équa- 
tion to the base is 


h ^ 


let y = - — a?) ; and let û) be the angle of the triangle at o; 

then p = / / prix -{-y cos to ) y (sin o))^ dy dx 

= -- - / (â: + 25 cos co); 

a' — e'= / / pT{{x+y eosoù)^ — {y sin (ù^jdydx sin ù) 

do *^0 

prab sin (û , 0,7 ,70 o ^ 

~ c [a-‘ + ao cos w + cos 2 cù) ; 

ÿ sin O) + 2 3 cos œ) 

tan 2 ^ — j 779 ^ * 

^ -H- (^6 cos 00 H- 6*- cos 2 û) 

lî I) = a, 2cj) ^ (à ; in which case the triangle is îsosceles, and of 
the principal axes in its plane one bisects the vertical angle, and 
the other is perpendicnlar to the bisecting line. 

If û) = tan 2 d) = -^ 0 • 

2 — P 

Ex. 3. To détermine the position of the principal axes in the 
plane of a thin elliptic plate relatively to a point whose place, 
relatively to the centre and principal axes of the ellipse^ is (a, /3). 


and let 


Let the équation to the ellipse be ^ = 

Y = — : then, as the ellipse is referred to its mass-centre 

as origin, and to its principal axes as coordinate-axes, 

-ZÆX = 0 , 'Z.my = 0 ; x.mxy = 0 . 
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Then 


1 '= / / pT{x-a){ÿ-^)clÿdx 

J^a ^—Y 
ra pY 

= / / pra^dÿclx 

J— a J -T 

= Ttpraiap, 

a'— b'= f f pT{{x-af-{y-l3f}dÿdx 

J^a -Y 

= /* f dÿda) 

J^a 

= ■3-prd!&| ~- +a^— /S^j; 

.•. taii2^=- 


8 ttjS 




wtereby we hâve the position of the two principal axes in the 
plane of the plate, and these, with the axis perpendieular to the 
plate, form the complété System of principal axes. 

174*.] Many other properfcies of principal axes will arise inci- 
dentally in the following section, and will be there demonstrated. 
We may therefore now retnrn to the équations of motion, and 
make those simplifications in them which the theory of principal 
axes supplies. 

Let the rotation of the body or System of particles be referred 
to a System of axes fixed in the body and moving with it ; and 
let this System be that of principal axes, so that 

=: :^.m£ûy = 0, or n = e = F = 0. 

Firstly, let us take the case of a body, originally at rest, acted 
on by instantaneous forces ; and, for the sake of distinctness, let 
the axial components of the expressed angular velocities, due to 
the instantaneous forces about the principal axes, be denoted by 
xig; and let us reserve for the axial components 

of the expressed angular velocities when the system of axes is not 
principal; then équations (31), Art. 151, become 







(94) 


where a, b, c are the moments of inertia of the body about the 
principal axes ; and l, m, n are the moments of the axial com- 
ponents of the couples of the impressed momenta about the cor- 
responding axes. 
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Secondly, let us take the case of a bodj rotating under tke 
action of continuons forces; and kere again let cog, «3 repre- 
sent the axial components of the expressed angular velocity 
relatively to the principal axes; and let ù>^, aiy, be the axial 
components of the expressed angular velocity when the axes are 
not principal ; then, since n = e = P =0, équations (54), Art. 
156, become 

COl y \ 


rZ 6Ü9 , . 

B^ + (A-C)a)3Û)i = M, 


(95) 


d 




which are evidently mueh simpler than (54), and are equally 
general ; they were investigated first by Euler, and are now 
commonly called Euler’s équations of rotation. No way of in- 
tegrating them in the form in which they stand is known at 
présent. Particular forms of them will be discussed in the fol- 
lowing Chapters ; and we shall then employ such artifices of 
abbreviation and of interprétation as the particular problem 
suggests. 

The origin of the several terms of (95) is at once évident from 
the analysis given in Arts. 158 and 159. Prom (58) we hâve the 
following values of the axial components of the moment of the 
couple arising from the expressed angular momentum-increments 


, dcù-Y 


M = B 


d(à^ 


E = C- 


dt 


(96) 


Also from (62) we bave the following values for the axial com- 
ponents of the moment of the centrifugal couple 
l"= (B-C)ü) 2 C 03 , ) 

■ m ''= (c— A) a)3C«)j, V (97) 

(a — b) tOjCOj,; ; 

and hence by D’Alembert’s Principle the équations of motion 
(95) follow immediately. 

175.] Thus far no condition bas been made as to the point at 
which the coordinate axes for référencé of rotation originate ; it 
is entirely arbitrary : let us consider whether any simplification 
will be introduced into the results if we take it at the mass- 
centre of the moving System or body ; that is, let us suppose the 
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point wHch has motion of translation to be the mass- centre and 
tlie axis of rotation to pass throngh it ; and let ns also suppose 
the coordinate axes fixed in the body, and originating at the 
mass-centre, to be principal axes ; and these axes we shall hence- 
forth call central principal axes. The geometrical définition of 
snch an origin and such axes is, 

= 'Z.mz = 0, \ 

^.myz = 2. mzx = '2,.mxy = 0. ) 

Let us first consider the axial components of the expressed 
momentum-increments of ail the partieles which arise from the 
angular velocity-increments. Then, on referring to Art. 158 
wherein the effects hâve been investigated, from (55) and (58) 


we hâve 


x'= 


, d(üo 


so that the momentum-increments are as to translation in equi- 
librium at the mass-centrcj neither accelerating nor retarding 
its motion if it is moving, nor producing a pressure if it is fixed ; 
and the moments of the axial components of the couple arising 
from these expressed angular velocity-increments are respectively 
the first terms of (95). 

Next let us take the axial components which arise from the 
centrifugal forces which are discussed in Art. 159. From (60) 
wehave x"=ï"=z"=0; (99) 

so that ail the centrifugal forces as to translation balance at the 
mass-centre ; and from (62) 

(b — 0)0)20)3, m"= (c-a)o)30)i, (a-~b)o)iO>2. 

Thus it appears that relatively to the mass-centre as the origin 
the forces of translation which are due to the angular velocity- 
increments and to the centrifugal forces are each separately in 
equilibrium ; but that the équations of rotation are the same in 
form as in the general case. 

Suppose moreover that the axis of rotation is a principal axis, 


say the axis of x ] then 1 


= 0; and 


n'= 0: 


l"=: 0, 


0 , 
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so that the centrifugal forces balance themselves as to rotatory 
efFects on tbe body ; producing no change either of the angular 
velocity of the body or of the position of the axis of rotation ; 
and, as (99) shew, they balance each other as to éflGect of trans- 
lation. 

Hence if a body rotâtes about a central principal axis, the 
centrifugal forces which are thereby generated are in equilibrium, 
and thus do not cause any change of rotation or of the position 
of the rotation-axis. 

Hence also, if no force acts on the body, its équation of 
motion is . 7 .. 

0 * 

û)j = a constant. 

Thus the angular velocity is constant, and the position of the 
rotation-axis is the same throughout the motion. For this 
reason the central principal axes are called the joermanent axes 
of the body or of the System ; they are also sometimes called 
the natural axes. 

It is évident from what has been said that a permanent axis 
of a body at a certain point may be defined as that line about 
which if the body revolves, the centrifugal forces generated by 
the rotation are either in equilibrium, or bave a simple résultant 
passing through the point. 

176.] The central principal axes are also the only axes which 
possess the property, that the centrifugal forces balance each 
other about thcin both as to translation and as to rotation ; for 
tliis object it is ncccssary that, seo Art. 159, 

x''= v"= 7 /'= 0, (100) 

= ( 101 ) 
from thèse last thrcc we hâve, from (62), Art. 159, remembering 
A + a'= b + b'= C + c', 

and rcplacing co., by cos a, cos cos y, which are propor- 

tional to tliem, 

(e cos a + i> cos /I -f c'eosy) cos /3 ~ (e cos a + B^cos /3 + 1) cos y) eosy = 0, \ 
(a'cos a -f- E eos /3 -f- e cos y) cos y — (e: cos a + n cos ^ -h c'eos y) cos a = 0, > 
(e cos a -f ;i/cos /3 -f i) cosy) cos a — (a'cos a + e cos/3 -f e cos y) cos = 0 ; ; 
so that 

A'cosa-hEcos/3 +Ecosy ___ Eeosa + B'cos/3 + r)cosy __ ECosa4- ncos/3 + c'cosy 

cos ^ cos y 


; (103) 


cos a 
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wHcli are thé same équations as (71) by whicb the principal axes 
are determined ; tbe principal axes tberefore are permanent axes 
so far as the conditions (101) indioate ; that is, corresponding fco 
principal axes the eentrifugal forces either are in equilibrium, or 
hâve a single résultant passing through the origin. 

As to (100) let us replace y, z in (60) by ^ z\ 

wherein the mass-centre is (x, j/, z) ; then, since 

(lOOjteom. 

5;— cos a {x eos a+y cosjS 4- ^ cos y) = 0, J 
ÿ — cos^(^ cos a+ÿ cos/3 4-5 cos y) = 0, > (104) 

5--cosy (^* cos a4-y cos^-H^ cosy) = 0 ; ) 

andtherefore ^ ÿ 1 

= -J— = ; (105) 

cos a coSjS cos y 

so that the rotation-axis, that is, the principal axis at the point, 
must pass through the mass-centre of the body. Thiis (105) are 
to be true for each principal axis at the point ; that is, for 
each of three different values of (a, /3, y) ; and this is possible 
only when â* = y = 5 = 0 ; only when the point is the mass- 
centre, in which case either of the three central principal axes 
is a permanent axis. If however a principal axis at a point 
passes through the mass-centre, that axis is a permanent axis for 
that point. 

177.] A remarkable application of this theory of permanent 
axes has been made by M. Foucault to the proof of the rotation 
of the earth about its polar axis. It was presented to the 
Academy of Sciences in Paris in the month of September, 1852. 
Hehas devised a machine which he calls a Gyroscope, and of which 
a drawing is given in Fig. 21. I will describe it as it is originally 
in its position of rest. ab a^b' is a metallic ring suspended by a 
wire SA from a point s which is fixed to the earth ; and at A'is a 
small pivot working in a small h oie, by which the motion of the 
ring about the vertical line s a a' is kept steady but is not retarded: 
bb' is the horizontal diameter of the vertical ring ; and at b and 
b' are small holes capable of receiving small pivots or axles; 
bcbGs a horizontal metallic ring, of which BB^is the diameter, and 
O is the centre, at b and b' are pivots which work in the before- 
mentioned small holes, so that bcb'î^ capable of rotating about 
the horizontal diameter bb^ Across the horizontal rin^ bcb"" an- 
other axis coc' is placed, at right angles to, and bisecting, bob', 
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and capable of rotating about pivots at ‘C and c' ; on tbis axis is 
fixed a heavy metallic dise n whose centre is at o, and wbieb 
is consequently capable of rotation about tbe axis coc', and tbe 
greater part of tbe matter of tbe dise is arranged in a ring as near 
to tbe cireumference as possible, so as to increase the centrifugal 
force of tbe dise. Tbis is tbe arrangement of tbe several parts of 
tbe Gyroscope ; and it is évident from tbe arrangement tbat tbe 
dise is capable of rotation about any axis, so tbat wbatever are 
tbe forces V7bicb act upon it, it can take tbe axis wbieb tbey 
require, and is indeed in construction identical witb Bobnen- 
berger's machine, except tbat tbe central mass is a dise instead 
of a spbere. It is évident also tbat tbe centre of gravity of tbe 
wbole machine is at o, and tbat ail axes of rotation pass tbrougb 
O, and tbus gravity does not produce any change of position in 
tbe rotation-axis or in the velocity of tbe dise. Adjustment- 
screws are plaeed in various parts of tbe machine, so tbat tbe 
conditions required may be fulfilled as nearly as possible. 

Now tbe dise is taken out of tbe ring b c b', and bas a very 
rapid rotation given to it by a machine properly contrived for 
tbat purpose. Wbile it bas tbis rapid rotation it is replaced in 
tbe horizontal ring bcb'; and as tbe axis coc' is manifestly one 
of tbe principal axes of tbe ring tbrougb its centre of gravity, it 
is a permanent axis, and as tbe dise is not under tbe action of 
any forces, whetber external or centrifugal, whereby its velocity 
or tbe position of its rotation-axis may be cbanged, its axis coc' 
keeps an invariable position in space. But wbat apparent effect 
is produced by tbis invariable position? Let us suppose tbe 
Gyroscope to be at tbe nortb pôle : tben tbe eartb rotâtes about 
tbe axis s a a', and to an observer tbe axis of coc' will retain its 
horizontal position, and will bave a motion in azimuth, in tbe 
same direction as tbe fixed stars appear to bave in passing 
tbrougb 360° in 24 bours, if tbe rotation of tbe dise can be kept 
up as long : if tbe Gyroscope is at tbe equator, no sueb apparent 
effect will take place, because tbe axis will bave only a parallel 
displacement of itself in space. In any other latitude tbe polar 
axis of tbe eartb will be inclined to the principal axis c o c' of the 
dise ; and as tbis, being a permanent axis, retains its direction in 
space, it bas an apparent motion about the polar axis ; tbe 
ring BCB^ will revolve slowly about tbe axis B b', and tbe ring a a' 
will also revolve slowly about the vertical axis a a'; and these 
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^'o-fcations may be observed by means of microscopes properly 
I>la.ced for tbe pnrpose. Indeed the earth truly rotâtes about the 
line c O c' wbicli bas an invariable position, and tbat rotation is 
stiewn by tbe apparent motion of the line. We shall hereafter 
<^oxxxe to the mathematical calculation of these quantifies. 


Section 3. — Moments of inertia^ and the distribution in s^ace of 

principal axes. 

178.] In the présent section I propose to examine moreclosely 
tilie theory and properties of moments of inertia, of which defini- 
■fcions bave been given in Art. 148. 

^Moment of inertia is relative to an axis, and is (geometrically) 
blxe sam of the products of every particle of a body or of a System 
of particles and the square of its distance from that axis. Thus, 
if m is particle of a moving System, and r is the perpendicular 
distance from the place of ni on the axis, is the moment of 

inertia, the summation including ail the particles of the System, 
îx^nd. b e Corning intégration if the System is a continuons body. 
We sball however find it convenient to use the Symbol 
în ail cases, bearing in mind that this symbol includes intégra- 
tion in the cases wherein the moving System is a continuons 
mass. 

Ijet us in the first place investigate the moment of inertia in 
its xnost general form. Let the origin be taken on the axis, of 
wliicb relatively to a System of axes fixed in the body let the 
direction-angles be (a, /3, y) ; let z) be the place of m ; and 
let r be the perpendicular distance from m on the rotation-axis ; 
so tbat 

=: (;3rcos/3— ycosy)^ + (a?cosy— 5;cosa)^H“(y cosa— ircos/3)^ ; (106) 

2 * m z^) (cos a)^ + . m [z^ + x^) (cos + 2 . m (cosy)^ 

— 2 ^ cos cos y — 2 2 . m cos y cos a — 2 2 . m x^ cos a cos /3. (107) 

Xi et H be the general symbol for the moment of inertia ; then, 
nsing* the symbols of Art. 150, 

= A (cos a)^ + B (cos ^)^ + G (cOS yf 

— 2i>cos/3cosy — 2Ecosycosa — 2Fcosacos/3 ; (108) 
a/nd thus if a, b, c, d, f are determined for any body and for 
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a partîcnlar System of rectangular axes, the moment of inertia 
of the body for any axis may be found by means of this équation. 

Hence if the moments are given for any six axes passing throug'h 
the given point, there will be six équations for determining the 
six quantities a, b, c, n, e, e, and these are sufFicient for the pur- 
pose ; and thus the moment of inertia will be determined for any 
other lines passing through the point. 

If the body is a thin plate lying in the plane of (^, y), 
D = E = 0 ; and for ail axes lying in the plane of tho plate, 
cosy = 0, and /3 = 90°— -a ; so that the j)receding équation 
becomcs n ■= a (cos a)^ + B (sin a)^ — 2 F sin a cos a, 

and therefore if the moments of inertia are given for any three 
axes lying in the plane of the plate, a, b, f can be determined, 
and the moment of inertia can be found for any other line, 
whether being in the plate or not, since c = a + b. 

179.] It is évident that ir, as given in (108), admits of cidtieal 
values, viz. maxima and minima, total and partial, which may 
be determined as to position and magnitude by tho process of 
Art. 10. Ilonce we hâve the folio wing équations : 

A cos a— F cos /3 — E cos y — F cos a + B cos /3 — 1) cos y 

cos a cos^ 

— E cos a — I) cos B + C cos y 

= ^ H ; 

cos y 

(h — a) COS a + FC0S/3+ e cosy = 0, \ 

Fcosa + (iï-~B)cos/3+ ncosy = 0, / 

Eeosa+ I)cos/3 + (h — ü)cosy = 0 ; ) 
and by cross-multiplication, 

(n — A ) (il — b) (il — c) — • D- (il — a) — E- ( Il — b) — ( H — ( ’.) + 2 I ) l'î F = 0, 

which is a cubic équation having three real roots; tlu^st^ are called 
the principal moments of inertia at the point, and the positions of 
thern are given by the preceding équations. 

If the body is a thin plate lying in tlu‘ })lane of (<c,//), ihen 
1) = E = 0, and the last eipiation breaks iip into two faciors; 
whcnce wc hâve 

(il — a) (il— - b) — F- = 0, 

II — G = 0, 

of which the former gives tho two principal moments in tho 
|)lanc of the plate, and tiic latter gives ibe momeni- about the 
axis which is perpenclicular to the plate and is ecpuil to c ; and 
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if 6 is ti>e angle whieli the axis of a principal moment in the 
plane of the plate makes with the a!-axis, 

2ï' 

tan 2^ = 3 

B — A 

the same resuit as that obtained in Art. 171. 

If the System of axes to which the body is referred is a prin- 
cipal System at the point, then d = i = F = 0 ; and (108) be- 
comes H = A (cos a) ^ + b (cos + c (cos yf ; (109) 

wliere a, b, c are the moments of inertia of the body relatively 
to the three principal axes of æ, z respectively, and are for that 
reason called the principal moments of inertia. 

In terms of a' b', c' (1 09) becomes 

H = a' (sin a)^ + b' (sin /3)^ + c'" (sin y)^. (H^) 

The student will observe how greatly the expression for mo- 
ment of inertia is simplified by the use of principal axes. 

180.] As an example of (108) let us investigate the moment of 
inertia of a reetangular parallelepipedon about an axis passing 
through one of its angles. 

Let the sides of the parallelepipedon, which meet at the angle 
through which the axis passes, be 5, c ; and let the coor- 
dinate axes lie along these sides respectively ; let p be the 
density of the volume-element at {æ,y,z); so that the mass- 
element = pdxdydz, Then 

^0 ^0 O 


_ paic{(^ + a^) 

B- 3 ’ 

m e 

pyzdzdy dx = 

. 


_ pale [a^ 

3 ’ 

)aW‘c^ 


4 ' 

pca^l^ 


4 ’ ” 4 ’ 

and the moment of inertia about the line (a, /3, y) 

— pale g — (cosa)2 + — — (cos^)^ + — - — (eosy)^ 

le ^ ca al ) 

— — cos/3cosy — ^cosy cosa — — cosacos/3 >] 


2 2 

and if i is the corresponding radius of gyration, 

^.2 — ___ ^ — (cos isy + - - (cos yf 


le 


ca 


al 


■ ^ cos/3 cosy — ~ cos y cos a ^ cos a cos /3 
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Tlius the moment of inertia of a cube about a diagonal 
= ; and about one of its edges = - - - • 

D O 

Otber examples of tbe détermination of moments of inertia 
will be given in tbe following section of tbis cbapter. 

181. ] Tbe following process gives ageometrical interprétation 
of (108), and consequently of (109), wbicb indieates results of 
great importance. 

Along tbe rotation-axis from tbe origin let a lengtb p be taken, 
of wbicb let tbe end be (x, y, z) ; tben 

— =-^ = — = /); ( 111 ) 

cos a cos/3 cos y 

and (108) becomes 

+ + — = Hp^. (112) 

Let Hp^ = pc ; so tbat h = ^ ? (113) 

wbere p, is a constant quantity at présent undetermined, and 
may be nnity if sucb a value is convenient ; tben (112) becomes 
Ax^ + 3^^ — — — — = 0. (114) 

Now tbis is tbe équation to a central quadric, of wbicb tbe origin 
is tbe centre ; and expresses an ellipsoid since a, b, c, are ail posi- 
tive, and tbeir relations to n, e, e are sucb tbat ail plane sections 
of tbe surface are ellipses. It is also sucb tbat wbatever radius 
veetor is tbe rotation-axis, tbe moment of inertia of tbe body 
relatively to tbat axis varies as tbe square of tbe reciprocal of tbe 
lengtb of tbat radius veetor. For tbis reason tbe ellipsoid is 
called tbe momental ellipsoid. As p is at présent undetermined 
tbe actual size of tbe ellipsoid is not fixed : bowever, according 
as p varies, ail tbe corresponding ellipsoids are concentric and 
coaxial, and tbat corresponding to any particular value of p 
will suffiee for our présent purpose. Let us imagine tberefore 
tbe ellipsoid, wbose équation is (114), to be described witli tbe 
given point as centre ; tben tbat ellipsoid, by mcans of its cen- 
tral radii veetor es, indieates tbe law of variation of tbe several 
moments of inertia of tbe moving System wbicb correspond to 
tbe radii vcctores as rotation-axes, tbe moment of inertia rela- 
tively to any one being proportional to tbe square of tlio reci- 
procal of tbat radius veetor. Tbis ellipsoid is tbe same as tbat 
introduced in Art. 152, équation (38). 

182. ] Tbe momental ellipsoid is evidently concentric witb tbe 
ellipsoid of principal axes, équation (83) ; it is also coaxial witb 
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it. For, by Art. 6 , the équations for determining the principal 
axes of (114) are 

a-^ ^3 

= H,_, (115) 

if is tlie moment of inertia about tbe axis «2? ^3) of so 
tbat 11 ^ = Now replacing a, b, c severally by 

b' + cVc' + a'j a' + b', and subtracting eacb term of tbe equa- 
lities (115) from a' + b' + o', we bave 

a'<Zj 4 ‘P< 3 J 2 + e «3 _ ï'Æj + B'âJ2 + Dâ:3 'Ea^ + 'Da2 + c' 

df O/n Oj^ 

= a' + b' + c'-h« 
=:5.mP; (116) 

whicb are identical witb (73), wbereby tbe principal axes of tbe 
body are determined. By similar processes we migbt find équa- 
tions identical witb (74) and (75) in terms of and whicb 

are tbe moments of inertia about tbe axes of rj and C respectively. 

Thus tbe geometrieal principal axes of the momental ellipsoid 
lie along tbe principal momental axes of tbe body at tbe origin 
and tbe two Systems are identical ; let it be referred to tbese as 
axes ; it is manifest from (115) tbat are tbe eoefiS.cients 

of in tbe reduced équation. Let, bowever, bencefortb 

A, B, c represent tbe moments of inertia about tbe principal axes ; 
tben tbe équation to tbe momental ellipsoid, referred to tbe 
principal axes as coordinate axes of a?, y, z, is 

a^' 2 H- By2 + = jot. (11^) 

Tbis resuit migbt bave been inferred directly from (114). As 
tbe position of tbe coordinate axes is undetermined, let tbe Sys- 
tem be tbe principal System ; tben d = e = P = 0, and (114) 
becomes (117). 

183.] Tbe momental ellipsoid and tbe elHpsoid of principal 
axes intersect on tbe surface of a spbere ; for since tbeir équations 
are respectively 

+ cz^—2j>yz — 2:^zæ— 2'Fœ^ = 
aV + b(^- -f cV ^ 2 D^z + 2E^a? -f 2 EÆ?y = f/, 
we bave by addition, 

(a + a") + (b + B')y2 (c + c>2 = + /, 

but a + a' = b + b' = c + c' = + 




= I (see Art. 150) ; 

mV. 


I 
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which is thé équation to a sphere. Hence ail the radii vectores 
drawn to the line of intersection of the two ellipsoids are equal, 
and the moments of inertia corresponding to them are also ail 
equal. Thus they lie in a cône which is called an equimomental 
cône, see Art. 190. As p, and j/ may vary, there is a sériés of 
such equimomental cônes. The cyclic planes of these two ellip- 
soids are manifestly coincident. 

184. ] In Art. 167 we assumed 5 . > 2 . ; therefore 

.*. A<B<c; 

so that the moments of inertia are respectively the greatest and 
the least about the axes of and x ; and the maximum, mean, 
and minimum axes of the momental ellipsoid lie along the axes 
of â?, Z respectively, and correspond to the minimum, mean, 
and maximum axes of the ellipsoid of principal axes. 

One Word as to ; let us give it a value which will mate the 
équations homogeneous ; let m be the mass of the moving body, 
and let æ, 3, c be the radii of gyration about the axes of a?, y, z 
respectively ; so that 

A = B = c = MC^l (118) 

let therefore /x = 

we shall hereafter détermine the meaning of y; then (117) be- 
comes ^ 2^2 ^ ^ ^ 2^2 3,3 ^4 . (120) 

so that the maximum, mean, and minimum axes of the momental 
0^ <7^ ( 7 ^ 

ellipsoid are respectively ’ y ’ ^ équation is homoge- 

neous. Notwithstanding, however, we shall still find it conve- 
nient to employ /x. 

185. ] The form of (120), and the circumstance of the moment 
of inertia about any rotation-axis varying inversely as the square 
of the radius vector of the momental ellipsoid which coincides 
with it, suggest another geometrical interprétation of the law of 
variation of the moments of inertia which arises ont of the theory 
of reciprocation as explained in Art. 22. We will apply it here 
however in a slightly different form. 

Let a radius vector of the ellipsoid (120) be of which let 
(x,y, z) be the extremity ; along r from the origin take a length 
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Py and throngh. its extremity draw a plane perpendicular to r ; 
let : then the équation to this plane is 

+ ( 121 ) 

of whicli the envelope, as shewn in Art. 22, is 

^2 + J2+g2 - 

which is an ellipsoid ; and is the reciprocal ellipsoid of (120). 

Now (121) is the équation to the tangent plane of this ellip- 
soid, the perpendicular from the centre being and being coinci- 
dent with r the radius vector of the momental ellipsoid. Hence 
if H is the moment of inertîa about r or substituting for ji and 
^•2, wekave 

and consequently j) is the corresponding radius of gyration. 

As the principal axes of the ellipsoid (122) are the radii of 
gyration of the axes as rotation-axes, the ellipsoid is called the 
ellipsoid of gyration. Hence we hâve the following theorem. 

If at any point the ellipsoid of gyration is described, and a 
perpendicular is drawn from the centre to any tangent plane, 
the length of that perpendicular is the radius of gyration of the 
body relatively to it as the rotation-axis. 

Hence this ellipsoid, by the variation in length of the per- 
pendiculai^s from its centre on its tangent planes, represents the 
variation of the moments of inertia about these perpendiculars as 
rotation-axes, as adequatelyas the momental ellipsoid represents 
moments of inertia about its radii vectores as rotation-axes varying 
inversely as the square root of the moment of inertia ; and what- 
ever critical values there are of the moments of inertia, corre- 
sponding critical values are there in each ellipsoid. 

It will be observed that the greatest radius vector in one 
ellipsoid lies along the least radius vector in the other, and vice 
versa ; also that the mean axes are coincident. Hence it follows 
that the momental ellipsoid in its shape and form is a better 
représentation of the body or System of particles than the 
ellipsoid of gyration. Thus take an ellipsoid in reference to 
its centre, the minimum moment of inertia is evidently that 
about the greatest axis, the mean about the mean axis, and the 
maximum about the least axis : thus a.<b <c, and consequently 
in its momental ellipsoid, the ^-axis is the greatest, the y-axis is 
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the mean, and the 2 :-axis is the least ; and it conseqnently accords 
better witli the material ellipsoid which it represents, The same 
resuit is true whatever is the distribution of the matter of whieh 
the moment of inertia is required. 

186. ] The resuit given în (123) may also be derived directly 
from (122). 

If is the perpendieular from the origin on the tangent plane 
of (122). % are the direction-cosines of 'p, and h is the 

moment of inertia about jo as a rotation-axis, then 

'jfi = + 0^91^ ; (124) 

and hj (109), s = AP + Bm^ + cn^ 

= M (a^l^ + 

= 

which is the same resuit as (123), and expresses the same theorem. 

187. ] Since p is the length of the perpendieular from the 
origin on the tangent plane of the ellipsoid of gyration, the locus 
of its extremity is the central pedal of (122) ; and the eqaation 
to this surface is, as shewn in Art. 20, 

+ ^^)^ = 4 - : 

so that the surface is such that eaeh radius vector is the radius 
of gyration of the. body in reference to it as the rotation-axis. 

This may also thus be shewn. Along the rotation-axis from 
the origin let a length t be taken equal to the corresponding 
radius of gyration : so that 

H = 

then if c are the principal radii of gyration at the point, and 
a, /3, y are the direction-angles of r, (109) becomes, 

(cos a)^ + ^^.(cos -f- (cos y)^. 

Let (a?, y, z) be the extremity of r ; so that 

^ y _ 

cos a cos /3 cos y ’ • 

/. (125) 

which is the central pedal of the ellipsoid of gyration. 

188. ] We hâve thus obtained several geometrical expressions of 
the law of variation of moments of inertia about axes which pass 
through one and the same point : and ail of course indicate 
critical values of the geometrical quantities which correspond to 
the critical values of the moments : and every one shews a spécial 
System of rectangular coordinate axes which corresponds to these 

PEICE, VOL. IV. q 



226 LIMITS 0? MOMENTS OE INEETIA. [189. 

critical values ; and from any one we miglit hâve taken. our par 
ticular conception of them ; and thus whereas we hâve defined 
principal axes as those in référencé to which 

%.myz = 'Z-mzæ = = 0 , 

they might hâve heen defined as those axes for which the mo- 
ments of inertia hâve critical values. The former conception of 
them arose first, in the simplification of the équations of the 
motion, and therefore we pursued it. It is however to he 
ohserved that whatever is true of the axes of principal mo- 
ments of inertia is also true of the principal axes and of the 
principal planes ; and several properties which are true of princi- 
pal planes, as defined in the last section and which might hâve 
heen there demonstrated, will he proved in the course of the pré- 
sent section. Henceforth then we shall treat principal axes, 
and the geometrical principal axes of the momental ellipsoid, as 
identical in position. 

189.] Ail other moments of inertia relatively to the given 
point are evidently intermediate to c and a ; that is, are less than 
c, and are greater than a, From (109) 

H = A (cos (xf + B (cos /3)2 + c (cos y)^ ; 
which may he expressed in either of the following forms ; 

H = A + (b ~ a) (cos 0)^ -h (c— a) (cos y)^ ; 

H = c — (c— a) (cos a)^— (c~b) (cos /3)^ ; 
and as, see Art. 167, B— a, c— a, c — b, are positive quantities, c is 
the greatest and a is the least of ail moments of inertia. 

If two principal moments are equal, the momental ellipsoid 
hecomes a spheroid ; if B = c, the spheroid is prolate and the 
moments for ail axes lying in the plane of (y, z) are equal to one 
another and to c ; and other moments ai’e less than c : if a = B, 
the momental ellipsoid hecomes an ohlate spheroid, and the 
moments for ail axes lying in the plane of (a?, y) are equal to 
one another and to a, and the moments for ail other axes are 
greater than a. In the former case the ellipsoid of principal 
axes hecomes an ohlate spheroid ; and in the latter case a prolate 
spheroid. 

If the three principal moments are equal, a = b = c, and the 
momental ellipsoid hecomes a sphere, and the moments of inertia 
for ail axes are equal to one another. In this case also the 
ellipsoid of principal axes hecomes a sphere. 
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190,] Ail the rotation-axes passing through a given point, for 
wHch the moments of inertia are equal to each other^ lie on a 
cône of the second degree, whose vertex is the origin. 

Let H be the moment of inertia to which ail are to be equal ; 
then, since from (112) we hâve 

(ïi—A)æ^ + (iï^B)^^ + (R—c)z^ + 2i>yz-}-2Bzw-{~2¥x^ = 0 ; (126) 

which is the équation to a cône of the second degree whose 
vertex is at the origin ; and the principal axes are evidently co- 
incident with those of the momental ellipsoid. AU rotation-axes 
therefore lying ôn the surface of this cône are axes of equal mo- 
ment, and the cône is consequently ealled equimomental. 

If the coordinate axes are principal axes at the origin, 

D = E = F = 0, 

and the équation to the equimomental cône is 

(K’-A)x^ + (K--B)ÿ^-{-(R--C)z^ =0, (127) 

where a, b, c are the principal moments of inertia. As we hâve 
proved that c is the greatest and a is the least of the moments 
of inertia for axes passing through the origin, H must be in- 
termediate to c and a ; so that necessarily one of the coeffi- 
cients in (127) is négative; and not more than two can be 
négative. 

Let H be greater than B; then n — a and ii — b are positive, 
and H — c is négative ; in which case the axis of is the internai 
principal axis, and the axes of x and y are the external principal 
axes. See Art. 14. And ail plane sections parallel to the plane 
of ip^y) are ellipses. 

Let H = B ; then 

(b — a)'^ ^ = ± (c— b)‘1^:; (128) 

which are the équations to two ^Janes ; these are indeed the 
cyclic planes of the momental ellipsoid. ïhus ail the rotation- 
axes at any point for which the moments of inertia are equal to 
the mean moment of inertia lie in two planes intersecting along 
the axis of mean moment, and equally inclincd to the plane of 
mean and least moments. 

Let H be less than b ; then H — B and ii — c are négative, and 
II— A is positive, so that the axis of x is the internai principal 
axis of the cône, and the axes of y and z are the external prin- 

Q % 
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cipal axes ; and ail plane sections of the cône perpendieular to 
tlie axis of x are ellipses. 

Thus, according to tKe configuration which we hâve chosen, 
ail axes lying within the planes (128) towards the axis of ^ are 
rotation-axes of greater moment than the mean ; ail those lying 
in the planes (128) are rotation-axes of moment equal to the 
mean ; and ail those lying without the planes towards the axis 
of X are rotation-axes of moment less than the mean. See Fig. 2, 
in which the cyclic planes are delineated ; ail axes within the 
angles uoii' and vo v' are of the first kind, and ail those within 
the angles uov and tj'ov' are of the last kind. 

Also the cyclic planes of the eqnimomental cône (127) are the 
cyclic planes of the momental ellipsoid ; for, hy reason of (98), 
Art. 16, the équations to the cyclic planes of (127) are 

{H — B — (h — A)}^a? = ± {h — C — (h~b)}^;2?; 

(b—a)'^^? = + (c— b)^^;; 

which are the same équations as (128). 

If two principal moments are equal, so that the momental 
ellipsoid beeomes a spheroid, the equimomental cônes become 
cônes of révolution. 

If the three principal moments are equal, the equimomental 
cône dégénérâtes into a rotation-axis, the position of which is 
indeterminate, and consequently ail axes are principal. 

191.] I propose now to express the moments of inertia and 
the momental ellipsoid relatively to any point of a body, in terms 
of the moments of inertia and the momental ellipsoid relatively 
to the mass-cenfcre. We shall hereby be led to general theorems 
which will clear up many obscurities as to the distribution of 
principal axes in space, and will indicate remarkable symmetry 
as to their arrangement. 

The following theorem must be démon strated in the first place. 

The moment of inertia of a body, or of a System of particles, 
about any axis is equal to the sum of the moment of inertia 
about a parallel axis passing through the mass-centre, and of the 
product of the mass and the square of the distance between the 
axes. 

Let H be the moment of inertia about the given rotation-axis, 
and h' the moment of inertia about a parallel axis passing 
through the mass-centre; let /i- be the perpendieular distance 
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between these two axes. Let r and r be tbe distances of m 
from the axes of H and h' respeetivelj, and let cj) be the angle at 
whieb / is inclined to A ; so that 

f 2 == /2 _ 2 //^ cos ^ + 

— 2A2.^fô/cos + ; 

but /cos<^ is tbe perpendicular distance from m on tbe plane 
wbicb passes tbrongh tbe mass-centre and is perpendicular to h ; 
so tbat :^.m/cos(p = 0. Let tbe mass of tbe bodj or System of 
particles = m ; tben, since = h, = h', tbis becomes 

h = h' + m^2; (129) 

wbicb is tbe matbematical expression of tbe tbeorem. 

Hence, if tbe moment of inertia about an axis at a given dis- 
tance from tbe mass-centre is known, tbat about a parallel axis 
tbrougb tbe mass-centre is also known ; and also tbe moments 
of inertia about ail parallel axes are known. 

Hence, if A is tbe radius of gyration relatively to tbe rotation- 
axis, and A' is tbe radius of gyration relatively to tbe parallel axis 
tbrougb tbe mass-centre, 

(130) 

Hence also it folio ws, tbat if a line is drawn tbrougb tbe mass- 
centre of a body or System, tbe moments of inertia are equal for 
ail parallel rotation-axes at equal distances from tbis line ; or, in 
otber Word s, ail axes lying on tbe surface of a rigbt circular 
cylinder wbose axis passes tbrougb tbe mass-centre of a body or 
System are rotation-axes of equal moment. 

Hence too of ail parallel rotation-axes, tbat for wbicb tbe mo- 
ment of inertia is tbe least passes tbrougb tbe mass-centre of 
tbe body. 

And of ail rotation-axes, tbat for wbicb tbe moment of inertia 
is absolutely tbe least is tbe axis i)assing tbrougb tbe mass- 
centre for wbicb tbe moment of inertia is tbe least. Tbis is the 
minimum minimorum axis. 

192.] As we sball oftcn bave occasion to refer to the momental 
ellipsoid at the mass-centre, it is convcnient to give it a dis- 
tinctive name ; I sball call it tbe Central Ellipsoid ; and tbe 
principal axes and tbe principal planes wbicb refer to tbe mass- 
centre will be callcd the central principal axes and tbe central 
principal planes: and the princij)al moments of inertia at the 
mass-centre will be called tbe principal central moments. 
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Let tlie mass- centre be tbe origin ; and let the équation to 
the central ellipsoid be 

+ + = jüt; 

IX being an arbitrary constant wbich we may hereafter de termine ; 
and A, B, c being the principal central moments of inertia, ar- 
ranged in order of magnitude as heretofore ; viz. a < b < c. Let 
also a', b"', c' refer to the central ellipsoid and hâve the same signi- 
fication as heretofore ; viz. 

a' z=i'2,.mx‘^y = = 

also let M be the mass of the body or System of particles. 

Let (fj ?], C) be the point at which the principal moments and 
the position of the principal axes are to be determined ; and let 
(æ?', y\ /) be the place of m relatively to it as an origin, the coor- 
dinate axes originating at it being parallel to the central prin- 
cipal axes ; so that 

x'=æ-i sf=z-C (131) 

Now the équation to the momental ellipsoid whose centre is at 
(f, T}, f) is that given in (114), Art. 181, and in this case is 
2 . m (y ^ -f / 2) + 2 . m + + (x^ +y 

— %'î,,my^z'yz^%'S,.mz!x'zx—^'X.mx'y'xy^[x = 0 . (132) 
Let us express the coefficients of this équation in terms of rj, ( 
and the central principal moments. Then, by (131), 

2.^72 (/ 2 4 . 2 ,m{{y-r]f+(z-Cf} 

= (y 2 -{-z^) — 2rj :s,jny—2 m z-h(r]^ + C'^) 'Z.m 

= A + M(r;2 + ^2j^ 

This is also évident by reason of (129), in the last Article. 


P + + = (133) 


then 

2.m(/2 + /2j _ A-hMp^ — Mp ; \ ' 


similarly 

2 .^ 2 (/^+ 5 ?'^) = B-{-Mp^ — M?] 2 , [ 

+ = C-FMp^ — ] 

(134) 

Also 2. 

.my'if = -z.m (y~r]} {z-C} 

= :$.myz — rj-^,?n.z — (:Z.my-\-rj^:S,?ji; 
.*. 2.my/ = M77 ' 


similarly 

2.»^-^^V = ■ 

'Z.mx'y' = M.^rj, . 

(135) 


Thus the équation to the momental ellipsoid, whose centre is at 
(f, Vi 0’ which is the origin of x,y, z in this équation, is 
(a + Mp^ •— M P) -h (b -h M p2 ~ Mt;^) ^2 4 4. p2 ^2^ ^2 

— 2iMr}Cy^'-2MCi2!x—2M^7]xy—p, = 0. (136) 
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The équations for determining* the position of the principal 
axes of this ellipsoid are given in Art. 6 ; and for that principal 
axis which corresponds to ^2» ^3 hâve 

+ — + (b + Mp^ — ~ Mt] 

cti ac^ 

^ M f - M7^ Ça^ + (c + Mp^^ -- M ^ 

^3 

= (a + Mp2 — M + (b + Mp2 ~ Urj^) + (c + M p2 — M a.^ 

— 2M.rjC<^2^o — 2M: Ci^z — 2 M f ?7 aj^a^ 

= H,, “ (138) 

by reason of (108), if i-r^ is the moment of inertia o.f the body 
about the axis a^) at the given point. We hâve also 

analogous équations in terms of b^, ^3 , h^,, and <?2J ^3? 

and from these équations the direction-cosines of the principal 
axes may be determined as in Arts. 6-9. Let be 

the direction-cosines of a principal axis, and let h be the type of 
Hj,, so that from (137) we hâve 


+ Mp 


h 


= C + Mp2 




H ; (139) 


+ t,C)= = (b+ V-h)^, ^ fe W-H)^3 . 

^ V C 

_ fii+^2'n + hC . n/n\ 

~ e ^ v'^ ^ e ’ ^ ^ 

A + Up^ — K B + Mp2 — H C + Mp^ — H 

whenee we hâve 

p2 - 2 (-2 1 

^ ^ — + L = i ; (142) 

A + Mp^ — I-I B + Mp^ — H C + Mp^ — H M ' ^ 


. . x-rtitj } 

è V C 

A + Mp^ — Il B+Mp^ — H C + Mp^ — H 

Now (142) is a cnbic équation in h, of which the three roots are 
real, as has been demonstrated in Art. 8. These are the three 
principal moments at the point (£, î?, C) 5 and are respectively less 
than A + Mp^ greater than A + Mp^ and less than B + Mp^, greater 
than B + Mp^ and less than c + Mp^. 

And (143) déterminé the positions of the principal axes which 
correspond to the several values of h. 
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As ail the qiiantities are giveû in these équations in terms of 
tlie principal central moments, the mass of the material System, 
and the coordinates of the given point, we shall henceforth con- 
sider the principal moments at any point to he known quantities. 

Similarly we shall consider the position of the principal axes 
at any point to he known. 

If Hg are the three roots of (142), 

We might also demonstrate, as in Art. 10, that the System of 
principal axes is a rectangular System. 

193.] These équations (142) and (143) admit of the following 
interprétation. The équation 

+ ^ (144) 

represents three quadrie surfaces ; which are an ellipsoid, an 
hyperholoid of one sheet, and an hyperholoid of two sheets ; he- 
cause,' according to the several values of i-r, the coefficients of 
(1) ail positive ; (2) that of is négative and the 
other two are positive ; (3) those of and are négative, and 
that of is positive ; and according to our assumption of the 
order of magnitude of a, b, c, in the ellipsoid the a?-, y-, and 
^-axes are respeetively the least, the mean, and the greatest. 

And since, as we pass from one point of a body or System of 
particles to another, p^ and h vary, so in the denominators of the 
left-hand member Mp ^— h varies according as the point changes 
at which the principal moments are to be determined ; and thus 
the quadrie surfaces represented by (144) are confocal with the 
ellipsoid whose équation is 


x 


A B C M 


(145) 


Also (142) shews that the point (^, Q is ^it the point of in- 
tersection of these three confocal surfaces. And since the direc- 
tion-cosines of the normal of either of these surfaces at the 
common point are proportional to 

i V c 


A -j- Mp^ 


V 

B + Mp^ — h’ 


C+ Mp^— H 


(146) 


(143) shew that the principal axes of the body at the point 
{iiVi 0 lie along the normals to the three confocal surfaces which 
intersect orthogonally at it. Or if we take one surface only, the 
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three principal axes are” respectively normal to it, and toueli the 
lines of eurvature of the surface at tlie point. 

Let J, c be the principal central radii of gyration, so that 


A = 

then (145) becomes 


B = 


MC- 


,2 . 


xr _ 

3 + T2 + T2 ^ ? 


(147) 

(148) 


which ellipsoid is called the central ellipsoid of gyration, as its 
principal axes are the radii of gyration of the body relative 
severally to them. 

Hence we hâve the following construction for the position of 
the principal axes at any point in space. Through the given 
point let three quadi’ic surfaces be drawn which are confocal with 
the central ellipsoid of gyration, then the normals to these sur- 
faces at their common point are the principal axes at the point ; 
and the principal moments at the point are the three roots of the 
cubic équation (142). 

194.] Again, let us multiply the numerators and denominators 
of the three last terms of (140) severally by 

and let us add the numerators and the denominators respectively ; 
as the sum of the numerators vanishes, so must also the sum of 
the denominators ; and therefore 


(b~c)^?Î2/Î3+(C-a)7]?Î3ÎÎi + (a-B)C 2 Îi?Î 2 = 0. (149) 

Now as fu 2 , are the direction-cosines of one of the principal 
axes at the point (£, r], C) referred to central principal axes, we 
may replace them by æ, z ; whence we bave 

(B — c)i^Z + {c--A)riZX-\-{A — Ji)Co3^ = 0 ; (150) 

which is the équation to a cône of the second degree ; on the 
surface of which therefore lie the three principal axes at the 
point (£ T], C)i this being the vcrtex of the cône. Since (150) is 
satisfied when z are proportional to ^3 rj, ( it folio ws that the 
line drawn from (^, r], f) to the mass-eentrc lies on the cône. It 
is évident also that the three axes of x, y, z lie in the surface of 
the cône. Hence we hâve the following' geometrical theorem : 

The three principal axes at any point of a body, the three 
lines drawn through that point parallel to the central principal 
axes, and the line drawn from the point to the mass-centre ail lie 
in the surface of a cône of the second degree. 
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195.] Now the three surfaces of the second degree, which 
équation (144) represents, and wMcli are confocal with the cen- 
tral ellipsoid of gyration, intersect orthogonally at not only 
(£ Vi C)j but at seven other points which are situated symmetri- 
cally in the other octants, and which correspond to the several 
combinations of the double signs of 17 , and C The équation 
(143) is the same whatever are the signs of -^5 rj^ and C ; so that 
the principal moments are the same at each of the eight points, 
which are the angles of a rectangular parallelepipedon whose 
centre is at the mass-centre, and whose sides are parallel to 
the central principal axes : and as the équations for determining 
the position of the principal axes (143) are the same when the 
signs of rj, C are ail changed, so the principal axes at (^, () 

are parallel to those at ( — ^, — 77 , — ^) ; and similarly the prin- 
cipal axes at the other six points of symmetry are arranged in 
pairs corresponding to the ends of a diameter. 

Thus the body or System of particles is symmetrically arranged 
as to principal axes, principal moments, and ail moments of in- 
ertia, relative to the mass-centre, the central axes, and the cen- 
tral principal planes. And as space is divided by the principal 
central planes into eight portions, so to a point in any octant a 
point of symmetry corresponds in each of the other seven octants, 
at which the principal moments are equal, and the momental 
ellipsoid is similarly situated with respect to the centre and the 
principal central axes. Therefore whatever is the form of the 
moving System, be it a continuons body or a System of discon- 
nected particles, however varions the distribution of its parts, 
however unsymmetrical its bounding surface, yet it has a mass- 
centre, central axes, and a central momental ellipsoid; and the 
arrangement of ail other moments and axes is symmetrical rela- 
tively to that point. In discussing therefore the rotation of an 
irregular mass about an axis passing through a fixed point, we 
may dismiss from our minds ail the irregularities of the mass, 
and consider in its stead either the régulai* and symmetrical 
central ellipsoid, or, the central ellipsoid of gyration ; for the 
properties of either of these surfaces will express ail the possible 
circum stances of motion of the System. 

Hençe if two material Systems bave the same mass, the same 
mass-centre, the same principal axes, and the same i)rincipal 
moments of inertia, moments of inertia of the two Systems are 
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equal abont ail axes and tbe Systems are dynamically équivalent, 
for tbese are the only quantities connected witb tbe moving 
matter whicb enter into the équations of motion so far as ex- 
pressed momenta are concerned. Two sueh material Systems are 
sometimes said to be equimomental. 

196. ] The theorem proved in Art. 29 also suggests another 
construction whereby the position of the principal axes at a given 
point may be determined. 

From the point as a vertex let a cône be described enveloping 
the central ellipsoid of gyration (148) ; then, as we hâve shewn 
in Art. 29, the principal axes of the cône at its vertex are the 
normals to the three surfaces of the second degree which inter- 
sect at it and are confocal with the enveloped ellipsoid ; and as 
the principal axes lie along these three normals, so they also 
eoincide with the principal axes of the cône at the point. 

This construction of the principal axes at a given point is quite 
as expressive and as fertile in results as that explained in 
Art. 192. It also exhibits equally well the symmetry of every 
material System with reference to its mass-centre and the eight 
octants which meet thereat, which bas been pointed ont in the 
preceding Article. We shall hereafter employ one or the other 
construction as best suits the occasion. 

197. ] The cône which is reciprocal to this enveloping cône is 
an equimomental cône : this might be demonstrated directly from 
the équation to the enveloping cône which is given in (169), 
Art. 29 ; for if we determined the équation to its reciprocal cône, 
it would be identical with (126), Art. 190. The following ])voo{ 
however is more concise. Through the given point let a tangent 
plane be drawn to the ellipsoid of gyration ; this plane being 
evidently a tangent jdane to the enveloping cône. Tp it lot per- 
pendiculars be drawn from the centre of the ellipsoid and from 
the given point: let the distance between these perpendiculars 
be ç', say ; then, since by Art. 185 the moment of inertia of the 
body about the former line = M^>»^, therefore the moment of 
inertia about the latter line, by reason of Art. 191, is 

+ = Mp^, (151) 

if P is the distance of the given point from the mass-centre : 
but this latter line is a generating line of the reciprocal cône, 
and p^ is the same for ail generating lines of the cône j and 
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therefore tlie moment of inertia is the same for ail generating 
Unes of the reciprocal cône; and consequently tlie reeiprocal 
cône is eqnimomental. 

198.] This is a particular case of a general process by which a 
sériés of equimomental cônes may be described. Let 

^ 

be tbe équation to a quadric surface confoeal with tbe central 
ellipsoid of gyration. Let a tangent plane be drawn to it from 
tbe given point, and let tbe perpendicular to tbe tangent plane 
mate angles 13, y witb the central principal axes. Now if 
H is tbe moment of inertia about a perpendicular to tbe tangent 
plane at tbe given point, if j? = tbe lengtb of tbe perpendicular 
from tbe centre, and q is tbe lengtb of tbe perpendicular distance 
from tbe given point on p, tben by (129), 

H = A (eos a)^ + B (cos j3)^ + c (cos y)^ + M 

= M { (cos a)^ + (cos 0f + (cos y)^ } + M ; 

= (æ^ ^ 0 ^ ^eos a)^ + + 6) (cos |3)^ + + 6){ cos y)^, 

= (cos a)^ + ¥ (eos /3)^ + (cos y)^ + ^ : 

/. H = m(^ 2 +ÿ2) — 

= Mp2--.M0, (153) 

if P is tbe distance of tbe given point from tbe mass-centre : and 
as tbis quantity is independent of tbe position of tbe tangent 
plane, and dépends only on tbe position of tbe given point, it is 
tbe same for ail generating lines of tbe reciprocal cône, and tbe 
reeiprocal cône is consequently an equimomental cône. 

And as tbe number of quadric surfaces confoeal witb tbe ellip- 
soid of gyration is unlimited, and as from a given point an enve- 
loj)ing cône may be drawn to eacb, so may reciprocal cônes be 
drawn wbieb will be equimomental cônes. Ail tbe cônes of tbis 
System will be coaxial, confoeal, and concyclic. 

If tbe tbree confoeal quadrics pass tbrougb tbe given point, 
tbe enveloping cônes becomes planes, wbieb are tbe tangent 
planes to tbe quadrics ; and tbe tbree principal axes beeome tbe 
normals to tbe surfaces ; tbe same resuit as we bave before 
arrived at. Tbus tbe two constructions, (1) by tbe normals of tbe 
tbree confoeal conics and (2) by tbe axes of enveloping cônes, 
beeome identical. Tbis resuit also follows from Art. 27. 

As tbe focal conics, see Art. 26, are particular and degenerate 
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forms of quadrics which are confocal witli the central ellipsoid of 
gyration, they may be taken as direetors of the cônes whose 
geometrical axes are the principal axes of the System at the vertex 
of the cône. Their équations are 


cc=0, 


y = 0 , 

^ = 0 , 




+ 


6 **' — 


T. = 1 ; \ 


- + 






= 1 : 




r 




= 1 


as found by replacing ô in (152) successively by : 

these express an ellipse in the plane of (^, ^), a hyperbola in the 
plane of (z, sc), and an impossible curve in the plane of (x, y). 

199.] The three quadrics, confocal with the central ellipsoid of 
gyration, which pass through a given point not only by their 
normals détermine the position of the three principal axes at the 
point, but also by their parameters give the values of the princii')al 
moments and the principal radii of gyration. 

Let (152) be the équation to the confocal quadric passing 
through (^, 7] J ^), so that we hâve 


and let 6-j^, 0^ be the three values of 0, which are the roots of 

this équation ; of which let be the greatest, 6^ the mean, 
and ôo the least ; so that are respect! vely the para- 

meters of the ellipsoid, of the hyperboloid of one shect, and of the 
hyperboloid of two sheets ; then we hâve the following arrange- 
ment of quantifies in ascending order of magnitude, 

03 , e^, 0,, +CO ; 

being the samc order as that shewn in Art. 27. 

Now on comparing the above équation with (142), Art. 192, 
since they are identical, we hâve 


11= M(/r-0); 

and since therc are thx'ee values of 0 , viz. 0 ^, 0 ^, 0 . 5 , thero are 
three corresponding values of ir, viz. jT/,, which lie a 1 ong 
the normals to the ellipsoid, the hyj)erboloid of onc sheet, and the 
hyperboloid of two sheets respectively ; so that 

H„ = m(p“ - 0 ^), !!(, = M - fi»,), H, = M (p2 - 0 ^). 
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The moment of inertia is therefore the least for the normal to 
the ellipsoid, mean for the normal to the hyperboloid of one sheet, 
and the greatest for the normal to the hyperboloid of two sheets. 

This resuit is the same as that expressed in (153)^ and found by 
a diflPerent proeess. 

200.] Let us now consider the forms which these constructions 
and expressions take in certain spécial circumstances ; and we 
will fîrst take the case where the point at which the position of 
the central principal axes is to be determined is in one of the 
central principal planes, say in that of (^5 y) : then f = 0 . Now 
the section of the central ellipsoid of gyi’ation by the plane of 
(^, y) is the ellipse whose équation is 

/ m 2 ^.2 

? + i = (1“) 

and we hâve hereby the following construction of the principal 
axes. Through the point (£, rj) describe the two conics, viz. the 
ellipse and the hyperbola, which are confocal with (155) : draw 
the tangents to the two conics at their point of intersection ; 
these are two of the principal axes at the point, and the other 
is of course perpendicular to them, and normal to the plane of 
(â?, y') which contains them. Hence if 0 is the origin, which is 
the mass-centre of the System, and P is the point in the plane 
of [oa, y) at which the principal axes are to be determined, and s 
and H are the foei of the ellipse (155) which are on the y-axis, 
since h is greater than and distances + — from o ; then 

if SP and HP be drawn, and pt and pu are the external and in- 
ternai bisectors of the angle sph, these lines are respectively the 
tangents to the two confocal conics which intersect at P, and are 
the principal axes at P which lie in the plane of the conics. 

If H^, Hj, are the three principal moments at P, of which 
is parallel to the ;^-axis, c + and h^, h^, are the roots of 
the quadratic équation 

which is the value of (142) when C = 0. 

These however may thus be found. 

Let the équation to the conics passing through (f, 77 ) and 
confocal with (155) be 

4 - ^ ^ 

and let and be the moments about the tangents to these 
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conics at the point (£, rj) ; then by a process exaetly similar to 
tbat of Art. 198, for the ellipse we hâve 

= B (sin a)^ + A (cos a)^ + M { -f 6) (cos a)^ 4- (^^ + 0) (sin af } 


, /SP + PHn*^ 


= A+ - (sp + ph)2 ; ^ (158) 

since sp + ph = 2(^2^^)^* 

Similarly for the hyperhola, 

= A + ^ (sp— ph)2. (159) 

Which values satisfy the équation (156). 

Equation (158) shews that the moments of inertia are the 
same for ail tangents to the ellipse (157) and are also the same 
for ail tangents to the hyperhola, as shewn by (159). Similar 
results are of course true for points in each of the other central 
principal planes. 

If the point is in a central principal axis, say that of at a 
distance ^ from the centre ; then f = 0, and from (142) we 
hâve - H = A \ 

= I ( 160 ) 

H,= C + M^2. ) 

and similar results are true for points on the other axes. 

At the points s and h on the axis of rj at distances ±(^^~«^)‘^ 
from the mass-centre 

Ha = a + m(^2— ^2) 

= B, 

Hb = B, y (161) 

Hc = C + M(i2 — Æ^) 

= C-f B — a; 

so that Ha = Hb, and the moments of inertia about ail axes in the 
plane of (x, y) are equal and the mo mental ellipsoids at these two 
points become spheroids, 

Similar results occur at two points on the ^-axis at distances 
+ (c^-~Æ^)^' from the centre of gravity, 

Ha = C, Hj = B + C-A, H^ = C, (162) 

and the momental ellipsoids again become spheroids. 
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This subject will receive considérable illustration from our 
subséquent enquiry into tbe eharacter of principal axes. 

201.] Let us in tbe next place investigate tbe positions of 
tbose points at wbicb (1) two of tbe tbree principal moments, 
(2) ail tbree principal moments, are equal. 

If (£> C) îs a point at wbicb two principal moments of inertia 
are equal, two of tbe tbree values of h in (142) are equal to one 
anotber ; and. consequently (142) and its H-differential are simul- 
taneously true. Now tbe H-differential maj be put into tbe 
form 

^2 ^2 ^2 

(A + Mp^ — h)^ (B + Mp^ — h) 2 (c + Mp2 — h)^ (103) 

or P (b + Mp^ — h)2 (c + Mp2 — Rf + (c + Mp2 — h)2 (a + Mp^ — h)^ 
+ C^(A + Mp^ — H)2(B + Mp2 — h) 2 = 0. (164) 
AU tbe roots of tbis équation as it stands are imaginary ; and 
as tbe reality of tbe roots of (142) bas been demonstrated, (164) 
must be satisfied identically : tbis may be done as follows : 

(1) Let £ = 0, and h = A + Mp^; in wbicb case (142) becomes 

^ ^ 1 . 

B~A C— A M ’ 



and since a = b = c = mc^, tbis becomes 

^2 


V 


- J f — 1 . 


^ 2_^2 ‘ 


(166) 


and, according to our assumption, c > b > a ; tbus (166) repre- 
sents an eUipse in tbe plane of (rj, C), and is in tbat plane tbe 
focal conic of tbe ellipsoid of gyration. Eacb of two of tbe prin- 
cipal moments of inertia = a + m p^ ; and tbe tbird = b + c — a, 
by reason of équation (142). 

(2) Let 7] = 0, and H = b 4-Mp^ ; in wbicb case (142) becomes 

P 

1 ; (167) 


wbicb represents an byperbola in tbe plane of (C, £), wbose real 
and imaginary axes lie respectively along tbe axes of f and 
and is anotber focal conic of tbe ellipsoid of gyration. Two of 
tbe principal moments of inertia = B + Mp^ ; and tbe tbird prin- 
cipal moment = c + a — b. 


(3) Let C = 0; and H = c + Mp^ ; tben (142) becomes 


( 168 ) 
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whieh is the other focal conic of the ellipsoid of gyration, and is 
imaginary. 

At ail points therefore of tlie real focal conies of the ellipsoid 
of gyration, two roots of (142) are equal; and two principal 
moments are eqnal : the tangent line to the focal conic is the 
axis of the unequal principal moment, and the normal plane to 
the focal conic is the plane which contains the axes of equal 
moments. Ail axes therefore in this plane which pass through 
the point of contact are axes of equal moment : so that the num- 
her of axes of equal moment is infinité. Indeed the other two 
quadric surfaces, which with the focal conic are confocal with 
the ellipsoid of gyration, become fiat, and infinitesimally thin ; 
so that any plane which passes through the tangent of the 
focal conic is a tangent plane to one of these surfaces, and 
the perpendiculars to these planes at the point of contact are 
principal axes. 

This resuit is also évident from the construction of principal 
axes which is given by the enveloping cône of the ellipsoid of 
gyration : the enveloping quadric is a cône of révolution if its 
vertex is on a focal conic ; the tangent of the conic is the internai 
axis of the cône ; and any two lines in the plane through the 
vertex of the cône, which is perpendicular to the internai axis, 
are external axes. In this construction however it is to be ob- 
served that the enveloping cônes may be imaginary. 

Hence we hâve two distinct conies, one in the plane of (rj, C) 
and the other in the plane of (C, f), which are respeetively an 
ellipse and hyperbola, at every point of which the position of only 
one principal axis of the body is determinate ; but as the mo- 
ments corresponding to the other two principal axes arc equal, 
the position of these axes is indeterminate. 

At every point on a focal conic, the momental ellipsoid be- 
cornes a spheroid, whose axis of révolution is the tangent to the 
focal conic. 

202.] If (^, rj, Q is a point at which ail the principal moments 
are equal, the three roots of (142) are equal ; and (136) repre- 
sents a sphere ; so that 

vC=a=iv = 0; (169) 

A+m{r,^+c-) = n+M{c^+e) = c+M (e + (i7o) 

From (169) it follows that of the three quantities rj, ( two 
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ninst be equal to zéro; and as c is >b>a, tbe only possible 


supposition is 
tberefore 


^=^ = 0 ; 

a + mC^ = B + = C ; 

A = B ; 




( 171 ) 

( 173 ) 


therefore two of tbe central principal moments, viz. the mean 
and tbe least, must be eqnal to eaeh other ; and thus the cen- 
tral ellipsoid must be a prolate spheroid ; in which case, on the 
axis of greatest central moment there are two points, viz. the foci 
of the spheroid of gyration, equally distant from the mass- 
centre at which ail the principal moments are equal, and there- 
fore ail axes are principal axes. At each of these points the 
momentaî ellipsoid becomes a sphere. 

If c = A, that is, if ail the central principal moments are 

equal, from (172), f = 0 ; and at no other point in the body, ex- 

cept the mass-centre, are ail the principal moments equal. 

These results might hâve been arrived at from considérations 
founded on the properties of the focal eonics : the three principal 
moments can be equal only when the focal conics of the ellipsoid 
of gyration hâve a common point; and as (166) and (167) can 
havé a common point only on the central axis of f, f = ?; = 0 ; 

m. which case > 1/2 2 \-i- • f 9 /i 

C= ± = ±{e^ — hy ; (173) 

^ = 3, or A = B. (174) 

203.] I propose in the next place to inquire into the locns- 
surfacè of these points (^, rj, Q which one of the principal 
moments has a given value. Let i be the radius of gyration 
corresponding to this given value of the principal moment of 
inertia; so that if h is the principal moment, H = mP: also 
let a, b, c be the principal central radii of gyration ; then (142) 
becomes .^2 .,2 ^2 




1 + : 


r 


-F 


= 1 ; 


(175) 


where 




and if we replace 1 in the right-hand member by ■ 
we hâve 

Hie surfaces whict these équations represent hâve been namecl 
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by Sir William Thomson Equimomental Surfaces. As generally 
at every point h bas three different values, so will three equimo- 
mental surfaces pass througb every point. 

By giving different values to h we hâve different equimomental 
surfaces. According to our hypothesis a is the least radius of 
gyration for ail axes passing through the mass-centre ; it is 
therefore absolutely the least of ail radii of gyration, but they 
hâve no superior limit ; so that h may hâve ail values from a to 
+ 00 . Now (176) will express surfaces different in form ac- 
cording as h is greater than c ; lies hetween c and h ; is equal to 
ô ; and lies hetween i and a. If k is greater than the equi- 
momental surface is the same as the wave surface in biaxial 
crystals *. 

The équation to the equimomental surface given in (175) is, as 
it will be observed, the same as that of an apsidal of a quadric 
which has been foiind in Art. 19, in (124) of that 

Article, having been replaced by k^—d^ k^ — Iy^, 

204.] The principal axis at a given point {x^ y, z) of the equi- 
momental surface lies in fihe tangent plane at that point ; and 
passes through the point where a perpendicular from the origin 
on the tangent plane meets it. 

Let us replace a, b, c, h in (143), severally by 
M Tê ; then the direction-cosines of a principal axis at the point 
(^, y, z) are respectively proportional to 

X y Z 


Now let Z, n be the direction-cosines of the line drawn through 
(^, y, Z) to the point of intersection of the tangent plane of 
(175) with the perpendicular on it from the centre. Then, if 
p(i», y, 2 :) = 0 is the équation to the surface, the direction-cosines 
of this line are easily shewn to be proportional to 



A full discussion of this surface will hc found in a Thèse de 
Mécanique, by M. Peslin. Mallet-Bachelier, Paris, iii 58 . 
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(^ + «2-12)2 + (y2 + 32 _ (f + — k ‘^ f 
tten. from (175), 


= s; (178) 


/^F\ 

““ r2_j.^2_^2 

2y 
■ 


2a? 


(17) ~ r^ + l^-k^ 


(—) = 


2z 





(179) 


so that n are proportional to 

X y ^ 

whicK are tlie same as (177): andtlius the theorem as cnnnciatcMl 
is proved. 

205.] The investigations of the preceding Articles, and i.h(^ 
methods given for the construction of principal axes, show tliai» 
an axis taken arbitrarily in a body may not bo a prin(û])al axis 
at any point on it ; because those axes alone ai’e principal which 
are normal to a quadric which is confocal with the central ellip- 
soid of gyration. 

If an axis of a body is a principal axis, the point at which it 
is principal is called its principal point; let ns eall tlio platu^ 
which is perpendicular to it at its principal point, and which 
contains the other two principal axes, its principal piano ; so that 
a principal plane of an axis is a plane tangent to a quadric, eon- 
focal with the central ellipsoid of gyration, at the whore 

that axis cuts that surface. 

In considering therefore the axes of a body, wo may dis- 
tinguish (1) those which are principal at every point along i.hein ; 
(2) those which are principal at one point; (3) those whi(^h an» 
not principal at ail. Let us consider them in order. 

The three principal central axes eut at right angles ail i-he 
quadrics which are confocal with the central ellipsoid of gyration ; 
and as the number of such surfaces is infinité, so every |)oi ni» on 
a central principal axis is principal ; and as the otlicr two con- 
focal surfaces at these points degenerate into the coordinalfC^ 
planes, the other two principal axes are always parulhd i )0 
central principal axes. 

The three central principal axes are the only lincs which bave 
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the property of being principal at every point on tbem : in tbis 
respect tben, as in others, they form an unique System. 

S orne spécial cases of axes which are* principal at a particular 
point deserve considération. 

The sphere whose centre is at the mass-eentre, and whose 
radius is infinitely greatj is a surface confocal with the central 
ellipsoid of gyration ; and as ail Unes drawn through the mass- 
centre are normal to this sphere at the infînity point, so every 
line drawn through the mass-centre is a principal axis at a point 
which is at an infinité distance along it. 

If three confocal quadrie surfaces pass through a point in 
one of the central principal planes, one of the confocal sur- 
faces becomes fiat, and the normal to this surface is a per- 
pendicular to the central plane ; so that one of the principal 
axes at that point is always normal to the principal central 
plane ; and thus ail axes parallel to a central principal axis are 
principal at the points where they intersect a central principal 
plane : the other two principal axes are the tangent and the 
normal respectively to a conic passing through the point which 
is confocal with the trace of the central ellipsoid of gyration in 
that plane. 


206.] What however are the analytical conditions which are 
to be satisfied when a line is a principal axis at one of its 
points ? also let us find its principal point, and the équation to 
its principal plane. 

Let the mass-centre be the origin, and let the central principal 
axes be the coordinate axes ; let the équations to a certain line 
be ^ ^ _ 

ZzZo ^ ^ (say) ; (181 ) 

m n ’ V ’ V / 


X — Xr, 


and let the équation to a plane perpendicular to it be 

Ix + my ■\-nz —j) = 0. (1 82) 

Now if (181) is a principal axis, and (182) is its j)rincipal plane^ 
(181) is the normal to, and (182) is the tangent plane at the 
same point to, a quadrie which is confocal with the central 
ellipsoid of gyration. 

Let the équation to this confocal surface be 
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as (181) is to be normal to this surface \ve hâve 

^ _ y ^ 

«( 6-2 + 0 )’ 

g2_c2 g2_a2 «2-52 

... — , — x+ + £^ = 0 . 


■m 


(184) 

(185) 


Also, sinee from (181), 

x = se^ + ls, y 

we hâve 

& — c 2 c 2 

-«0 + 


zy^Jrms, Z 

«2 « 2-^2 
-^ 0 + ^0 


-0 + 


0 , 


or 


(186) 

(187) 


l ^ ' m 

mn {p — c^)ccQ~{'nl (c^ — i^) ® 5 

wliicli is a relation between tbe éléments of tlie line (181) and 
the central principal radii of gyration, whicK must bo satisfied, 
wben (181) is a principal axis at one of its points. 

Now (185) or (186) is the équation to the plane whieh con~ 
tains any point in the ellipsoid of gyration and the ])erp(‘ndicula.r 
from the centre on the plane which touches the ellipsoid at tliat 
point ; and the same is equally true, if we read for the ellipsoid 
of gyration any quadric confocal with that ellipsoid : lience tlic 
first condition is, that the line which is to be a princi])al axis 
must be in this plane, Hence we hâve the following construc- 
tion ; if a line is drawn through the inass-ecntre parallcd to the 
given line, and planes are drawn perpendicular to this line and 
touching quadrics confocal with the ellipsoid of gyrai.ion, theii 
ail lines parallel to the given line and passing through tlio 
several points of contact are principal axes ; and ail thèse liiU‘S 
are in the same plane, viz. (185) ; so that of a System of parallel 
straight lines, only those can be principal axes which are in this 
plane. 

This construction also foUows from the investigation of Art. 28: 
the équation (165) of which is identical with (185) or (186) ; so 
that if O is the centre of the ellipsoid, and ok (/, w,, u) is the p(U'- 
pendicular to the plane which touches the ellipsoid at p, okp is 
the plane in which ail lines parallel to OK are principal ax(‘s. 

Hence if a circular cylinder is described a])out ok as ii.B axis 
of révolution, ail its generators are equimomental axes, l)ut only 
those which lie in the plane okp are principal axes. And hence 
we hâve the following theorem : 

On every circular cylinder whose axis of révolution iiasst^s 
through the mass-centre of a System, there are two, and only 
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two generators which are principal as well as equimomental, and 
these are diametrically opposite and lie in the plane okp. 

207.] Now when the line (181) fulfils the condition of being 
in the plane okp, the point at which it is normal to a confocal 
qnadric is its principal point, and its coordinates may thns be 
found, 

Let z) be the principal point ; and let o K, = y?;, be siich that 

; (188) 
then as p is the perpendicnlar on the parallel plane which touches 
the confocal qnadric (183)^ 

J&2 ^ ^ ^ fjp ^ ^2 ^ ^ 0'^ ^2^ 

= F + ^. (189) 

Then, as (i», y, z) is the point where (181) intersects (183) at 
right angles, 

^ y __ ^ _ 1 

/ (a^ + 0) ^ (5^ + ë) % [ê + 0) P 

_ loG-¥mÿ^nz _ p ^ 


and substituting the values of z given in (181), and elimin- 
ating ^ and 6), we hâve 

p = — ^ ^ ^ ^ J (191) 

lz^--nx^ 

whereby p is given ; and thus 0 and the particular confocal 
qnadric become determined. Also from (190), 


y = 


m{y^+e) m . „ „ 

p ^ =-(i2+/_X.2)_ 


^ = îii±a = !{«■+/-«; ) 

p p 


(192) 


which are the coordinates to the principal point of the line (181) 
when it is a principal axis. 

It is also évident from Art. 28, that the principal points 
corresponding to a sériés of parallel principal axes lie in' a rect- 
angular hyperbola, one of whose asymptotes is the line OK. 

Prom (192) we hâve 

(ù'^ — c^)x?}Z9i-h{c^-—a^)ynl + {a^--l^)zlm = 0 : 
now if we take the point (^,y, z), being the principal point of 
the line (1, w., n), to be an origin, and on the line (^, u) take 
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a point (^, 17, C), then we may replace l, n by rj, ( respectively, 

and the équation beeomes 

+ ^0; (193) 

wliîeli is the équation to a quadric cône, and is the same as that 
already found in (150), Art. 194, hy another process. lience, if 
a line is a principal axis and (æ?, y, z) is its principal point, the 
axis lies on the surface of this cône, and as it also lies on the 
plane (187), which is a tangent plane to this cône, the axis is 
that along which the plane tonches this cône. 

208.] As the rèlation (187) must be satisfied by the éléments 
of a line capable of being^ a principal axis at some one of its 
points, it is évident that a line taken arbitrarily may not he a 
principal axis at any point, 

Let us, however, consider certain spécial cases in which (187) 
is satisfied. 

(1) Let : then (187) is satisfied ; and conse- 

quently aU straight lines passing through the mass-centre are 
principal axes at some point on them : and (192) shew that 
generally this point is at infinity. Also (187) is satisfied if 

l m n ’ 

that is, if (a?o,yoj ^ passing through the mass-centre, 

in which case, from (191), = co, and consequently the principal 

point and the corresponding principal plane are at infinity. 

(2) Next, if (^z?o5^o)^o) is on a central principal axis, say on 

that of 0?, so that = 0 : then (187) is satisfied if either 

^72, = 0, or ^ = 0 ; that is, if the axis is perpendicular to the axis 
of y, or to the axis of z, Hence every point on a central prin- 
cipal axis may be a principal point, and the other princijial axes 
are parallel to the other two central axes. 

(3) Let (^05.^0? ^o) ^ central principal plane: say, let 

jTq =: 0 : then (187) is satisfied if = 0, that is, if the line lies in 
the plane of {x,ÿ), Consequently every point in a central prin- 
cipal plane may he a principal point to a line lying in the plane ; 
in other words, ail lines lying in a central principal plane are 
principal axes at such point. (187) is also satisfied when 
/ = m = 0, that is for the line parallel to the axis of ;2^. Hence 
for every point in a central principal plane one principal axis is 
perpendicular to that plane. 

(4) If â; = J = c, every line in space is a principal axis at some 
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point on it, thé principal point being the intersection of tbe line 
with the perpendicular on it from the mass-centre. 

209.] That every line in a central principal plane is a principal 
axis at some point may be proved by the follovving process. 
Whatever is the position of the line in the plane (say) of a 
conicj confocal with the conic 


L 'L. — 1 

^2 ^ 7.2 — -^5 


can always be drawn to which this line shall be a normal. 

Thus, let the équation to the line be 

lx + m^=p, (194) 

where P + = 1. And let the équation to the conic, confocal 

with the conic of gyration, be 


+ 


r 


a^ + d 


(195) 


where 0 is to be determined so that (194) may be a 
(195) ; whence we hâve 

^ y __ P _ 1 . 

l (cL^ + 6) m (U^ + 0 ) aW + ô 

therefore $ = f—é P 

and therefore from (196) 




normal to 

(196) 

(197) 

(198) 


y (199) 

which déterminé the principal point in the line (194) ; and shew 
that whatever that line is, it is always a principal axis, and has 
conseqnently a principal point. 

If = 0, = y = CO ; that is, if a line in a principal central 

plane passes through the mass-centre, the principal point of 
that line is at an infinité distance ; a theorem which has been 


stated before. If p — 0, and ^ = 0_,^=:^3y = 0,* thus on the 

central axis of x every point is a principal point. A similar 
theorem is true of the axis of y. 

210.] It is unnecessary to say more as to lines in spaee which 
may not be principal axes at ail ; the criterion of such lines is, 
that their équations do not satisfy the condition (187). I will 
however again observe that the fact is évident from this con- 
sidération. Let the given straight line be produced to meet one 
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of the principal central planes, and let tlie polar of tliat point be 
drawn relatively to the focal conie in that plane ; it is évident 
that the trace of a plane perpendieular to the given line need 
not be parallel with that line. If it is parallel, the original line 
has a principal point, and is a principal axis. The condition of 
parallelism is expressed hj (187). 

211.] Althongh a line in space may not be a principal axis at 
ail, yet every plane is a principal plane for some point in it, be- 
canse, whatever is the position of the plane, it is a tangent plane 
to some qnadric whieh is confocal with the central cllipsoid of 
gyration. And the principal axis may be found in the following 
way, Let ns consider the trace of the plane on one of thoso cen- 
tral principal planes in whieh the focal conie is real ; and lot this 
trace be considered a polar relatively to that conic ; let the cor- 
responding pôle be then determined, and froni it let a perpen- 
dicnlar be drawn to the given plane ; that perpendieular is the 
principal axis of the plane, and the point of intersection of it with 
the plane is the principal point of the plane. We may investigaijc 
these resnlts by the process similar to that of Art. 207. 

Let the équation to the plane be 

+ + =^;, (200) 
where P + = 1 ; and let (f, rj, C) be the point whcrc this 

plane touches the surface 

P P P 


of whieh the tangent plane at (^, C) is 

717/ Cz 

and as (200) and (202) are identical, we hâve 
l (a^ + d) __ m(è^ + 6) __ n(P-^d) _ 
i ~ v ~ C 

_ {P + 0) + rp[}p + 0) + 7p{(r + d)} 
_ ^ 

7/1 

V = j{f + b^-ia^P + (>^w.^ + cFr)}, y 
f = - {/ + + chi^)} ; 


(2()îi) 


(203) 

(204) 

(205) 


( 200 ) 
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so that (205) gives the particular elHpsoid wkich is eonfocal witb. 
the ellipsoid of gyration ; and (206) assign thé principal point 
in the plane, and is that point at which the plane touches the 
surface (201). 

Hence it appears that if a plane is given, a eonfocal surface 
can be assigned which shall be touehed hj that plane ; and also 
the point of contact can be determined, and this is the principal 
point of the plane. 

212.] The équations to the principal axis whose principal plane 
is (200) may thus be found. 

Let the trace of (200) be taken on the plane of (ce, y) ; then, if 

it is considered a polar relatively to the focal conic in that 
^*2 ^2 ^2 

plane, the pôle is ; and therefore the équa- 

tions to the axis, which is principal to the plane (200), are 



l m U ’ 


or, as they may be expressed, 

. a^l 

^ y _ P (207) 

l m n 

Hence every plane is a principal plane at some one point 
of it. A central principal plane is a principal plane for every 
point of it, because every axis which is perpendicular to a central 
principal plane is a principal axis with its principal point in the 
central principal plane. 

Also the plane at an infinité distance is a principal plane at 
every point of it ; and ail the corresponding principal axes pass 
through the mass-centre. The three central principal planes 
and the plane at infinity alone hâve this property, that every 
point in thenx is a principal point. In this respect the System is 
unique. 

213.] It will havo been obscrved that the theory of principal 
axes and of principal moments of inertia might be investigated 
on either one or the other of two principlos ; either as a part of 
the geometry of masses, or on a purely dynamical principle in 
respect of centrifugal forces. We hâve chosen the former, as it 
is the main line along which our enquiry has proceeded, and we 
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hâve shewn that in reference to a given 2 )oint the principal ax(‘s, 
as defîned in Article 179, are also those a, bout wliicli a.s rotation- 
axes the moments of inertia hâve critical values, Ixâng scn^u'ally 
a maximum, a mean, and a minimum, witli tlu\ir sjx'cial fonns. 
If we had taken a dynamical standpoint, principal axes would 
hâve heen defîned as those axes about whieh the momenii of the 
centrifugal couple vanishes, or about whieh i.hc eentrifugal forceps 
equilibrate, or eompound into a single resuli.ant of translai.ion 
passing through the origin, and thus produco a motion oi’ i.ranshi- 
tion of the origin or a pressure at it ; in other words, tlu‘ principal 
axes would hâve been the axes relative to whieh, soc Art. 159, 

and consequently, see (63) of that Article, 


A 0)^ — PtOy — 


- E 0)^ + B 0),. — I) O). — l'î CO „ 


- Dco^/ 4- (’to.^ (209) 
< 0 » 


Now as cojg, coy, co^ are proportional to the direci ion-cosiru^s of 
the rotation-axis fulfilling that condition, on eotaparing i.lu^se 
équations with those given in (115), Art. 182, it will } h \ seem 
that they are identical ; and that conscqtiently ibe lin(‘s (‘oincidt\ 
Hence it follows that the principal axes, as already (hdimul, arc*- 
those about whieh the centrifugal forces either e(|uilibrai.e or 
eompound into a single résultant ; for in botli cases we have^ ilu^ 
condition l"x" + m"ï" + n"//'= 0; 

and consequently principal axes might liavo l)ccn dciiiu'd on 
either of these principles. 

214.] If the centrifugal forces eompound into a single iH'stdi» 
ant, the components of that résultant are x", y", z", as givcm in 
(60), Art. 159, and if (ir,ÿ,^) is the mass-centre of the system, wo 
hâve, if m is the mass of the moving paitlelcH, 

Y = + ^W^) Î > > (^19) 

Z = q-^co^) j ; ; 

each of these vanishes, if the mass-centre is the origin. (bnse- 
quently in reference to central principal ax(‘H the cc*nirif*ugul 
forces are in equilihrium. If these do not vanisli, they eompouml 
into a single résultant. 

If A — B = c, that is, if the three principal moments at an y 
point are equal, then l"= m"= u''== 0, and the moment of tlu' 
centrifugal couple vanishes. 
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215. ] The axisj the momentj and the direction of the centri- 
fagal couple may be aptly represented by means of the momental 
eUipsoid and also of the ellipsoid of gyration in the following 
manner. 

From (97), Art. 174, we hâve 

= 0, 1 

All'cù^ + + Cn''w3 = 0 ; 3 ) 

whence it appears that the axis of the centrifugal couple is per- 
pendicular to the rotation-axis, and also to the line whose direc- 
tion-cosines are proportional to Aco^jBcog, Cco^, and consequently 
to the plane which contains these two lines. Now if the rotation- 
axis eoincides with a radius vector of the momental ellipsoid 
whose équation is (117), Art. 182, the line whose direction- 
cosines are proportional to acü^^, 00)3 is the perpendicular to 
the plane which touches the ellipsoid at the point where the 
rotation-axis cuts it ; hence the axis of the eentrifagal couple is 
at right angles to the plane which contains the rotation-axis 
and the perpendicular to the eorresponding' tangent plane, and, 
as by Article 174, this perpendicular is the axis of the effective 
couple, that is of a couple by the action of which the body woiild 
be brought to rest, it follows that the résultant of the eentrifugal 
forces acts in the plane which contains the axis of the résultant 
angular velocity and the axis of the résultant effective couple. 

216. ] Also in référencé to the ellipsoid of gyration whose 
équation is (148), Art. 193,''if m dénotés the mass of the moving 
System of particles 

l!^ = M or' (1P‘ — c^) cos /3 cos y, \ 

= M 60 ^ (c^ — cr) cos y cos a, t 
Mûü-(æ- — /^^)eos a cos jS ; ; 

1 /' cos a + M^'cos + Tsi^'ccs y = O, ) 
l" < 2 ^ cos a + îr cos /3 + cos y = O, 3 

Let 0 bethe centre of the ellipsoid, ok the rotation-axis whose 
direction -angles are a, /3, y, and lot r be the point {x, ?/, z) on the 
ellipsoid where the plane perpendicular to oK touches it; let 
OK, = be the perpendicular on this plane, h l)eing tlic radins of 
gyration of the System about ok. Ilcnce wc bave 


( 2 ] 2 ) 
( 213 ) 


cos a : 


cos y : 


(214) 


Icx 

' ' (r ' 6^ 

and therefore the axis of the eentrifugal couple is perpendicular 


hij 

coa/3 = -^V’ 
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to OK and to OP, and consequently to the plane okp; tliis plane 
therefore is the plane of the eentrifugal couple. 

217. ] Also the moment of the cou])le is proporiional to the 
ai*ea of the triangle okp. Let the area of the triangle hc dc- 
noted hj v, and let v^,, Vy, dénoté the prqieetionH of tliis 
triangle on the planes of (y, respeciiively ; ihen as 
the three angular points of the triangle are the origin, tlu^ point 
{œ, y, z), and the point (^cos a, k cos /3, k cos y) respectivelj, 

2v^ = >^(ycosy— ^cos /B) 

= — 6*^)cos/l cos y; (215) 

with similar values for Vy and : henee w'o liave 

jf'=z 2 mcù^v^, M"=2Ma)-v,/, 2Ma)*'y, ; (210) 

G''=2Ma)^v; 

and consequently the moment of the eentrifugal couple varit‘s us 
the triangle okp. 

Henee the moment of the eentrifugal cou])le vanishes, when- 
ever the area of the triangle okp vanishes ; that is wlu'w 
radius vector and the corresponding perpendicular t‘oincHl(' ; or, in 
other words, when the rotation-axis is a laineipal axis. 

The effect of the eentrifugal couple is to change i-Iu^ jiosit îc^n 
of the rotation-axisj the new rotation-axis heing* in the planta 
which contains OK and the axis of the eentrifug’al coupli», ho fur 
as the eentrifugal couple affects its position. 

218. ] One net resuit of the preceding invesfa’galion is 
shew that in discussing the most general îuoüoti of a hody or of 
a System of material particles we may omit ail consith'raf ion of 
the individual constituent particles as to tluûr mot.ioiis, aiul 
attend only to the motion of one point, to tlu* ïnass, io t h(‘ prin- 
cipal axes and the principal moments referred iluvrei.o, lor t hest* 
are the only quantities which are involved in the (upudluns of 
motion; and it is eonvenient to take tlu^ masH-(Hntr(‘ as ilu* 
point whose motion of translation we considor, l)(‘causc» tlu^ expia- 
tions of motion of translation hecome thcreliy mucdi siinplificd, 
We are hereby authorised to omit ail considération of irrt*gulari- 
ties of form and of want of uniformity and syimmdrv in tlu^ 
distribution of particles; we hâve to eonsidtu* only tlu' mass, 
the mass-centre, the principal central axes and the principal 
central moments. This method of enquiry ini.roduc(*s grenit 
simplification, and brings within our grasp many prohltans 
which would otherwise he beyond it. It gives a simplifica- 
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tion, an order, and an eleganee of form to many problems and 
expressions which in their original structure are too complicated 
and too confused to admit of treatment. In illustration o£ 
this remark may be cited the tbeory of the central ellipsoid of 
gyration and its allied System of confocal quadrics. How mar- 
velously does it bring into order lines wbich. otherwîse seem 
scattered promiscuously in space, and shew the character which 
they must exhibit if they are principal axes at any point on 
them î 

219.] In connection with these observations we may remark on 
the simplification in the expressions for the kinetic energy and 
for the moment of momentum of a System in référencé to a given 
point and to axes passing through that point, when the coor- 
dinate axes at the point are principal axes. Taking the value of 
the kinetic energy which is given in (108), Art. 111, we hâve 

2T == + + — 2D6ayû)j5— 2ECOgû)a. — 2PCüa;0),^, 

so that if the axes are principal, 

2t = + + 

Also taking the values of li^ which are given in (85), Art. 

94, we hâve 




(dt >. 

Aco_;ç~Fcüy — EcOg = 1 

U 0)7’ 

K = 



— E co^ -f" BcOj^ — P ^3 ~ 

Uo>7 ’ 

h = 



— Eco^ — Dco^/ + Co). = 

te''’ 


these beeome, if the axes are princij>al, 

7r = A*-^ + B" toy + ; 


and if a, /3, y are the direction-angles of tlic axis of /^, in refcrence 
to the principal axes, 


ACOi P ^‘2 

T’ “=^=r=-r' 



ITence, if f/) is the angle between the instantancous and the in- 
variable axes, 

t coi H- -f- ^.>6).» 2 t 

c o s 0 = — 

À 00 fioo 


CO cos (j) 
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whieh. expresses thé component of the instantaneous angular 
velocity ahout the axis of 


* • Section 4. — Bxamples of moments of inertia, 

220.] In this section I propose to apply the general formnlæ 
of the preceding section to the calculation of moments of inertia 
and radii of gyration, relatively to certain given axes, of material 
Unes or wires, of thin plates and eurved shells, and of solid 
hodies. It will he found most convenient to make the calcula- 
tions with reference to certain axes to which the hodies are 
geometricaUy related, and which yield the most simple forms 
of intégration. And hy means of them, and the theorems of 
the preceding section, to investigate the moments of inertia 
about other axes. The following theorems are most useful foi* 
the purpose. 


(1) If at any point of a hody, a, b, c are the principal moments 
of inertia, and h is the moment of inertia about the axis (a, /3, y) 
passing through that point, then 



H = A (cos a)^ + B (cos 13 f + 0 (cos y)^ ; 

(217) 

and if 

H = a' (sin a)^ + B'(sin jSY -h c' (sin y)^. 

(218) 


(2) If H and h' are the moments of inertia of the mass M about 
two parallel axes, one of which passes through a given point, and 
the other passes through the mass-centre ; and if h is the distance 
between these axes, then 

h==h' + mF; (219) 

and therefore if h and h' are the radii of gyration about the 
axis through the given point, and the parallel axis through the 
mass-centre respectively, then h = h'= 

+ ( 220 ) 

221.] The moments of inertia of material Unes or wires. 

Ex. 1. The moment of inertia of a straight wire of uniform 
thickness and density. 

Let the length of the wire be 2 a, p = its density, co = the 
area of a transverse section ; and let it lie along the axis of x, 

(1) Let the rotation-axis be perpendicular to its length, and 
pass through its middle point ; then 

Ta 2 

the moment of inertia = / pcùx^^dx = - pcùa^ 

J —a O 
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(2) Let tlie rotation-axis be perpendienlar to the wire, and at 
a distance c from tlie middle point which is its mass-centre ; 
then, by (210), since the mass of the wire = ^poaa^ 

2 

tbe moment of înertia = - pcûa^ -^2pcùac^, 

6 


Henee, if an équilatéral triangle is formed of a wire wbose 
length is 6 a, tbe moment of inertia relatively to an axis passing 
tbrougb the mass-eentre of tbe triangle and perpendienlar to its 
plane is épcca^. 

(3) Let the rotation-axis be perpendienlar to the wire and pass 
through one of its ends ; then 


the moment of înertia 


J r2a 

' f- 
0 


p(ùX^clx — 


Spo^a^ 


(4) Let the rotation-axis interseet the wire in its middle point 
at an angle a ; then 

2 

the moment of inertia = -po^a^ (sin a)^. 

O 


Ex. 2. The moment of inertia of a wire of uniforrn thichness 
and density whose form is a circular arc. 

Let P = the density, co = the area of a transverse section, 
a = the radius of the eirele, 2 a = the angle subtended by the 
are at the centre of the eirele. 

(1) Let the rotation-axis pass through the centre and be per- 
pendicular to the plane of the are ; then 

a 

the moment of inertia = / pooa^d 0 = 2 p a ; 

do 

and therefore the moment of inertia of a complété circular wire 
about an axis whieh passes through its centre and is perpen- 
dicular to its plane is 2 7rpù>a^, 

(2) Let the rotation-axis be perpendienlar to the plane of the 
wire and pass through its middle point ; thon 

— 2aæ~-x^ ; 
rh/ ^ (Ix 
a—x y a 

. * . the moment of inertia = J p co (x^ 

= (a — sinaj ; 

and the moment of inertia of a complote eirele =: éir po)a^. 

(3) Let the rotation-axis be in the plane of the wire and pass 
through the centre and its middle point ; then 

PRICE, VOL. IV. • s 
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/ a 

pcûa^ (sin Oy^dÔ 
z=i P (O {a — sin a cos a} ; 

and therefore the moment of inertia of a complété circular wire 
about its diameter is TTpcùaK 

(4) Let tbe rotation-axis pass througb the centre of a com- 
plété circular ring, and be inclined at an angle y to the plane of 
the cirele; then, by (217), 

the moment of inertia = 'irpcoa^ (cos y)^ + 2'7Tpcùa^ (sin y)^ 

= TT P Où {1 + (sin y)^}. 

Ex. 3. A wire of uniform thickness and density, whose length 
is û, is bent into the form of a complété cyeloidal are : the mo- 
ment of inertia of it about a rotation-axis which joins its two 

, . ûù^a^ 

ends is • 

30 


Ex. 4. To find the plane curve of given length of which the 
moment of inertia about an axis perpendicular to the plane is a 
minimum. If p is the radius of eurvature, is the per 2 :)enclicuhir 
on the tangent, and r is the radius vector, 2py) = 

In eaeh of the preeeding examples the mass of the wire can 
be easily found : and as the square of the radius of gyration is 
the moment of inertia divided by the mass, so the radius of 
gyration can be found without dij0B.culty. 

If the wire lies wholly in one plane, say in the plane of y), 
that plane is a principal plane of it ; because in this case r; = O 
for ail éléments of it; and therefore = 0, and 

the axis of 2 : is a principal axis. The other two principal axes 
must be found by the process of Art. 171. 

222.] The moment of inertia of thin plates and of curved 
shelk 


In ail cases we shall assume the thickness of the plates and 
shells to be infinitésimal, and to be represented by the symbol r ; 
and thus, if it is convenient, we shall take the plate-plane to be 
the plane of (a?, y); in this case, as = 0 for ail éléments of the 
plate, 'X.mzijo = = 0, and the plane of {x.y) is a principal 

plane and the axis of ^ is a principal axis. The other principal 
axes will be found by the method of Art. 171 ; and the principal 
moments of inertia having been determined, the moment of 
mer a ont any other axis may be determined by means of the 
theorems given in (217) and (219). 
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Also, since ^ = 0, the moments of inertia about the axes of œ 
and y are respectively 2 . my"^ and ; and as 3 . m +y^) is 

the moment of inertia about the axis of 2 :, it folio ws that the 
moment of inertia about an axis perpendicular to the plate is 
equal to the sum of the moments of inertia about any two axes 
at right angles to each other in the plate. 

Also, since is the same for any two rectangular 

axes in the plane of the plate, if = a is a maximum, 

= B is a minimum, and vice versâ. 

If the axes of coordinates are principal axes, from (217) we 
hâve H = A (eos a)^ + B (cos pf + (a + b) (cos y)^ 

= A { (cos af + (cos y)^ } + B { (cos + (cos yf } 

= A(sin/3)^ + B (sina)^ ; (221) 

and. if the rotation-axis is in the plane of (æ,y),sm ^ = cos a ; and 
H = A (cos af + B (sin a)^. (222) 

Ex. 1. The moment of inertia of a square plate. 

Let a = the side of the plate, p = the density at the point 

(1) Let the rotation-axis pass through the centre of the plate 
and be perpendicular to its plane ; then 


pË P T 

the moment of inertia = / / pt{x^ •{’ y'^)dy dx ^ • 

(2) Let the rotation-axis be the line joining the middle points 
of two opposite sides ; then 

/ V pË O T 

/ pry'^dydx — --:^ • 

-ïï d 

(3) Let the rotation-axis pass through an angular point of the 
plate, and be perpendicular to its plane ; then 

f, . . ^ P 

the moment ot inertia = — 5 — • 


(4) Let the rotation-axis pass through the centre of the plate ; 
and let its direction-angles, with reference to two lincs bisecting 
the opposite sides of the plate and the perpendicular through its 
centre, be a, /3, y ; then, as these Unes are the principal axes of 
the plate, 

the mom. of in. = {(cosa)^+ (cos^)^} + (cosy)^ 

= L^(siiiy)2^_ „ (cos y)- . 

s % 
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Also, if the rotation-axis is the diagonal of the plate, y = 90°, 

. the moment of inertia = ^ • 

1/* 

As this is a case in which the two principal moments of inertia 
in the plane of [œ, y) are equal, and the third is greater than eaeh 
of them, two points on the axis of which are at distances 
from the origin, which is the mass-eentre of the plate (see Art. 
202), eqnal to 

are snch that at them the principal moments of inertia, and 
therefore ail the moments of inertia, are equal. At these points 
the momental ellipsoid hecomes a sphere. 

Ex. 2. The moment of inertia of a triangular plate. 

(1) Let the triangular plate he isosceles ; and let the rotation- 
axis pass through its vertex and he perpendicular to its plane; 
let a = the altitude, 25 = the hase ; then 

hoc 

the moment of inertia = 2 / j pT(cG^+y^)d?/clx 

Jo Jo 

= P-^{Sa^ + F-). 

(2) Let the triangular plate he isosceles ; and let the rotation- 

axis he the line which passes through the vertex and hisects the 
hase ; then bx 

n d ÙT CL "b^ 

pry^clyclx = ^ — * 

O 


pry^clydx = ' 


(3) Let the triangular plate he that whose sides and angles 
are a, ô, (?, a, B, c ; and let the rotation-axis pass through c and 
be perpendicular to the plane of the plate ; let c he the origin, 
and let the lines lying along the sides a and l respectively be 
the axes of x and y ; so that the équation to the side c is 

X y ^ 

~ + f = 1; 

a 0 


and let 


Y = 

a ^ ^ 


the mom. of in. = J J + 2 icy cos a? sine 


= ^(3a2 + 352_e2)smc. 
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(4) Let the triangular plate be tbat of tbe preceding ease ; and 
let tbe rotation-axis pass tbrongb tbe mass-centre of tbe plate 
and be perpendicular to its plane ; tben, if G is tbe mass-centre. 


CG^ 


2a^ + 2è^-^c 
9 


and tbe mass of tbe plate = 


praô sin c 
2 ^ 


tberefore, by reason of (219), 

mom. of ia. = ^ (3 a^ + 3P- <?) sin c - ^(2 a" + 2 - c^) sin c 

J. O 

oral , „ .. . 

— 72 "i" sin c ; 


and tberefore, if h is tbe radius of gyration relative to a rota- 
tion-axis passing tbrongb tbe mass-centre of a triangular plate 
and perpendicular to its plane. 


36 


(5) Hence if m is tbe mass of tbe triangular plate, tbe mo- 
ments of inertia relative to tbree axes perpendicular to tbe plate 
and passing tbrougb tbe tbree angles a, b, c are respectively 


(6) If a, /3, y are tbe perpendiculars from tbe angles a, b, c on 
tbe opposite sides, tbe moments of inertia of tbe plate about tbe 
tbree sides are respectively 

Ma^ My^ 

'T'’ “F' ”6”’ 


(7) Also, if 7^, 7-, l are tbe lengtbs of tbe Unes drawn from tbe 
angles to tbe middle points of tbe opposite sides, tbe moments 
of inertia about tbese lines vary inversely as tbe squares of tbe 
lines. 

(8) Also if M is tbe mass of a triangular plate, tbree par- 
tiel es, of eacb of wbicb tbe mass is — , placcd at tbe angular 

-L ^ g 

points of tbe triangle, togetber witb a particle of mass - -- placecl 

at tbe mass-centre of tbe triangle, form a system equimomental 
witb tbe triangular plate. 

Ex. 3. Tbe moment of inertia of a circular plate, and of a cir- 
cular annulas. 

Let tbe radius of tbe plate = a ; and let p and r express tbe 
same quantities as beretofore. 
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(1) Let the rotation-axis pass tlrroug-h thé centre and be per- 
pendieular to tbe plane of the plate ; then 


piiT P a 

the moment of inertia = / / prr^clrdd 

c/o *^0 


TT P T 


f 0 JQ ^ 

(2) Let the rotation-axis pass through the cireumference and 
he perpendicular to the plate ; then, hy (219), 

, , P* J- TTpra^ . Sirpra^ 

the moment 01 inertia = — ^ h TTpTa^ = — — • 


(3) Let the rotation-axis be the diameter of the plate ; then 

the moment of inertia = J J (sin &fdr(lQ = — ^ — • 

(4) Let the rotation-axis be a tangent to the plate ; then, 

hy (219), i i?- X- ^'ïïpra'^ 

the moment 01 inertia = — - — • 

4 


(5) Let the interior of the circular plate be removed, so that 
the remainder is a circular annulas, the radii of the exterior and 
interior hounding eireles of whieh are a and l : then the moment 
of inertia relative to a rotation-axis passing through the centre 
of the annulus and perpendicular to its plane is 

TT P r(a^ — 2^) 

2 

Also the moment of inertia of the annulus relative to its diameter 

4 


Ex. 4. The moment of inertia of an elliptical plate. 
Let the équation to the hounding ellipse be 




+ ~ = 1 - 


and let 


Y = -(a^-a,Ÿ- 


(1) Let the rotation-axis be the major axis of the ellipse ; 
then 


the moment of inertia = 4pr / / 

v'o ^0 

l pa R 

I/o 0\'t! 7 


^0 ^0 

4pr 
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(2) Let the rotation-axis be the minor axis of the ellipse ; then 

the moment of inertia 4ipT J J x^dydx . 

(3) Let the rotation-axis be a line perpendicular to the plane 
of the plate and passing throngh its centre ; then 

the moment of inertia 4 prj^ J' {x^ 


(4) Let the rotation-axis pass throngh the centre of the plate 
and make angles, a, y severallj with the major axis, the minor 
axis, and the perpendicular to the plate throngh its centre ; then, 
as these are the principal axes of the plate, we hâve, by (217), 

the mom. of in. = — {^^(cos af + ^^^(cos jBf + {a^ + è^) (cos yf } 


= ^ (sin a)^ + (sin } . 

(5) Let the rotation-axis be a central radius vector r of the 
plate, making an angle a with the major-axis ; then, from the 
last resuit, as a + /3 = 90°, we hâve 

the moment of inertia = — ^ {â^2(sina)^ + J^(cos a)^} ; 
but by the équation to the eUipse 

a? (sin a)^ + (cos a)^ = ; 

the moment of inertia = - * 

4r^ 

(6) If M is the mass of an elliptical plate, whose semi-axes are 

M 

a and h, the System of particles, - placed at the mass-centre, 
and g placed at the extremities of the principal axes, is equimo- 
mental with the plate. 

(7) In respect of a triangular plate, the ellipse which touches 
the triangle at the middle points of its sides is a momental 
ellipse of the plate. 

Ex. 5. The moment of inertia of a spherical shell of radius a 

0 

and thickness r about its diameter = 

223.] The moment of inertia of a solid body bounded by a 
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surface of révolution relative to its geometrical axis as its rota- 
tion-axis. 

Liet the axis be tliat of os; and let the équation to the curve, 
hy tlie révolution of wliieb. about the axis of x the bounding 
surface is formed, be ÿ =/(^). 

Let the solid be divided into a sériés of circular plates by 
planes at an infinitésimal distance apart and perpendicular to 
the axis of révolution ; let the density be uniform and be p ; 
theuj at the distance x from the origin, y is the radius of a cir- 
cular plate whose thickness is clx\ and therefore, by Ex. 3, 
Alt. 223, the moment of inertia of this circular slice, relative to 
an axis passing through its centre and perpendicular to its plane, 

= -- y — = 

and therefore^ if and are the limits of 
the moment of inertia = ^ 

^ dxQ 

Ex, 1. The moment of inertia of a cylinder. 

Let the altitude of the cylinder = a, and the radius of the 
base = à ; therefore 

'ïïpab^ 

the moment of inertia = — g — • 

Ex. 3. The moment of inertia of a cône ; let the altitude = a, 
and the radius of the base = b; then 


the moment of inertia = 


i: P a 
10 “' 


Ex. 3, lÆ a = the altitude, and b = the radius of the base of 
a paraboloid, then 

the moment of inertia = * 

6 

Ex. 4. ïî a =: the radius of a sphere, then relatively to a 
diameter as the rotation-axis, 

the moment of inertia = . 

15 

Henee the moment of inertia of a spherical shell contained 
between two concentric spheres whose radii are a and b respect- 
ively, relatively to the diameter as the rotation-axis, 

SirpÇa^ — b^) 

Î5 


the moment of inertia = 
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Ex. 5. The moment of inertia of a prolate spheroid relatively 

to its axis as the rotation-axis = ^ ^ . 

15 

Ex. 6. The moment of inertia of an oblate spheroid, whose axis 

• j-i. 4. 4.- • S'ïïpa^b 

is the rotation-axis = — 

15 

Ex. 7. If the radius of eaeh surface of an equiconvex lens is a, 
and the thickness of the lens is 2 1, then the moment of inertia 
of the lens relative to its axis as the rotation-axis 

= TT P f (2acü--‘æ^)^dcG 

Jo . 

= ^^(20a^-15at + Si^). 

224.] The moment of inertia of a solid body bounded by a 
surface of révolution relative to an axis intersecting its geo- 
metrical axis at right angles. 

Let the point in which the rotation-axis intersects the axis of 
révolution be the origin ; and let y = f{x) be the équation of 
the generating curve of the bounding smface; then, using the 
notation of the preceding Article, and apidying the resuit of 
Ex. 3, Art. 222, the moment of inertia of the type-slice relative 
to its own diameter Trpy'^dæ 


and therefore by (219) the moment of inertia of this slice about 
the rotation-axis is 

= + Trp/ dx ; 

and if and are the limits of the a;-integration, 

the moment of inertia =7Tp (~ dx. 

Ex. 1. The moment of inertia of a right cône relative to a 
rotation-axis passing through its vertex and perpendieular to its 
own axis. 

Let the altitude of the cône = ^ ; let the radius of the base 
= h ; thon 

the moment of inertia = tto / Tr- / + 

Jo 
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It is évident that relative to tlie vertes: of a right cône the 
principal axes are the axis of the cône and any two Unes perpen- 
dicnlar to each otlier and to the axis of the cône. So that thc 
moment of inertia relative to a rotation-axis passing throngdi 
tte vertex of the cône and inclined at an angle a to the axis 

= ^ (éa^ + ô^)(smaf + '^ic<jsaf. 

Ex. 2. The moment of inertia of a cône of which the altitude 
= a, and the radius of whose hase == d, relative to a rotation- 
axis passing through its mass-centre and perpendieular to its 
ownaxis, o , 

Ex. 3. If the altitude of a paraboloid of révolution is a, and 
the radius of the base = the moment of inertia relative to a 
rotation-axis passing through its vertex and perpendieular to its 

Ex. 4. If the altitude of a cyUnder is a, and the radius of its 
base = 6 ; and if the rotation-axis is perpendieular to the axis> 
and at a distance c from its end, then 

the moment of inertia dx 

T:ûah^ TTûab^, ^ ^ ^ 

— 4 ^ 3 — -f- 3 c -f- 3 . 

Hence, if the rotation-axis passes through the end of the axis, 

the moment of inertia = (35®+4a^) ; 

and if the rotation-axis passes through the middle point of the 
axis of the cylinder, 

the moment of inerfâa = J ^ + o-pj V) dx 

225.] The moment of inertia of varions solid bodies. 

Ex. 1. The moment of inertia of a rectangular parallelepipedon 
about an edge. 

Let the edges be æ, 8, c ; and let the Unes which coincide witli 
the edges be the axes of ^ respectively ; let the density = p ; 
then the moment of inertia relative to the edge a 
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~fofofo + — + 

and symmetrical values are of course true for the moments of 
inertia relative to the edges è and c. 

Thus the moment o£ inertia of a cube whose side is a, relative 

to One of its edges as a rotation-axis, = • 

0 

Ex. 2. The moment of inertia of a cube relative to a diagonal. 
Let the side of the cube be a ; and let the centre of the cube 
be the origin, and let the tbree lines which pass through the 
centres of the opposite sides be the coordinate axes ; these lines 
are evidently principal axes ; and relatively to either of them 


the moment of inertia ; 


¥ T 2 


•\-z^')(lzây(loc = 


and as the moment of inertia is the same for each of these prin- 
cipal axes, it is the same for every axis passing through this 
point ; thus, the central ellipsoid is a sphere, and ail its radii 
vec tores are equal ; and therefore relative to the diagonal of the 

the moment of inertia = • 

O 

Ex. 3. The moment of inertia of an ellipsoid. 

Let the équation to the ellipsoid be 
^.2 ^2 ^2 

L J — 1 

^2 ^2 ^2 - 

The axes of the ellipsoid being the principal axes of the body, 
when the moments of inertia relative to them are determined, 
that about any other axis may be found from (217). 


Pa nr r Z 

8 / / / pocr àzàyclx — 

Jo ^0 


4i7rpa^ ùc ^ 


similarly 




4i7r P a 


2 . mz^ = 


éir P ai ^ 


A •=: :^.m[y^ + z^) = 


Aiirpaic 






C = 2 . m j , 


4iTîpalc 
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and tterefore the moment of inertia relative to the axis (a, j3, y) 


= { (^2 + c2) (cos a)2 + (c2 + a^) (cos /3)2 + (a^ + 1^) (cos yf } 

= (sin a'/ + (sin (sin y)^ } . 

Xü 


Ex. 4. If in tlie preceding example a 
ellipsoid Lecomes an oblate spheroid ; and 


5, and a is > c, tlie 


A = B = 


4i'ïïpa‘^c 

15 


c = 


S'TT pûr^c 
15 


Therefoie, by Art. 171, at two points on tlie axis of 0 ail the 
moments of inertia are equal, and at them the momental ellijisoid 
becomes a sphere : the distances of them from the centre 



and if these points are at the pôles of the spheroid, = 6 6**'. 

Ex. 5. The centre of a sphere of radins c moves in a circle of 
radius a and generates thereby a solid ring, as an anchor ring ; 
prove that the moment of inertia of this ring about an axis 
passing through the centre of the director-circle and porpendi- 

cular to its plane is ~ (4 -1- 3 


226.] From the preceding results the moments of inertia ol‘ 
many curved sheUs and of Systems of thin plates may bo de- 
duced. 

For if the e(][uation of the bounding surface of the solid con- 
tains a single parameter, by the infinitésimal variation of that 
parameter, the content of the solid will receive an infinitcsinial 
variation in the form of a thin shell, the thickness of wliieh will 
be the variation of the parameter. Thus, if the radius of a 
sphere is increased by an infinitésimal variation, say dr, the con- 
tent will be increased by a spherical shell of tÊickness dr, Sirni- 
larly, if a solid is increased by the variation of the parameter on 
which the boundiag surface dépends, the moment of inertia of 
that increase is the increase of the moment of inertia of tlie 
solid ; and the former is generally a thin shell or a systcni of 
thin plates, so that the moment of inertia of this may be deter- 
mined by the variation of the moment of inertia of the solid. 

Thus by the preceding Article the moment of inertia of a 

cube about a diagonal is ; let the edge of the cube be in~ 
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creased by da\ tben ail the sides of tlie cube receive incréments 
in the form of thin plates, the thiekness of which = cia = r, say ; 
and therefore the moment of inertia of the hollow box, formed 

by these six plates relative to a diagonal = — • 

Similarly, by reason of Ex. 1 in the preceding Article, the 

moment of inertia of the box relative to an edge = • 

O 

As the moment of inertia of a sphere relative to a diameter is 
S TT 0 a^ 

— 3 so that of a spherical shell of thielmess r, relatively to 

■fl. -f -f* • STrpra^ 

the same rotation-axis, = — g — • 

As the moment of inertia of a eylinder, relative to its own 

axis as rotation-axis, is - - ? so the moment of inertia of a 


cylindrical shell whose thiekness is rZ 3 = r, is, relatively to its 
own axis, ^irprali^. 

In ail the preceding examples we hâve calculated moments of 
inertia ; and as the masses of the rotating bodies may be found 
in ail the cases, the corresponding radii of gyration can be deter- 
mined without difRculty. 
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CHAPTEE V. 

THE ROTATION OE A BODY ABOUT A EIXED AXIS. 

Section 1 . — The rotation of a rigicl hoày ahout a jixed axis wider 
the action of instant aneoiis forces, 

227.] In tlie last two sections of the preceding Chapter we 
hâve mainly considered that part of onr subject which has been 
called the Geometrj of Masses. We corne now to the considéra- 
tion of the most simple case of the dynamics proper of a System 
of material particles ; that, namely, in which a rigid body nnder 
the action of given forces revolves about an axis fixed in it and 
in space. Every particle of the body thns moves in a circle, the 
plane of which is perpendicnlar to the rotation-axis, and the 
centre of which is in that axis. 

We shall suppose the form, matter, and density of every part 
of the moving body or System to be given ; and we shall sup- 
pose the body to be capable of an unfettered rotation about tho 
axis. This axis may be fixed at many points, provided that ail 
are in the same straight line, or, in the language of machincry, 
may hâve many bearings ; we shall however suppose that it has 
only two fixed points; because these are snffieient to fix the 
axis ; and if there are more, the pressures become indetorminato 
at them both in intensity and in line of action. We shall indocd 
find, even in the case of two points, the components of the pres- 
sures on them along the rotation-axis to be indeterminate. We 
hâve already had a similar instance in Art. 112, Vol. III. 

Let us in the first place consider the circumstances of rotation 
of the body, when it is acted on by instantaneous or impulsive 
forces ; that is, we shah investigate the resulting angular velo- 
city of the body, the pressures on the fixed points, and their 
incidents, which are due to one or more blows impressed at given 
points of the body. To simplify the formulæ, we shall generally 
assume the body to be at rest when the impulsive force acts, 
although the results wiU be equally applicable if the body is 
moving with a given angular velocity. 

228.] Let the rotation-axis, on which are the two fixed points, 
be the axis of z ; and let the two fixed points be at distances , 
from the origin ; let the pressure at these two points be P.,, 
and let the lines along which they respectively act be (a^, jSj, yj), 
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(^25 72 )' type-particle, and let (æ, y, z) be its 

place at the instant, when the instantaneous force acts ; let 
q be the momentnm impressed by this force, of which let the 
axial components be x, y, z ; let v^., v^, be the components of 
the actual velocity (or increase of velocity) with which m moves 
in conséquence of this instantaneous force ; ail these being* type- 
expressions, and therefore applicable to eaeh particle and to each 
acting force. Thus the équations of motion, (34) and (35), 
Art. 73, become 

5.(x — mVjg) — cosai— = O, \ 

2.(y — mvJ—p^^cos^i — PgC^s/Sg = O, ( (1) 

2.(z~-^;^VJ,) — P^cosyi — P2COSy2 = 0; ; 

2 . {y (z - m y,)^z (y - mYy ) } + Pi cos + .^ 2^2 cos /32 = 0, ^ 

5.{^(x — ^v^)—a?(z — mv^)}—;S'jP]LOOsa3L— ^2^2^03 Ug =0, > (2) 

:g . { a? (y ~ m V J -y (x ~ } = 0 . } 

Let us express these équations, as in Art. 147, in terms of angu- 
lar velocities. Let n be the angular velocity which results froni 
the instantaneous forces ; then, as its rotation -axis is the axis of 0 , 
and as there is no motion parallel to the axis of -e', 

= -ny, = n Æ?, V, = 0. (3) 

Let the moments of the axial components of the coiqile of the 
impressed momenta be L, m, n ; then (1) and (2) become 
s.x + ns.wy — Pjcos — P2COsa2 = 0, \ 

5.Y*— PiCos/3i— P2COSj32 = 0, ( (4) 

2 .Z — P^cos yj — P^cosyo = 0; ; 

J. + a:s,.mzuc + ^ ^5 ) 

M -f n 2 . myz — z^ P^^ cos — ^3 ^2 cos a2 = 0, ^ ( 5 ) 

N — = 0 ; ; 

which six équations assign ail the incidents of motion, and the 
pressures on the two fixed x>oints. 

These équations admit of dissection by means of first pda- 
ciples, in a manner similar to that which has bcen emjdoyed in 
Arts. 158 and 159. As n is the cxpressed angular velocity about 
the axis of -:r, ar is the cxpressed velocity of m at a distance r 
from that axis; and maris the expressed momentnm; the x- 
and y-axial components of which are —may and max. Let 
us introduce pairs of momenta equal and opposite to these at 
the origin and in the plane of (x^y) at the foot of the ^-ordinate 
of 'W. ; then the momentnm mar of m at the point (x,y^ z) is equi- 
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valent to (1) a momentum acting* at tîie origin and along 

tlie axis oîo3 ; (2) a momentum mnæ also acting at thé origin along 
the axis of yi (3) three couples •-•mazx, ---mayz, 
whose axes are respectively the coordinate axes of y, and ^ ; 
and a similar resuit is true for every element of the body. Now, 
by D’Alembert’s principle, the sum of ail these expressed mo- 
menta, together with the pressures at the fixed -points, are in 
equilibrium with the impressed momenta; and the conditions 
requisite for the equilibrium are evidently the six équations (4) 
and (5). We hâve hereby an intelligible meaning of their several 
tenus. We proceed to deduce from them the value of the an- 
gular velocity which results from the impressed forces, and the 
pressures on the fixed points. 

229.] The angular velocity is given by the last équation of 
(5), and we hâve 


— N _ ^ 

___ The moment of the impressed momenta ^ . 

The moment of inertia ^ ^ 

which is the same resuit as (16), Art. 147. It appears therefore 
that the resulting angular velocity does not dépend on the pres- 
sures at the fixed points, or on the distance between them, but 
only on the moment of the impressed momenta, and on the mo- 
ment of inertia of the body or System. It is also the same 
whatever is the number of the bearings. And if no force ex- 
temal to the System acts, the System continues to rotate uni- 
formly with this angular velocity. 

Now let us suppose a body capable of rotating about a fixed 
axis to be at rest, and let us suppose it to be struck by a blow 
of given momentum at a given point and in a determinate line : 
we must first résolve the blow into two parts, of one of which the 
hue of action shaU be parallel to the rotation-axis, so that the 
angular velocity will not be affected thereby, for it will only pro- 
duce pressures at the fixed points along the rotation-axis ; of 
the other, the line of action will be in a plane perpendicular to 
the rotation-axis ; let this plane be the plane of {og^ y) ; let the mo- 
mentum of this component be <^, and let d be the perpendicular 
distance from the axis on its line of action ; then (6) becomes 


n = 




The moment of inertia 


( 7 ) 
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230.] The following are examples of this équation. 

Ex. 1. A body m at rest, and capable of moving about a fixed 
rotation -axis^ is simultaneously struck by several masses 

moving witb velocities in planes perpen- 

dicular to the fixed axis ; tbe masses adhéré to the body : it is 
required to find the angular veloeity of the body. 

Let the distances of the points of impact of the masses sever- 

ally from the rotation-axis be > ; and let 5 A 

be the perpendiculars from the rotation-axis on the lines of the 

velocities Vj,V 2 , ; then, if i is the radius of gyration of 

the body relative to the rotation-axis, 


^ ^ V2P2 + + '^nPn 

M + 

:î.,mvp 

Ex. 2. A body m revolving about a fixed axis with an angular 
veloeity n, is struck by a particle moving with a veloeity v in 
a line perpendicular to the plane containing the rotation-axis 
and the point of impact ; it is required to déterminé the result- 
ing angular veloeity of the rotating body, the veloeity of rebound 
of the striking particle, and the place of percussion when the 
veloeity of rebound is a maximum, the elastieity of the body 
and particle being e. 

Let be the moment of inertia of the body relative to the 
rotation-axis ; jp = the distance of the point of impact from the 
axis ; n' = the angular veloeity of the body after collision ; v = 
the veloeity of m after rebound ; and let us suppose a and v to 
be such that the motion of m and of the point of impact may be 
in the same direction at the instant of collision. 

Let v' be the veloeity of that point of m at which the impact 
takes place ; so that . 


and let 7n' be the mass of a particle which, moving with the 
veloeity v\ would produce the same cireumstances of veloeity 
&c. in after impact on m\ as the rotating body m ; so that 
m' v' is the momentum with which M would strike a body at the 
point of impact of and in the line of motion : therefore 
■by(6) ,, MFn 

and theretore m = — • 


m V 


m = 


JP 
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Let V= /)û'be tbe velocity of thé point of impact after colli- 
sion bas ceased; tlien, by ( 8 ) and (9), Art. 215, Vol. III, 



mp^v + ujomP — 6 mP (î?- 

~pci) 

V 



17' 

mp^ V + ùpM^ -\-m ep^^ {v 

-pd) . 

V = 

mp^^-ulc^ 

J 

0' — 

mp'ü’\-'M.¥‘ü.’\-mep(v—pù) ^ 

il — 

mp^ -h M 

3 


mp (1 + ^) {v-^pd) 


ù n — 



'O —V = 

MF(l + e)(»— 





whereby we know the velocity of m after collision and tbe an- 
gular velocity of M. 

Tbus, let M be a cricket bat, and m a bail ; let us suppose the 
bail to meet the bat ; then the sign of v must be changed ; and 
if V = the velocity of reboiind of the bail, 

and to déterminé the point of impact so that v may be a maxi- 
mum, the ^-differential of v must be equated to zéro ; whereby 
wehave ^ 

p = - - ± 4-2 + [ ' 

If is at rest when it is struck by m, t; = 0, and 

p==k{^f. 


Ex. 3. Again, let m be a rectangular plate whose sides are a and 
2 , and let the rotation-axis lie along the side : let us suppose 
it to be at rest and to be struck by m at a point on the side 

M 

opposite to the rotation-axis ; then M P = ; and 

O 

Zmv (1 + é) 

(3m+M)è 

231.] In the next place we hâve to consider the pressures or 
the stresses on the two fixed points of the axis ; the œ~ and 3 ^- 
components of and P 2 can be determined from the first two of 
(4), and from the first two of (5) ; and we hâve 


n = 
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cos 


PiCos/3i = 


— M + ^2^* ^ ^ (^2^* ^ 

Z 2 

^2 % 

M — <2^1 2.x +n( — + 


— L — ^T2.Y + n(;2fT2.i'^2^~~2.W.i2?-2:} , . 

Poeos/32= ^ -‘ (11) 

Z 2 ^i 

The 2 :-coînponents of p^ and Pg enter into only the third équa- 
tion of (4), and we hâve 

PiCOSyi + P2COSy2 = 2. Z; (12) 

therefore the sum of these ^-components of the pressures is equal 
to the sum of the 5-components of the impressed momenta ; but 
as the sum only is given, each is indeterminate. An explanation 
of this indetermînateness has heen already made in Art. 112, 
Vol. III : this is the dynamical case, which is therein alludcd 
to. Thus although we can déterminé the parts of the pressures 
at each point which are perpendicular to the rotation- axis, yet we 
cannot détermine the whole pressure at eachi, as the component 
along the axis is indeterminate. 

232.] In illustration of these équations let us take a particular 
case and suppose the body to be struck by a single blow along a 
line perpendiçular to the rotation-axis ; let q be the momentum 
of the blow, and a the shortest distance between the rotation-axis 
and the line of the blow, being at right angles to both these 
lines, Let the rotation-axis be the axis of and let the line 
along whieh a lies be the axis of a?, so that the axis of y is 
parai lel to the line of the blow ; and we will supi)Ose q to cause 
positive rotation about the axis ; then the équations (4) and (5) 
take the following forxns : 



ns. 

my — Pj eos - 

-T 2 cos 

= 0, ) 


Q- 

-ns. 

cos/3i- 

-P^ cos^So 

= 0. V 

(13) 



— P^ eos y| - 

- P^ cos y 2 

= 0; ) 


ns. 

mzx 

+ z^i\ cos/3i + r; 

2 Vo COS 13 2 

= 0, . 


ns. 

,mzy 

— r^Pj cos 

V., cos a 2 

= 0, 

(14) 



qa-“ns.^^;^ 

¥+f) 

= 0. ) 



Let M be the mass of the body or System of i^articlcs, and lot 
A be the radins of gyration about the rotation-axis ; then frorn 
the last of (14), _ /i r \ 
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If the mass-centre of the sjsfcem is at tKe point (^, ÿ, l), wlien 
tlie Tolow is strnck, then at that instant 

= = My. 

The foUowing are examples in which these expressions are 
applied. 

Ex. 1. A ttin rod of leng^th a and mass M, capable of re- 
volving about an axis at one end perpendicnlar to its length, is 
struek at tbe otber end hj a blow Q perpendicnlarly to the rod 
and to the axis. Find the pressures at the fîxed points on the 
axis. 

Let the fixed points on the axis be at equal distances c on 
opposite sides of the rod, so that — ^2 = 5 also ~ ; 

O 

= M-, '^.mzx = 'Z.myz = 0; then 

' ^ = i5- 

ani' 

- Q 

Pj cos % = cos ttg = 0 ; Pj cos = Pg cos ^ j 

so that the only pressures at the fixed points are at right-angles 
to the rod and each is equal to one-fourth of the blow^ and acts 
in a direction opposite to that of the blow. If 0 is infinitésimal, 
so that the two fixed points are close together, and the end of 
the rod is practically the fixed point, the pressure at it is the 

sum of the two pressures, and is equal to § • 

it 

Ex. 2 . The following is another form of the same problem. 
The rod is rotating with an angular velocitj n about one end in 
one plane, and meets with an obstacle at the other end. With 
what momentum does it strike on the obstacle ? 

Let 0 , be the momentum ; then Q = - ^ , and the pressures 
on the fixed points are each equal to 3 so that the whole pres- 


sure on the axis = 




Ex. 3. An elliptieal plate, whose major axis is 2<z and eccen- 
tricity is *5, is capable of rotation about a latus rectum which bas 
the two points fixed at which it meets the bounding ellipse. 
The plate is struek at the fiirtherfocus hy a blow Q in a line per- 
pendicular to the plate, and rotâtes with an angular velocity n ; 
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prove tliat ^ ~ ^ there is no pressure at the flxed 

points on tbe axis. 

Ex. 4. A circular plate of radins a and mass m revolving with 
an angnlar veloeity n about an axis passing through its centre 
and fixed at tbe extremities of the diameter, is struck with a 
blow Q at right angles to its plane, at a point in the diameter 
perpendicular to the rotation-axis at a distance c from the 
centre and is brought to rest ; find the pressures on the fixed 
points of the rotation-axis. 

233. ] The pressures at the fixed points, as given hy (13) and 
(14), will compound into a single résultant when 

+ — = O, 

that is, when — = 0; (16) 

and this condition is satisfied when the rotation-axis is a prin- 
cipal axis, and the line of action of the blow is in its principal 
plane ; and if ii is the single pressure, 

when (16) is satisfied, one point is sujîlcient to fix the axis. 

Hence, if the axis of rotation is a central principal axis, K = Q, ; 
and evidently acts at the mass -centre. 

234. ] Also in the more general case of forces as exhibited in 

équations (4) and (5), if the pressures at the fixed points are 
reducible to a single résultant, we may take the point, at which 
its action-line cuts the rotation-axis, to be the origin and to be 
a fixed point ; then, using the notation of Art. 151, we hâve 
from (5), L=--nB, m = — nn, N = nc; (17) 

so that the plane of the couj)le of the blow is 

— ny = 0. (18) 

Now the momental ellipsoid of the body at the origin is, see 
Art. 181, 

+ — jx, (19) 

of which (18) is the ^-dcrived fonction, and consequently (18) is 
the équation to the plane conjugate to the axis of z ; and as this 
axis is in this investigation quite arbitrary, cxcept that it passes 
through the origin, which is a fixed point, we hâve the follow- 
ing general theorem : 
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If one point of a body is fixed and the body is aeted on by a 
blow, tbe instantaneous axis of rotation is the radius veetor of 
tbe momental ellipsoid at the fixed point which is conjugate to 
the plane of the couple of the blow. 

Hence there are generally at a point only three planes, viz. 
the principal planes at the point, in which the line of blow can 
lie and produce rotation about an axis perpendicular to it. In 
Article 232 are instances of a blow eausing rotation about a line 
perpendicular to its line of action. 

235.] Another case which requires considération is that in 
which a body capable of rotation about an axis passing through 
two fixed points is struck by a blow along a given line, and the 
efiècts on the axis are a single pressure along it and no pressure 
at right angles to it, so that the axis may slide along itself, if 
such a motion is possible, but may not bear any twist. Let the 
axis of Z be the rotation-axis, and let the line perpendicular to it 
and passing through the mass-centre at the instant when the 
blow is struck be the axis of x, and h be the perpendicular dis- 
tance from the mass-eentre on the rotation -axis ; let Q, be the 
momentum of the blow, and let it be applied at the point (^, 77, C), 
along a line whose direction -angles are A., /x, 2/ ; then we hâve 

PiCOStti = P^cos/Si = 0 ; = 132 = 0 ; yj = y2 = 0; 

= M/iy = 0 ; 

and équations (4) and (5) become 


qcosA. = 0, ) 

QCOS/i — UM)^ = 0, V 


(20) 

qcos2;~Pi— P 2 = 0 ; ) 

q(?7 cosv— (coq fji,) + a'^.mzx 

= 0,) 


Q(f cosX — ^ C0S2;)-f-n2.^j^^ 

= 0,[ 

(21) 

Q, (^ cos /X ~ cos A) — a s . m (x^ + y 2) 

= 0. ) 



From the fîrst of (20), cos \ = 0 ; so that the line of blow 
must be in a plane perpendicular to the line drawn through the 
mass-centre at right angles to the rotation-axis. 

And if h is the radius of gyration of the body, relatively 
to the rotation-axis, from the last of (21) and the second of 
(20) we hâve 

( 22 ) 

which gives the perpendicular distance from the rotation-axis on 
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the plane which is parallel to it and contains the line of the 
blow. 

Also if, as heretofore, n = e = from tbe first 

two of (21), since cos v = sin ja, we bave 

T? 

(23) 

which is the équation to the line of the blow in the plane given 

hy (22) ; this makes with the plane of an angle tan~^^^ ; 

so that (22) and (23) déterminé the line of the blow. The line 
jiist determined is called the Axis of Percussion, and is such 
that if a blow is given along it, it causes a sliding motion along 
the axis, but no twist of the axis. 

If n = E = 0, that is, if the rotation-axis is a principal axis, 
of which the origin is the principal point, C = of 

percussion lies in the principal plane of the rotation-axis ; and 
its intersection with the line which passes through the mass- 
centre and is perpendieular to the rotation-axis is called the 
Centre of Percussion. Its distance from the rotation-axis is 
given in (22). In this case however cos 2 / = 0, and there are no 
pressures at the fixed points on the axis. These circumstances 
are considered fully in Art. 237. 

236.] This axis of percussion may also be arrived at by the 
following process. At ail points on the rotation-axis let the 
momental ellipsoids be described, and let the planes be drawn 
which are conjugate to the rotation-axis ; these planes shall ail 
intersect in the same straight line ; and that line is the axis of 
percussion. 

The équation to the momental ellipsoid at the origin is 
and the plane conjugate to the ;^-axis is 

O; 

so that for the momental ellipsoid, whose centre is at a distance 
\ from the origin, the équation to the jdane conjugate to the 
axis of - 2 ; is 

— (e — {D — ky..my)rj = 0 ; 

or -’-E^—DTj + cC—k { — — = 0, (24) 

If we take the notation and coordinate-system of the preceding 
Article, q = 0, :z.mx = m// ; 


280 


PEESSÜEE ON THE AXIS. 


[237- 


so that (24) becomes 

— e£ — — XM ^ — Oj 

whicb is tbe équation to a plane, and contains the indeterminaije 
quantity X ; it therefore represents a sériés of planes, ail of wliicb 
pass tbrough tbe straig*bt line whicb is the intersection of thc 
two planes, + = 0, 1 

=0;3 

tbe latter of wbicb is a plane parallel to tbe plane of (y, ; and 

by substitution from tbe latter in the former we hâve 

uk-^^'Drj — J- = 0 ; 

wbicb is a plane perpendicular to the plane of (y, ^), and in~ 

I) 

elined to tbe plane of at an angle whose tangent is ^, 2 * 

Tbese results are tbe same as tbose found in the prcceding 
Article. 

As tbe ;^-axis and tbe origin are, relatively to the body, arbi- 
trary, this tbeorem is true for ail lines whicb traverse the body ; 
and therefore, 

If at ail points of a straigbt line which traverses a body the 
momental ellipsoids are described, the planes of tbese ellix>Hoids, 
wbicb are conjugate to tbe given line, ail pass tbrough onc and 
tbe same straigbt line. 

Hence also we bave the following tbeorem : 

If a body is capable of rotation about a certain fixed axis, and 
at ail points of tbe axis tbe momental ellipsoids are described, 
and tbe planes of tbem, conjugate to the axis, are drawn ; thon 
ail tbese pass tbrough tbe same straigbt line ; and that straigbt 
line is the dhection of a blow which will pvoduce no trans verso 
pressure on tbe axis. If tbe axis is principal at one of its points, 
tbis line of blow lies in tbe corresponding principal plane, and is 
perpendicular to tbe plane containing the rotation-axis and the 
mass-centre, and there will be no pressure at ail on the axis. 
But if the rotation-axis is not principal at any one of its ^joints, 
tbe direction of tbe blow will be oblique to tbe plane containing 
tbe axis and tbe mass-centre, and tbere will always be a pressure 
acting on tbe axis in tbe direction of its length. 

237.] It still remains to consider generally the circumstaiiccs 
under whicb a body may be struck by a blow, so that if it is 
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possible no pressure be tbereby cansed at tbe fixed points of tbe 
axis. To simplify tbe expressions we will suppose tbe body to be 
struck at a point (£, r], C) by a single blow whose momentum is 
Q along a line (A, /u, v) ; tben since =P 2 = O, (4) become 
0 , cos À + = 0, \ 

— = 0, v (25) 

Q cos V = 0 ; ; 

tbe last of whicb sbews tbat cos r = 0 ; and tberefore tbe line of 
tbe blow must lie in a plane wbicb is perpendicular to tbe rota- 
tion-axis. Tbus (5) become 

cos/x + n:s.m^â? = 0, j 

fQcosX + n2.^^^ = 0, > (26) 

q(£cosju,— T^ cosX)— = 0. ) 

From tbe first two of (25) and of (26) we bave 
_ __ 'Z.mzx ^ 

2. ma? ’ ^ 

so tbat = 0, 

2.ma?(-s— 0 = 0, 

and consequently tbe axis of ^ is a principal axis, of wbicb tbe 
principal point is at tbe distance C from tbe origin. Wbence we 
bave tbe condition 

'Z,mx'î,.myz — '^.my'Z,mzx = 0. (28) 

Hence we bave tbis first condition. If tbe fixed points of tbe 
rotation-axis are free from pressure, tbat axis must be a principal 
axis of tbe body^ and tbe line of tbe blow must lie in its principal 
plane. 

Also from tbe last of (26), in combination witb tbe first two 
of (25), we bave 

— 2.mr^ = 0 ; (29) 

so tbat if (ir, ÿ, z) is tbe mass-centre, and /c is tbe radius of 
gyration relative to tbe rotation-axis, (29) becomes 

(30) 

wbicb is tbe équation to tbe line of action of tbe blow, in tbe 
plane porallel to, and at a distance C from, tbe plane of (x',y); 
(30) is evidently perpendicular to tbe line joining' tbe mass-centre 
and tbe rotation-axis ; and if h is tbe distance of tbe mass-centre 
from tbe axis, and l is tbe perpendicular distance from tbe axis 
on tbe line of tbe blow, or tbe line of percussion, from (30) we 

;=fi (31) 
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hence the line of tlie blow must be at right angles to tbe per- 
pendicular from tbe mass-centre on tbe rotation-axis, and at tbat 
distance l from tbe rotation-axis wbieb is given in (31). 

Tbis value of l bas already been found in Art. 235. 

Also in tbis case we bave from (6), if m = tbe wbole moving 
mass, _ 0- /Qo\ 

Certain spécial forms of tbe preceding équations deserve re- 
mark. 

If tbe plane of y) is tbe principal plane of tbe axis of 
wbieb is tbe rotation-axis, (28) is satisfied identically; and 

C = o. 

Equation (28) is also satisâed identically if = 'Z.my = 0 ; 
tbat is, if tbe rotation-axis passes tbrougb tbe mass-centre ; but 
in tbis case ^=0:5 and tberefore q = 0. So tbat if a body 
capable of rotation about an axis, passing tbrougb tbe mass- 
centre, is struck by a blow, wbatever is tbe direction and tbe 
intensity of tbe blow, certain pressures are always j)roduced at tbe 
fixed points of tbe axis. Tbis resuit obviously dépends on tbe 
fact tbat generally tbe principal point of an axis passing tbrougb 
tbe mass-centre of a body is at an infinité distance. 

If at tbe time wben tbe blow is given the coordinate planes 
are so ebosen tbat tbat of (oj, z) contains tbe mass-centre ; tben 
= 0 ; but as 2,myz evidently vanisbes also, C bas a deter- 
minate value. 

It appears tben tbat if a body capable of rotation about a fixed 
axis is struck by a blow and rotâtes tbereby, so tbat no pressure 
is produced on tbose points at wbieb tbe axis is fixed, it is ne- 
cessary tbat (1) tbe rotation-axis sbould be a principal axis of 
tbe body ; (2) tbe line of tbe blow sbould be in tbe principal 
plane of tbis axis, and perpendicular to tbe plane containing tbe 
rotation-axis and tbe mass-centre, and at a distance from tbe axis 
equal to l, as defined by (31). 

A représentation of tbese circumstances is given in Eig. 22 ; 
O Pg is tbe fixed rotation-axis, and is tbe ^-axis ; Pj, P 2 are tbe 
two fixed points wbieb détermine it ; 0 is its principal point, and 
is tbe origin, so tbat in tbis figure f = 0 ; and tbe plane {x, y) is 
its principal plane. G is tbe mass-centre of tbe body wbieb is 
taken to be in tbe plane of {x, z), so tbat tbe line of tbe blow is 
parallel to tbe y-axis, ox = tbe radius of gyration of tbe 
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System relatively to the rotation-axis. ol = ^; ng = om=7^; 
so that by (30) ol is a tbird proportional to OM and ok. 

If h' is the radins of gyration of the body relatively to m g, by 
(130), Art. 191, ^2 _ 1 % ^ . 


so that 


l 


+ P P 


/. (33) 

OM X Mli = a constant. 


238. ] The point l, which has beeû determined in the preceding 
Article, is called the Centre of Percussion of the body relative to 
the given rotation-axis. It détermines the line along which a 
blow must be struck on a body capable of rotation about a 
principal axis, when the axis reçoives no pressure thereby ; and 
conversely, if a body rotâtes about an axis free from ail con- 
straint, or if constrained, free from pressure at its bearings, the 
centre of percussion détermines the line in which a blow must be 
given to the body to reduee it to rest without causing pressure 
on the bearings ; or, in another sense, it déterminés the positions 
in which a fixed obstacle may be placed, on which if the body 
impinges and is brought to rest, the bearings of the axis will 
suJÏer no pressui’e. 

It is also évident that as the axis P 2 free from pressure 
at its bearings, it is that axis about which the body continues to 
rotate ; it is therefore a permanent axis. We hâve hereby then 
arrived at another property of a permanent axis, and hâve shewn 
it to be identical with a principal axis. 

It is also évident that if the body is free from ail constraint, 
so that it is capable of translation as well as of rotation, the 
effect of a blow at L along lq will cause a rotation about oi\ ; 
for this reason the axis oi\ is called the Spontaneous Axis of 
the body relative to the point L. This subject however we shall 
consider at length in Chapter VII. 

239. ] I propose now to apxdy the preceding theory to certain 
examples, and to exhibit the practical meaning of the results. 
For this purpose it is often more convenient to exx)rcss (31) in 
the following form ; 

^ _ M F _ The moment of inertia 


(34) 
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Ex. 1 . Pind the centre of percussion of a circular plate, capable 
of rotation about an axis wbich touclies it. 

It is évident that tbe rotation-axis is a principal axis^ having 
its principal point at tbe point of contact with tbe plate ; bence, 
■withi tbe usual notation, 

tbe moment of inertia = — ? and ^ ^ - 


Also tbe line of tbe blow q must be perpendicular to tbe plane of 
tbe plate ; tberefore, by (33), if m == tbe mass of tbe plate, 


n = 




Trpra^ 


<2M 


Ex. 2. If an elliptical plate, tbe eccentricity of wbose bounding 
line is * 5 , is capable of rotation about a latus rectum, prove tbat 
tbe furtber focus is tbe centre of percussion. 

Ex. 3 . Find tbe centre of percussion of a rectangular cube 
wbose rotation-axis is parallel to four parallel edges of tbe cube, 
and wbicb is équidistant from tbe two nearer, as well as from 
tbe two fartber edges. 

Here it is évident tbat tbe rotation-axis is a principal axis, 
and tbe line drawn tbrougb tbe centre of tbe cube perpendicular 
to it 'Cuts it in its principal point. Let 2 a be a side of tbe 
cube, and let c be tbe distance of tbe rotation-axis from its mass- 
centre; tben 


and li=z c\ 


Sc ’ 8pa^c CM 

Ex- 4. A cylinder is capable of revolving about tbe diameter 
of one of its circular ends : find tbe centre of percussion. 

Let a = tbe lengtb of tbe cylinder, è = tbe radius of its cir- 
cular transverse section. It is évident tbat tbe rotation-axis is 
a principal axis ; and tbat tbe centre of tbe circular end is its 
principal point. 

7 __ S^^ + 4a^ ^ 2q 

6a ^ ^ 'jTpa^ô'^* 

Hence tbe centre of percussion will be at tbe end of tbe cylinder 

2 a 

if 3 = 2^2. If ô is very small in comparison of a, ^ ; 

tbns, if a straigbt rod of small transverse section is beld by one 
end iii tbe band, l gives tbe point at wbicb it may be struck 
wlien tbe band will reçoive no jar. 
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Ex. 5. Eind the centre of percussion of a sphere revolving 
about an axis, which touches its surface. 

This axis is evidently a principal axis, and the point of con- 
tact is its principal point ; and we find 

n = — • 

5 ^ ÆM 


Section 2. — Hotaüon of a locly about a fixed axis under the 
action offinite accelerating forces. 


240.] I proceed now to the case of a rigid body rotating about 
a fixed axis under the action of finite aecelerating forces, whei'eby 
momenta are continuously impressed. To this case équations (37) 
and (38), Art. 73, are to be applied. 

To simplify the expressions, without any loss of generality, let 
us take, as in the preceding Section, the rotation-axis to be the 
2 :-axis ; and suppose it to be fixed at two points whose distances 
from the origin are respeetively z-^ and z^ ; let the pressures at these 
points at the time t be respeetively and Pg ; and let the lines 
of action of these pressures be (%, ^ 1 , y^), ^ 2 ’ 72 )* 

Let 2 . P cos a 'S,.vz cos a ...... be abridging symbols of 

the axial components of these pressures, and of their moments 
relative to the axes ; and let L, m, n, as in (40), Art. 74, be the 
moments of the axial components of the couples of the impressed 
momentum-inerements at the time t ; then the équations of 
motion are 


âP-æ 


2 . m(x— — 2, P cos a = 0, \ 


cU 

r oP y \ ry 

2 . m (y — 2 . p cos /3 = 0 , 

/ cPzs 

/ âPz rlPus 

. cPæ (P Z. 

j + 5.Pi?cosa = M, 

(Pl/ (Px 
lit 


/ U (V 


= N. ] 


(35) 


(3G) 


241.] In the first place, I propose to consider the motion of 
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rotation about tbe fixed axis apart from the pressures at tbc fixecl 
points of tbe axis, reserviug tbe latter for considération bcre- 
after ; witb this view let us transform tbe last of (36) into its 
équivalent in terms of angular velocity about tbat fixed axis. 

Let f be tbe distance from tbe rotation-axis of n, whose place 
at tbe time t is [x, y, z) ; and let & be tbe angle betwecn r and 
tbe plane of {æ, z\ wbicb plane is assumed to be fixed in si)aco ; 
let cü be the angular velocity about tbe fixed ^r-axis ; so tbat 
dô 


d(ù 

dt 


d^ 
df^ ' 


(37) 


Hence we hâve, x ^ r cos 0, y t sin 0 ; 

‘ dt^ dt 

d^y 9 • /I , 

— ù)^rsin^ + ^‘cos^-Tr * 
dt^ 

so that the last of (36) becomes 

cjdcù 

'2,.mr^-Yr = ^ ; 
ét 


and as ^ is tbe same for ail tbe particles of the System, it inay 

Clt 

be placed outside the sign of summatioii, so that wc bave 
dcù ___ d^e _ y 
dt dt^ ““ 'X.mr^ 


The moment of the impressed momeatnin-incrcinontH 
The moment of inertia 


;(38) 


each of these quantifies being estimated relatively to the fîxtMÎ 
rotation-axis. The form which this équation tabes shews t.haii it 
is indépendant of the particular sjstem of coorclinato axes whicdi 
has beentaken. It is indeed identical with (53), Art. 155. Jly 
it the angular velocity-increment about the rotaidon-axis is 
given; and therefore by intégration the angular velocity, and 
by a subséquent intégration the angle described in a given i.inu* 
may be found. Thus the motion of the body about a fixed axis 
will be determined. 

Before however we proceed to examples of this motion, bd, \îh 
shew that (38) may be derived immediately from First principles ; 
for this process will remove any ohscurity which may attach to 
its meaning. 

Let M he a type-particle of the body or System ; let r l)e its 
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distance from the rotation-axis of so tliat if 6 is the angle be- 
tween r and the fixed plane of (a?, z), the linear velocity of m is 

T ^ J and the linear velocity-increment is r- ; and therefore 
the moment of the expressed momentnm-inçrement of m is 
• so that relatively to the axis of the moment of the 
whole expressed momentum-increment is and there- 

fore if N is the moment relatively to the same axis of the whole 
impressed momentum-increment in an unit of time, by D’Alem- 
bert’s prineiple we hâve 


(TH 

dt'^ 


fl 60 
~dt' 


N 




242. ] With respect to this équation, it is to bo observcd, that 
if th^ lines of action of ail the impressed forces are pnrallol to the 
axis of which is the rotation-axis, N = 0 ; and that 

d?‘Q (IQ 

if a is the angular velocity at the time irnder considération ; so 
that the System moves with a constant angular velocity. lîence 

ô — a = nli 

if a is the value of 6, when 1 = 0; so that equal angles arc de- 
scribed in equal times. This is a particular case of tlie princij)le 
of conservation of moments of momenta ; sce Art. 88. Tlius, if a 
heavy body rotâtes about a vertical axis, the force of gra.vity luis 
no effect on the angular velocity. 

243. ] But one of the most important applications of this the- 
orem is the motion of a heavy body rotating about a fixed hori- 
zontal axis. Let us take the System of axes delinoatod in Fig-. 23 ; 
let the axis of 0 be vertical downwards ; lot the j-axis bo the rota- 
tion-axis, and let 0 be the angle at which the perpcndiciilar from 
m to the y-axis is inclinod to the vertical piano of (y, z) ; thus the 
line of action of gravity, which is the only force acting on w, is 
parallel to the £'-axis. Let 0 be the centre of gravity of the 
body, and let the plane passing through it and perpcndiciilar to 
the axis of y be the plane of (^, z) ; so that as the body rotâtes 
about the axis of y, the line OG moves in the plane of (a?, z). 
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Let M be tlie mass of tbe body ; oa = i = tlie distance of the 
centre of gravity from the rotation-axis; and let be the 
moment of inertia about the rotation-axis ; let go^ = ô, so that 
as 0 increases the body rotâtes about the axis of y from the 

cl B 

2 ;-axis to the : also — = co is the angular velocity ; and 


is the same for ail particles of the body. Now the moment of 
the impressed momentum on m at (a?, y, z) at the time t relatively 
to the rotation-axis is mÿâs, and tends to diminish d; so that 
the moment of the momenta impressed on ail the particles at the 
time t = ~ 't.mgx — ‘—'M.gh sin 6 ; 


and the moment of the impressed momentum is the same as 
if the whole mass were collected at its centre of gravity ; so 
from (38) we hâve 


cPB ^ ughûnB 
dt^ M.]c^ 



(39) 


which équation gives the angular accélération about the rotation- 


axis. 


Let us multiply both sides of (39) hj cl B \ and suppose the body 
to be at rest when ^ = a ; then, integrating (39), we hâve 


IMÜ A. U fl . ^ . 

-m= -s- (cos 0- cos a); 


(40) 


which assigns the angular velocity in terms of Q. From this 
dû 

équation it appears that — = 0 ; that is, that the angular velo- 
city vanishes, and the body is at rest, when 
0 = a, d=— a, d=2'7r + a, ^ = 2'7r — a, ... d = 2m7r + a ; 

80 that as (40) expresses the circumstances of the body, the mo- 
tion of it is oscillatory, the arc of vibration being double of that 
between the vertical line and the initial position of the line 
through the axis and the centre of gravity ; this latter being the 
vertical line when the body is at rest. Hence we bave the fol- 
lowing circumstances of motion of a heavy body capable of oscil- 
lation about a horizontal axis. When the body is at rest, the 
perpendicular from its centre of gravity to the rotation -axis is 
vertical ; let this line be moved through an angle a, and let the 
body be left to itself ; it will oscillate through an angle 2 a, the 
centre of gravity ascending to equal heights on both sides of the 
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lowest point. Such an oscillating body is called a componnd 
pendulum. 

If the body is moving* witb an angular velocity a when ^ = a, 
tbe équation of the angular velocity becomes 


dO'^ 


~ n- 


,2 __ 




(cos cos a) ; 


(41) 


dt^ ¥ 

but as this is of tbe same form as (40), so far as intégration is 
coneerned, we shall inquire into tbe properties of only (40). 

244.] Equations (40) and (41) are evidently tbose of vis viva 
and of work ; for in tbis case équation (99), Art. 108, takes tbe 
form 1 \ 

= m^>5(cos^ — cos a); (42) 

and as = mP, we bave 


2gl\ 


(cos^— cos a); 


dt^ 

as tbere are many cases in wbicb tbis équation of vis viva can be 
expressed immediately, we sball not besitate to make it tbe 
starting point of a problem ; and if tbe angular accélération is 
required it can be immediately dedueed from it by différentiation. 
Tbis is tbe case wbenever tbe pressui*es at tbe fixed points are to 
be determined, as second time-differentials are involved in tbem. 
245.] Erom (40) we bave 

14. ^ . fAO\ 

dt> — ^ ■ r J (4S) 

(2y//)‘^ (cos^ — cosa)^ 

wbence, by intégration, tbe time may be found in terms of d, 
and tbe wbole time of an oscillation may be determined. 

Tbis équation bowever in its présent form is an elliptic fu, ac- 
tion, and tberefore t can only be expressed as an elliptic intégral. 
If bowever tbe displacement of tbe body is sligbt, so tbat a and Q 
are botb small, tben we may expand cos 6 and cos a, and neglect 
powers of 6 and a above tbe second ; wbereby we bave 


and (43) becomes 


cos (9 = l—w^ 


dt == • 


eos a = 1 ■ 


dQ 


a" 

" cjT 


{gk)Hé-e^f 


k 


-COS“ 


e 


a’ 

if )! = 0, wlien â = a; and therefore if T is the time of a small 
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oR-iilation of a heavy body about a borizontal axis, t = T wh.eii 

el = — a, and _ Trk 


T = 




246 .] Now if we consider a heavy particle of infinitésimal 
ilimeiüjions attached to the end of a rigid impondérable rod of 
lenc^^th /, and witîiout weigbt, and vibrating abont a borizontal 
âÆîê jier|>eîidicular to its lengtb, to be a perfect pendulum, then, 
as we bave shewn in Art. 428, Vol. III, if T is tbe tîtne of small 
cm^illatioiî of sueb a pendulum, 

and the lime of tbe beav}^ osciUating bodj is identieal witb this, 

if 

( 46 ) 


'=?■ 


Thüs, tbe compound pendulum is isocbronous witb a perfect pen- 
duîom of tbe lengtb l, wbicb is given in (46) ; and l is called the 
lengtb of tbe simple isocbronous pendulum. 

The agreement bowever in motion between tbe compound and 
the simple isocbronous pendulum is greater tban tbe preceding 
investigations lead to. For tbe general équation of a beavy parti- 
ele attaebed to tbe end of a rigid and impondérable rod of lengtb 
4 and rotating in a vertical circle, is, see Art. 429, Vol. III, 

dt^ - I smâ; 

and this équation is identieal witb (39), wbicb détermines the 
rotation of tbe heavy body, if 

1 =-- 
h ’ 

and henee we eonelude tbat if tbe wbole mass of the rotatino- 
fcttîy is eondensed into a paitiele at a distance l from the rota^ 
tion-axis along the line whieh passes thi-ough the centre of 
gmitv, t e eireumstances of equilibrium and of motion of this 
mie wdd te Identieal with the similar eireumstances of the 
tan» " tA ^ from its position of 


_ (i\^ 

~^\j) ’ 'where ^ = 


P 
h ’ 


î «ng the radins of gyration of the hody ahout the horizontal 
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rotation-axis, and h being the distance of the centre of gravity 
from tbe same axis. 

The point 0 , Fig. 23, in which the horizontal rotation-axis 
pierces the vertical plane containing the centre of gravity, is 
called the Centre of Suspension ; and if 0 G is produced to c, so 
that oc = /, c is called the Centre of Oscillation, and oc or ^ is 
the length of the simple pendulum isochronous with the body; 
that is, if the whole mass is collected into a partiele at c, the 
circumstances of rotation of the partiele thns condensed will be 
the same as those of the body. 

247.] Let h' be the radius of gyration of the body relative to 
an axis through G, and parallel to the rotation-axis ; then, since 
by (130), Art. 191 , ^2 _ ^ 7 ^ 2 . 

■■■ = 

(48) 

and replacing these by the geometrieal quantifies, 
c G X G 0 = 

= a constant. (49) 

Now this équation would be unaltered if the places of o and c 
were interchanged ; whence we infer that if c is the centre of 
oscillation for an axis oy through o, o would be the centre of 
oscillation for a parallel axis through c. This theorem, as it is 
commonly stated, asserts the convertibility of the centres of sus- 
pension and oscillation. As the length of the simple isochronous 
pendulum is the same whether c or o is the centre of oscillation, 
so the time of oscillation is the same for both parallel axes. 

It will be observed that we hâve the same expressions for the 
détermination of the centre of oscillation and the centre of per- 
cussion relative to a given rotation-axis, see (31), Art. 237 : in the 
latter case, however, it is neeessary that the rotation -axis should 
be a principal axis at some point on it, and the centre of percus- 
sion should be in its principal plane ; here no such restriction as 
to the nature of the axis is neeessary. We bave hereby a method 
by which the centre of percussion may be x>ractically determined. 
Let the body of which the centre of percussion is to be found be 
suspended by, and made to vibrate about, the relative rotation- 
axis ; let the number of vibrations in a given time be noted \ let, 
say, n vibrations take place in t \ then 
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i ^ 

- = 7r(— ) ; 

n 

_ . 


1 = 




2 ’ 


tliiis, if t and n are carefuUy observed, as the other quantities 
are known, l is also known ; and this is the distance of the centre 
of percussion from the rotation-axis. 

248.] Before we enter on other investigations connected with 
the time, &e. of oscillation of bodies, we will détermine l in certain 
cases ; and for this purpose we shall generally find the last of 
the foUowing forms the more convenient ; 

uk 

__ The moment of inertia relative to the rotation-axis 
The mass X the distance of mass-centre from the axis 


(50) 


Ex- 1. A straight heavy wire, of length 2 vibrâtes about an 
axis passing through its end, and perpendicular to its length : 
prove that the length of the simple isochronous pendulum is two- 
thirds of the length of the wire. 

Ex. 2. A wire, in the form of the arc of a circle, vibrâtes about 
an axis passing through its middle point and perpendicular to 
its plane ; prove that the length of the simple isochronous pen- 
dulum is that of the diameter of the circle, whatever is the length 
of the wire. 

Let P and 00 be the density and the area of the transverse sec- 
tion of the wire ; let a be the radius of the circle ; then the origin 
being the middle point of the wire, the équation to the wire is 


Also 


= p(üj — 2apùù J xde, 
m/i = p(ûj xds ; 


the limits of intégration being the same in both intégrais ; so that 
l = 2a, 


Ex. 3. Compare the times of vibration of a thin circular plate 
about axes passing through the circumference, and (1) touching 
the circle and in its plane ; (2) at right angles to the plane of 
the circle. 


The moment of inertia relative to a tangent = 


5 irpra^ ^ 
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the moment of inertia relative to a perpendicular axis = — ; 

and in each case ^ ^ /yS . 

M Æ = 77 P r <2^ ; 

thereforej if \ and Ic^ are the lengths of the corresponding iso- 


chronous pendulums, 

, O Æ 


7 3 <2 ^ 

^2 = ‘TT ^ 


and if and are the corresponding times of small vibration, 

Ex. 4. A right cône oscillâtes about an axis passing through 
its vertex and perpendicular to its own axis ; it is required to 
find the length of the simple isoehronous pendulum. 

Let a = the altitude of the cône ; l = the radius of the cir- 
cular hase ; then oto 

Trpaô^,. 9 . 7 o\ 7 'irpa^o^ 

+ 5^) ; M /^ = J — ; 


20 


therefore 




5a 


If <2 = that is, if the cône is right-angled, l ■=• a \ and the alti- 
tude of the cône is the length of the simple isoehronous pen- 
dulum : thus the centre of oscillation is in the centre of the 
base ; so that the times of oscillation of a right-angled circular 
cône are equal for axes through the vertex and the centre of the 
base which are perpendicular to the axis of the cône. 

Ex. 5. The mass of the particle at the end of a perfect pen- 
dulum of length a h U: another mass, m, which is veiy small in 
comparison with m, is placed on the rod at a distance x from the 
axis of suspension : déterminé the variation in the length of the 
simple isoehronous pendulum, (1) when m is slightly shifted, 
(2) when the mass of m is slightly varied. 

Ma+mx ^ 

so that, if m is very small in comparison with M, the approximate 
value of l is æ. From the preceding value of we hâve 
l (m a + m x) = M <2- + m x^ ; 

(Il __ m ^ 

(lx'~ isia + nkx ^ 

as this = 0, when ^ ? that is, approximately, = ? and 

changes sign from — to + , it follows that the effect of m on 
the time of vibration is a minimum when m is placed at the 


(1) 
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lïiiddle point of a, and that tlie time is increased according as it 
is removed from tliis point. It is also évident that J is a 
maximnm when Ma + mæ =: 0; that is, when the centre o£ sus- 
pension is the centre of gravity of m and m, and that the time of 
oscillation is then infinité. 


(2) Also, 


dl x(æ — l) 
dm ^ ’ 


hence l decreases as m increases, if m is put at any point between 
the place of m and the axis of suspension ; if therefore m is placed 
at the middle point of where its effect on the time of vibration 
is the least, the addition of a small mass to m will cause a slight 
decrease in the length of l, and a corresponding decrease in the 
time of oscillation, or an increase in the rate of the dock ; ail 
these variations will be very small, and accordingly may be 
properly adapted to the correction of dock errors, which are 
generally very small. 

Ex. 6. A métronome is formed of a rod of given length and 
mass M, having at one end a sphere of radius r and mass with 
its centre at a distance a from the rotation-axis, which is perpen- 
dicular to the rod ; another sphere of radius t' and mass slides 
along the rod : to fmd the point at which the centre of this latter 
sphere must be fixed, so that the whole System may oscillate n 
times in a minute. 

Let the métronome be represented in Eig. 24, wherein the 
rod, which in the position of equilibrinm is vertical, is slightly 
indined to the vertical. 

Let the plane of the paper be the plane of vibration, and let 0 
be the point where the rotation-axis pierces the plane. Let a be 
the centre of the fixed sphere, oa = ; let P be the centre of the 

sliding sphere, op = ^ ; let ob = S. Then, relatively to the 
rotation-axis, 


the moment of inertia of m = m 



, of 

. of M = g J; 


and the denominator of (50) in this case 

b~-a , 

= ma — K — X i 

2 
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so that 

”” 15 2ma — 'M.(b — a) — 2m'œ 

As tlie métronome is to oscillate fi times in a minute, 



(51) 


Let L = tlie length of the secondes pendulum, so that tt^l = ^; 

then 3600 

I — — ^ l ; 


and if we substitute tbis in the left-hand member of (51), the 
équation contains x and known quantities ; whence x may be 
determined ; and the rod of the métronome may be graduated so 
that the System will oscillate in any required time. 

If the rod is very thin, as is the ease with the ordinary mé- 
tronomes, M may be neglected ; and we hâve 

3600 (2 + 5 a^) + m' (2 + 5 

”” ^(nia—mx) 

Ex. 7. A pendulum consists of a rod of length a and mass m ; 
at the end of which is a circulai’ plate, Eig. 25, of radius t and 
mass M, so arranged that the plate is capable of sliding on the 
rod, and rests on a nut fixed at the end of the rod ; the plane of 
the plate is always in the plane of vibration ; find the length of 
the simple isochronous pendulum ; 


The moment of inertia of the plate = m | ~ 
The moment of inertia of the rod = m - ; 

O 



and 


, ma r . 

h'%.m = — +M(â5--r); 
À) 


3m (3r^ — 4arH-2a^)q-2w.Æ^ . 

3 {m^ + 2M(a— r)} ' 

Let us suppose the température to vary so that a and r are 
increased by cl a and clr respectively ; m and m being unaltered ; 
and let us suppose the pendulum to be compensating, so that 
l remains the same, whatever is the température ; then, since 
= 0, we hâve from (52) 

{ÔM^ — c^ar + T^) mu (10 — S ar ^9 r^) + il a 

= udr [0M.i^r'^ — 0ar + 2(i^)‘^%ma (9r--4ia)]. (53) 

In the most common form of compensating pendulums the 
straight rod is made of steel, and the weight consists of a cylinder 
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of merenry wliicli is fixed at the end of the’ rod, thé axis of 
the cylinder eoineiding with the rod, and the base of the cylinder 
xesting on a nut at the end of the rod. The amount of expan- 
sion of the rod and the mercury having been determined by ex- 
periment for an increase of one degree of température, and the 
length of the seconds’ pendulum being also known, the quantity 
of mercury may be determined by a proeess similar to that 
which we hâve just explained*. 

249.] The convertibility or the reciprocality of the centres of 
suspension and oscillation of a pendulum has been applied by 
Capt. Kater to the détermination of its length; and he has 
hereby obtained means for determining the length of a seconds’ 
pendulum at a given place. 

Let the pendulum consist of an ordinary thin straight rod, 
and a heavy dise, as in Pig. 26. At the points 0 and c, at the 
distance l apart, let two knife edges be placed parallel to each 
other, and at right angles to the rod of the pendulum ; so that 
the pendulum may vibrate on either of them, as in the diagram 
of the figure, where it rests on two horizontal and parallel plates. 
Let a smaU weight m be capable of sliding on the bar, and of 
being clamped to it by means of a screw. It is évident that 
whether 0 or c is the centre of suspension the length of the 
simple isochronous pendulum will vary according to the place of 
m ; let the place of m be so adjusted that the times of oscillation 
may be the same, whether the pendulum is suspended by the 
knife edge at c or by that at o ; so that oc (= l) is the length 
of the simple isochronous pendulum; if then this distance oc is 
carefully measured, the length of a simple pendulum is accuratèly 
known : and by means of it the lengths of ail other pendulums 
may be determined. 

Thus, suppose the pendulum above described to make n oscil- 
lations in a given time, say in t ; these quantities can be found 
by means of an astronomical or any other correct dock, by the 
method of coincidences : then 


* For a full account of this pendulum I must refer the reader to a 
Memoir hy Mr. Francis Bailey in the Eighth Volume of the Memoirs of 
the Royal Astronomical Society of London, for the year 1824 : and for a 
description of varions other kinds of compensating pendulums to 
‘^Mechanics,” by Capt. Kater and Dr. Lardner ; Longman and Co., 
London, 1830. 
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- = TT (-)■ • (54) 

But if L is thé leugth of a seconds’ pendulum ; tt^l = 

••• ^ = (^ 5 ) 

and therefore the length of L is also known. 

250.] The preeeding theory of pendulum-motion also supplies 
the means for determining the value of y, the accélération due 
to the earth’s attraction. From (54), we hâve 

and thus when n and t hâve heen determined hy observation, 
and l by direct measurement, ail the quantities in the right-hand 
member of this équation are known. So that from (55) and 
(56) the length of the seconds’ pendulum, and the velocity-incre- 
ment due to the earth’s attraction, which is usually termed “ the 
force of gravity,” may be found at any given place. A table 
containing the values of L and g for a few places, with their lati- 
tudes N or s, is subjoined ; the observations are reduced to the 
level of the sea, and to a pendulum vibrating in vacuo, at a tem- 
pérature 62° of Fahrenheit*. 


Naine of Place. 

Latitude. 

Length of 
Pendulum in 
Inches. 

Gravity in 
Feet. 

Name of Observer. 

Spitzbergen 

79°49'68''n 

39.2U6 

32:25294 

Sabine. 

Drontheim 

63^25'54"n 

39-1745 

32-2198 

Sabine. 

London 

51^31' 8"n 

39-13929 

32-1910 

Kater, Sabine. 

Paris 

48°50'14"]sr 

39-1308 

' 32-1838 

' Biot, Borda, &:c. 

New York 

40°42'43"n 

39-1016 

32-1598 

Sabine. 

Jamaica 

17^56' 7"n 

39-0351 

32-1052 

Sabine. 

Sierra Leone 

8°29'28"iî 

39-0199 

32-0933 

Sabine. 

Cape of Good Hope 

33°55'15"s 

39-0787 

32-1409 

Freycinet. 



* For accounts of tlie process by which General Sabine determined the 
lengths of the pendulum at those places in the following table to which 
his name is attached, see An Account of Experiments to détermine the 
Figure of the Earth by means of Pendulums vibrating seconds in different 
latitudes, as well as on varions other subjects of Philosophical Inquiry,” 
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These results shew that gravity eontinaally increases from thé 
Equator to the Pôles. And the différences between. tbe observed 
results and the values calculated according to tbeory are found to 
be extremely small. 

251.] By means of tbe preeeding value for tbe lengtb of a 
pendulum wbieb vibrâtes isoebronously witb a body relative to 
a given axis^ we are able to deduce experimentally tbe radius of 
gyration of a body relative to an axis ; and consequently tbe 
central principal radii of gyration, and tbus tbe constants of 
tbe central eUipsoid of gyration. 

If it be possible, let tbe body mate small oscillations about tbe 
axis relative to wbieb tbe radius of gyration is to be determined : 
let T be tbe time of an oscülation^ wbieb ean be observed by 
means of a dock ; tben 

T = u(p ; and (57) 

Let wbieb is tbe distance of tbe mass-centre from tbe 
rotation-axis, be measured; tben, since 

mP=Ï^w, (58) 

if w is tbe weigbt of tbe body. Tbus, we bave tbe radius of 
gyration, and tbe moment of inertia of a body relative to a 
given axis. 

If tbe axis passes tbrougb tbe mass-centre tbe metbod fails, 
because A = 0, and tberefore t = oo : in tbis case let anotber 
rotation-axis parallel to tbe given one be taken tbrougb tbe 
mass-centre, and at a distance h from it ; tben, if M is tbe radius 
of gyration for tbe axis tbrougb tbe mass-centre, 


fp 4 

9 h ’ 



(59) 

01 

I 

II 

(60) 


tbus, (59) gives tbe i-adius of gyration, and (60) gives tbe mo- 
ment of inertia about an axis passing tbrougb tbe mass-centre. 

by Edward Sabine, F, R. S., &c., &c. ; John Murray, London, 1825 ; at the 
expense of the Board of Longitude. See also tbree other papers by 
G-eneral Sabine in the Philosophical Transactions of 1827. 



ISOOHRONAL AXES. 


299 


253 -] 

When these hâve been found for a sufficient number of axes, the 
central ellipsoid of a body may be construeted. Whenever 
therefore a body is given, however irregnlar be its bonnding 
surface, whatever is the law according to which its density or 
the distribution of its éléments varies, its central ellipsoid can 
always be determined by the preceding method; and eonse- 
quently every curve or surface connected with it, or which may 
be derived from it, may always be assumed as known. 

252. ] Certain general properties of axes of a body with respect 
to vibration also require investigation. Let us refer the body 
to the mass-centre as origin, and to its central principal axes as 
coordinate axes. Let c be the three central principal radii 
of gyration, in the same order of magnitude and about the same 
axes as we hâve assumed in the preceding Chapter. So that if 

is the radius of gyration about an axis (a, j8, y) passing 
through the mass-centre, 

= ^•2(cosa)2 + i2(ç^s^)2^^2(cosy)2. (61) 

Let those axes of a body, relative to which the times of vibration 
are equal, be called isochronal ; thon for an axis parallel to a line 
(a, /3, y), which passes through the mass-centre, and at a distance 
from it equal to /^, 

^ = + Ç (62) 

_ ^ (cos (cos /3)^ + (cos yf . 

and since this is true for ail axes parallel to (a, /3, y), and équi- 
distant from it, it follows that ail axes lying on the surface of a 
right circulai- cylinder whose axis passes through the mass-ccntre 
are isochronal. 

Let = so that /^//= then as an axis at a distance 
// from the mass-centre is isochronal with a parallel axis at a 
distance h, so ail axes lying on the surface of a right circulai* 
cylinder whose radius is //, and whose axis j>asses through the 
mass-centre, are isochronal; and are isochronal with those 
which lie on the surface of the coaxial circulai- cylinder whose 
radius is h. 

253. ] From (62) it appears that /=c5o, when = 0, and when 
^ = 00 ; so that there is some value of h between these limits 
which makes l a minimum. Let us equate to zéro the y^-differen- 
tial of (62) ; then 
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(64) 


(Il _ c\ -t 7 —l' 

l = 2k'-, 

it appears then tliat for ail parallel axes the time of oscillation is 
tlie least for tliose wliieli are at a distance h' from the mass-centre 
of tlie body, wliere Te is the radius of gyration of the body rela- 
tive to a parallel axis tkrougb the mass-centre ; and tbat tbe 
lengtb of tbe corresponding simple isoebronous pendulum is 
In tbis case, tbe two coaxial cylinders of isocbronal rotation-axes 
become identical ; and from (62) we bave 

I = 2{<2^(cosa)^4- i^(cos^)^ + c^(cosy)^}'^. (65) 

Since l = tb-e time of oscillation dépends on tbe central 
radii of gyration, and is least for an axis parallel to tbe least 
radius of gyration; tberefore, from (65), l is tbe least wben 
cos /3 = cos y = 0 : tbat is, wben 

l = 2â5, 

if a is tbe least central radius of gyration. And tbis gives tbe 
absolutely least time of oscillation of ail axes about wbicb a 
body can oscillate. And as of ail parallel axes tbat wbicb is at a 
distance equal to 2 1<! from tbe parallel central radius of gyration 
yields tbe least time of oscillation; so of ail, tbat wbicb is 
parallel to tbe axis of tbe greatest moment of inertia is tbe maxi- 
mum minimorum, and tbat wbicb is parallel to tbe axis of tbe 
least moment of inertia is tbe minimum minimorum, and tbe 
otber minima are intermediate to tbese. 

Ex. 1. Of ail axes passing tbrougb and perpendicular to a tbin 
rod of lengtb 2^;, tbat at a distance aZT^ from tbe middle point 
of tbe rod is tbat for wbicb tbe time of oscillation of tbe rod is 
tbe least ; and tbe lengtb of tbe simple isoebronous pendulum is 

2«3-i 

Ex. 2. Of ail axes about wbicb an elliptical plate can vibrate, 
tbe time of oscillation is tbe least for tbe axis parallel to tbe 
major axis and bisecting tbe semi-minor axis. 

Ex. 3. For a spbere of radius a, ail tbe radii of gyration passing 

2 i 

tbrougb tbe centre are equal, and = a (^-) ; so tbat tbe axes for 

wbicb tbe time of oscillation is tbe least are at a distance from 
tbe centre equal to tbis quantity * and 

, 2^a 
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Ex. 4. The axis for whieh an ellipsoid vibrâtes in the shortest 
possible time is parallel to its greatest principal axis^ and at a 


distance from it 




254.] Again, since ail central eqnimomental axes lie on the 
surface of the right cône 

(h— + — b)^2 + (h-~c);2;^ = 0, (66) 

where H is the moment of inertia relative to any axis on the 
cône, this is the loeus-sui-face of ail axes of the circular cylinders 
of equal radius K ail lines lying on the surface of whieh are iso- 

H 


chronal axes ; and for which h -\- 


Mi 


It is similarly the locus surface of ail axes of the circular 
cylinders of equal radius ]i\ ail lines lying on the surfaces of 
which are isoehronal axes ; and for which 


r=7/+ 


H 


where and the axes lying on the surfaces of ail the 

cylinders are isoehronal. 

Thus, if two spheres of radii h and 7/ are described from the 
mass-centre as centre, and cônes are described touching them, 
coaxial with and similar to the given cône, ail generating lines 
of these two cônes are isoehronal. 

255.] The relation between Jc\ and l whieh is given by the 
équation (48), viz., ir- = (67) 

leads to the following' construction for the Jocus of the centres of 
suspension, when 7, the length of the pendulum, is constant ; 
that is, for a System of isoehronal axes of oscillation*. 

If <2, 0 are the principal central radii of gyration of a body, 

the équation to the central ellipsoid of gyration is 


'ir 


= 1 


( 68 ) 


. and the équation to the central pedal of this ellipsoid is 

(^2 ^^2 ^ 2^2 ^ ^ 2^.2 J 2^2 ^ ^ 2 ^ 2 , ( 69 ^ 

Now by Art. 187, any radius vector of this surface is the 
radius of gyration of the body which lies along it ; and thus of 
ail the central radii of gyration which lie in a given plane, the 

* See a Paper by Bokleii. Crelle Journal ; Band, XCIIL, p. 177. 
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greatest and least are tliose wHcli coineide with the principal axes 
of tlie section of tKe pedal surface made by that plane. From a, the 
centre of the section, let a perpendicular to the plane be drawn, 
and let lengths gk^, 0X3 be taken equal to the principal axes of 
the section, then and are respectively in the two sheets of 
the apsidal of the pedal, and the apsidal is the bounding surface 
of the lengths of the central radii of gyration of the body, ail of 
which are intermediate to gK;,^ and G e: 2 . Now the équation to 
the apsidal is, see (128), Art. 21, 

_ 

L 1 ^ O . 

d^ — r^ 5 

where + and the values of r lying along any 

radius are the maximum and minimum values of the radii of 
gyration in the plane section of the pedal surface which is per- 
pendicular to that radius. And ail other values of ¥ in that 
section are represented by lines whose ends lie between and 
Kg : so that the apsidal surface is the bounding surface of lines 
equal to the radii of gyration. If through any one of the points 
K lines are drawn parallel to the corresponding radii of gyration, 
it is évident that there is only one such line at K^, and only one 
at Kg, and that these lines are perpendicular to each other ; but 
that through any other point K lying between K;^ and Kg there are 
two such lines, lying in the same plane and inclined to each 
other at some angle between 0° and 90°. 

As the two sheets of the apsidal, see Art. 21, intersect in four 
cuspal points in the pjane of {z, æ), so at these points ail the k's 
become coincident, and ail the radii of gyration in the plane sec- 
tion of the pedal are equal ; that is, that plane of section of the 
pedal is a circle. This takes place when x^+y^ + z^ = ¥, and 
(b^ — a^)x^= The number of lines which can be 

drawn through these points parallel to the corresponding radii 
of gyration in the plane section is infinité. There are evidently 
two such cyclic planes of the pedal, 

Thus at any point on the apsidal only one line can be drawn 
which is parallel to the corresponding radius of gyration : at ail 
points lying between the two sheets a pair of such lines can be 
drawn : and at the cuspal points the number of such lines is 
infinité. 

256.] Now let us extend this construction, so that it should 
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apply to centres of suspension ; let be replaced by its value 
h given in (67), tben (68) becomes 


; + 


r 


= 0 ; 


(71) 


and let + so tbat tbis surface is, if l is constant, 

the bounding surface of the centres of suspension. 

If h is constant as well as this équation represents a quadric 
cône ; and if h varies, a sériés of cônes, ail of which are confocal, 
and of whicb the focal lines are given by the équations 


y = 0, 


; + • 


0, 


and these lines are the asymptotes of the focal hyperbola of the 
ellipsoid of gyration in the plane of {x, z), as explained in Arts. 
27 and 28. 

The équation to the surface may be expressed in the following 
form 






+ ■ 


2 // 72 n 2 


0. 


4 


Let 


1‘^ 


— a 


2 


^'2 


4 “ ^ 2^ 

72 72 

= = (r\ 

4 4 


h—. 


: rx 


then a' >V > c'\ and the équation hecomes 


■72 + 






c '— ?• 


77» =0. 


(72) 


Now assuming that are ail positive, the form of this 

surface is the same as that of (70) ; consequently as (70) is the 
apsidal of the pedal derived from the ellipsoid of gyration, so 
is this surface the apsidal of the pedal derived from 



This surface therefore consists of two sheets, having foin* cuspal 
points in which the sheets intersect, and has properties in ali 
respects similar to those of (70). 

If thon we construct this latter surface, of which the principal 
axes are related to those of the central ellipsoid of gyration by 
the équations 

af^ + é = h'^ + h- = c'2 + c2 = 

4 
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and if we find the central pedal of tMs surface, and détermine its 
apsidal, the radii vectores of the surface locus of the centres of 
suspensions of isochronal axes are the radii vectores of this apsi- 
dal lengthened by g • Hence that surface-locus consists of two 

sheets, having four cuspal points in which the sheets intersect, 
and ail other properties similar to those of the surface whose 
équation is (68), This surface-locus is the houndary of the re- 
quisite points of suspension, no point of suspension for any axis 
of the System lying outside of it ; but ail points on it and within 
it being points of suspension corresponding to an isochronal axis 
of the System. 

Since li^ l and Te are connected by the équation li^ — lli + //^ = 0, 
there are two values of h which satisfy this équation ; and these 



and both these are real so long as 2F is less than ; if 2F = /, 
there is only one value of If 2 F is less than there are two 
surfaces of the form (72) corresponding to the two different 
values of h ; and ail the properties which hâve been proved of 
one of these surfaces are equally true of the other*. This also 
folio ws from the theorem that the centres of suspension and 
oscillation are reciprocal and convertible. 

257.] Lastly, let us détermine the conical surface on which lie 
ail isochronal axes passing through the given point z^. 

Let the équations to one of these isochronal axes referred to 
the mass-centre as origiii be 




= «= (say) ; 


(73) 


l m, n 

and F ^ + -{■ ê 

if a, c are the principal central radii of gyration. In these 
équations, replacing n by their values from (73), we hâve 

= é{x-x^f + + (P‘{z-z^f. 

If therefore l is the length of the simple pendulum, isochronous 
with the body about each of the axes passing through 
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l{{x-æ^f + {ÿ + (^ _ ;?^)2 } è 

{ -ÿhf + + (y ^0 - 

= (^^0 -ÿhf + (^^0 ~ + (^«0 + 

«2 _ 3,^)2 ^ P (^y _y^. + o^z- ; 

which is evidentlj the équation to a cône of the fourth degree. 

258.] An application of these principles has been made by 
Capt. Robins, to the détermination of the velocity with which a 
cannon bail leaves a gun. 

A heavy board is suspended by a fixed horizontal axis ; a 
cannon is so placed that a bail projected horizontally froin the 
cannon strikes this board at rest at a certain point ; and the 
board revolves through an angle, which is observed. It is re- 
quired to déterminé the velocity of the bail. The swinging 
board with its axis is called a Ballistic P^ndulum. A vertical 
section is given in Fig. 27. 

We shall suppose the bail to strike the board at right angles 
to its plane, and to remain in the board after impact. Let 
M = the sum of the masses of the pendulum and bail. 
m = the mass of the bail. 

== the moment of inertia of the pendulum and bail. 

V = the velocity of the bail at the instant of impact. 
ù = the angular velocity due to the blow of the bail. 
a = the distance of the point of impact from the rotation-axis. 
k = the distance of the centre of gravity of the masses of the 
pendulum and bail from the rotation -axis. 

maY 
n = — 


Then if 2 a is the angle through which the body has turned, 
when it cornes to rest, by the équation of vis viva, 

= 2 cos 2a) 

= (sina)^ ; 


V = (/i oy^ sm a : 

Tïia ^ ' 


as ail the quantities in the right-hand member of this équation 
may be observed, or are known, v is also known. 

We may détermine a in the following manner. At a point in 
the board at a distance h from the rotation-axis, let the end of 
a ribbon be fastened, and let the rest of the ribbon be wound 
tightly round a reel, so placed, that if a length c is unwound in 
PRICE, VOL. IV. X 
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the aseent of the board, c is tbe chord of tbe angle 2 a to tbe radius 
h y so tbat c = 2 ^ sin a ; 

. v=— 

h is determined by tbe process explained in Art. 251 ; and if we 
replace h by tbe value given in (58) we bave 

acM 

V = t; 

Tram 

and if M and m are replaced by tbeir weigbts, say w and wbicb 
are proportional to tbem, we bave 


If tbe moutb of tbe eannon is placed near to tbe pendulum, tbe 
value of v, given by tbis formula, must be nearly tbe velocity of 
projection. And if tbe distance of tbe pendulum from tbe moutb 
of tbe gun be large, so tbat tbe velocity of impact on tbe pen- 
dulum is less tban tbat of projection, tben, if tbe coeflS oient of 
résistance of tbe air is given, we may by tbe process of Art. 341, 
Vol. III, estimate tbe diminution of velocity due to tbe résist- 
ance of tbe air, and thus détermine tbe velocity of projection. 

Tbe velocity bowever may be determined in tbe following 
manner, as suggested by Dr. Hutton. Let tbe gun itself be 
suspended by a horizontal axis, and tbus form a pendulum ; wben 
tbe gun is disebarged, it will oscillate by reason of tbe recoil -, 
and by observing tbe times of tbese oscillations, and making 
tbe requned alterations in (74), tbe velocity of projection will be 
determined : w will represent in tbis case tbe weigbt of tbe gun, 
and ù and a must be similarly altered. 

259.] Tbe following problems are in furtber illustration of the 
principles contained in tbe preceding Articles. 

Ex. 1. A vertical rod of lengtb 2 a and of mass m, wbicb turns 
about a horizontal axis passing tbrougb the upper end, is struck 
by a blow at its centre of percussion, and ascends into its posi- 
tion of unstable equilibrium ; déterminé tbe momentum of the 
blow. 


Let Q = tbe momentum of tbe blow, and let a be tbe angular 
velocity wbicb is thereby given to tbe rod about its rotation-axis. 

Now tbe centre of percussion is at a distance ^ from tbe rota- 

o 

tion-axis ; so that by (7), Art. 229, aiin = Q ; and by tbe prin- 


i 
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ciple of vis viva, see (42), Art. 244, 


M 4 
2 


= %aiA.g ; 


q=M(2ag)i 

Ex. 2. A circiilar plate of radius a and mass m, capable of rota- 
tion about a horizontal axis whieh is in its plane and touches it, 
is struck by a blow Q at its centre of percussion, and ascends into 
its position of unstable equilibrium ; prove that 

Q = 4K(f/. 


Ex. 3. A heavy rod with one end fixed is placed horizontally, 
and a weight is put on it at such a point that the weight just 
leaves it when the rod begins to move about its fixed end : dé- 
termine the position of the point. 

Let a? be the distance of the point from the fixed end : then 
for the angular accélération of the rod we hâve 

cU^ ■“ 2a’ 


therefore xvè the accélération of the point where the weight 


is placed ; but this is equal to g ; 

2a 


Also at ail points farther than this from the fixed end, the 
weight will separate from the rod, and a.t points nearer to the 
end will remain on the rod and increase its accélération. 

Ex. 4. A heavy right circulai* cylinder stands on a rough 
horizontal plane to whieh a jerk is given in a given direction : 
déterminé its effect on the cylinder. 

Let M be the mass of the cylinder, 2 à the height, and h the 
radius of the base. Let q be the momentum of the blow whicli 
acts from the plane on the cylinder, and whieh being uniformly 
distributed over the base acts in its résultant eifect at the centre. 
Let the line of be inclined to the vertical at an angle a : then 
the effect of Q, will be (1) a vertical jerk = qcos a on the cylinder 
acting through the centre of the base, (2) a horizontal jerk on 
the base = q sin a, whieh, as the base stands on a rough plane, 
gives a horizontal momentum = Qsina to the cylinder at its 
centre of gravity, and (3) consequentially, a rotation of the 
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cylinder about that tangent to its base which is perpendicular to 
tlie vertical plane containing tbe line of tbie jerk. This rotation 
may be determined as foUows. 

Let 9 be tbe angle through wbieb tbe cylinder is turned in 
tbe time t : let k be tbe radius of gyration about tbe rotation- 
axis. and n be tbe initial angular velocity due to tbe blow : tben, 
by (6), Art. 229, 

mFu = Q{â5sina — ^cosa} ; 
and from tbe équation of vis viva, (42), Art. 244, 

MP (dô^ 0 1 , A Z • û) 

— {a—acoB d—osindj ; 

wbence tbe circumstances are known for a given value of 0. 
Suppose tbe blow to be sueb tbat tbe cylinder is just upset : 

tben ^ = 0, wben tan 0 = - =z tan say, wbere (3 is tbe angle 

Cltr 0> 

between tbe axis of tbe cylinder and its diagonal : also let 2(? be 
tbe diagonal, so tbat _ ^ 2 . 

= Q,6'sin(a — /3), = %g [g-^o) ; 

as n cannot be négative, tbe preceding value sbews tbat a must 
be always greater tban ^ ; tbat is, tbe line drawn tbrougb tbe 
centre of gravity parallel to tbe line pf tbe blow must fall out- 
side tbe base of tbe cylinder if tbe cylinder is to be upset. Also, 
4â/^ 5 

since + —, from tbe last two équations we bave 

O 4 




1 — cos a 


{15 + (cos /3)2}, 


^ 6 {sm(a — y3)}^ 

whicb détermines tbe intensity of tbe jerk wbieb is necessary 
for just upsetting tbe cylinder. 

Tbe circumstances of tbis problem are exemplified wben a 
beavy body is upset by a sbock of eartbquake, or wben a body 
stands on tbe floor of a moving railwa}^ carriage wbieb suddenly 
meets witb an obstacle and is brougbt to rest. 

A similar process is applicable to a cube or a cône or a para- 
boloid resting on a rougb plane to wbieb a jerk is given. 


260.] If a body moving about a fixed axis meets witb a fixed 
obstacle on wbieb it impinges, and is tbereby brougbt to rest, 
tbe momentum of tbe impact may be determined as follows. 

Tbe action of tbe impact on tbe body is similar to tbat of a 
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blow;, and consequently cornes within tlie principle of the équa- 
tion given in Art. 229, Hence if Q is the momentiim of the 
impact on the obstacle, and q is the perpendicular distance from 
the obstacle on the fixed axis : also if m is the mass of a particle 
of the body which is moving with a velocity v at the instant of 
impact, and jy is the perpendicular from the axis on the line of 
motion of m, then 'Z.mvp is the sum of the moments of the 
momenta of ail the particles, which are brought to rest by the 
impact : consequently this must be equal to the moment of the 
impact, and we hâve q^q ^.mvp \ 

but as the rotation is taking place about a fixed axis, if r is the 

dô 

distance of m from this axis, 2 ; = r 5 and p 


.^cie 

qq = — 


: lsl¥ 


dt 


whence if q is given, q can be determined. The folio wing are 
examples in which this principle is applied : 

Ex. 1. A heavy beam of mass m and length %a falls from a 
vertical position, turning about its lower end which continues 
fixed, and impinges on an obstacle in the horizontal plane which 
passes through the lower end. Find the momentum of the 
impact. 

The équation of vis viva is in this case 


M 4ia^d6'^ 

2 "3"^ 


M.ga\ 


where ^ is the angular velocity with which the beam is moving 
(ù 0 

when it strikes the obstacle, therefore, if q is the distance of the 
obstacle from the foot of the beam, 


q = 




Ex. 2 . If the obstacle is in the vertical line passing through 
and below the axis of rotation, then 


^ = — • 

Ex. 3. A heavy right-angled cône of mass m and altitude 
rotating about a diameter of its base which is horizontal, falls 
from its position of unstable equilibrium to its lowest position, 
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and is biought to rest by its vertex impinging on a fixed obstacle. 
Prove that tbe momentum of tbe impact 

MÆ , ,1 

= ^ (<•!)*■ 

261.] In further application of tliese principles let us consider 
the motion of the parts of some macliines, in whicli certain ro- 
tation-axes are fixed. 

Ex. 1 . Two weights mg and m' g are conneeted by a flexible 
and inextensible string without weigbt, wbich passes over a given 
pulley with a fixed axis and a rough surface ; it is required to 
déterminé tbe circumstances of motion of eacb weigbt and of tbe 
pulley. 

The pulley is supposed to be rough, so that the string does 
not slip over it. 

^ Let the weigbts, &c. be arranged as in Fig. 17 ; and let the 
symbols be tbose of Ex. 1 , Art. 71 ; and let us suppose m and m' 
to bave tbe initial velocities, &c. of that example. Let M = the 
mass of tbe pulley, and a = the radius ; then 

the moment of inertia of the pulley = m — • 

Let n be the initial angular velocity of the pulley due to the in- 
stantaneous initial tensions of the string ; tben, by ( 6 ), 




n = ; 


T = mn' + 7]/ a a ; 


also 27 = a n ; so that 

T = mu — maa^ 

whence tbe initial angular- velocity of tbe pulley^ and the initial 
tensions of the strings are known. 


(75) 


Again, 

also 


X *3 = «(’-■")! 


dP'x 

d'^e 

d^x' 


(76) 

cU'^ 

1 <M 

II 

df^ ^ 




d'^e 

, , d^e 

(77) 

T = 

mg — ma 

dt'^ ’ ^ 

=.m g-\-m a 


dH 
dt^ '' 

2 {m~ 

m')g 

+ 2m'y 

(78) 
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do 

dt 

dff^ 


2 (m - 
. a = — 




(79) 

(80) 


(m + 2m + 2m') 

2 __ ^{m-‘rd')gO 

df^ û â5(M + 2m4-2m')’ 

whence by a furtber intégration 6 can be cletermined in terms of 
t ; and thus the space will be known tbrongh wbicb m or m' 
will move in a given time. (80) is tbe eqnation of vis viva. 


If we replace in (77) by its value, given in (78), we shall 

Clt~‘ 

find the tensions of the strings at any time t. 

If the weights of the strings are taken into aecount, the eqna- 
tion of angnlar motion assumes the following form : Let p = the 
density, cù = the area of a transverse section of the string ; 
c = the whole length ; then, if M is the moment of inertia of 
the pnlley, 

d^ 0 

[uk^ poicar)-^ = a{7n—m')g-\-ap(£>gx--ap(Xigx' 

= Æ {m — m' -f- P 0) (æ? — ^') } y. 

Ex. 2. To investigate the circnmstances of motion of a wheel 
and axle, the weights of the strings being neglected, and m/j- 
being the moment of inertia of the machine relative to its axis. 

Let us use the same symbols as in Ex. 2, Art. 71, and those of 
the last example ; and let Fig. 18 represent the plan of the wheel 
and axle when projected on the vertical plane of the paper. 

T = m U — m en, r' = m'u' -f- m' c n ; ( 81 ) 

(82) 


a = 


uk'^ 4- + m'e'- ’ 

whereby the initial angular-velocity of the machine, and the 


initial tensions of the strings are known. 


Again, 


T = mg — m c 


d^e 

dt'^ 


3 T = m y -f m c 


, ,fi^e 


dl^ 


(83) 




dH 

dt'^ 


CT— c ï ; 


(84.) 


d‘^0 [cw. — c vif)g 

(U ^ M + m 6*^ -f- m' (I ^ ’ 
whence ail the circumstances of motion may be determined. 

If P = the pressure on the axis at the time /, it is equal to the 
weight of the wheel and axle together with the tensions of the 
strings ; therefore 
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P = m^ + t + t' 

,, (me — m,' c'y 

= (M. + m, + m)g 5— — ttoO'^ (° 5 ) 

-nk^ + me^ + mc- 

mm' (c + c'Y + 

tliat isj the pressure on the axis is less than it would be if the 
machine were at rest ; but it can never vanish. 

Ex. 3 . It is required to détermine the motion of a System of 
wheels and pinions, such as a crâne, or the like, the power at- 
taehed to the first wheel being P, and the weight attached to the 
last pinion or axle being w. 

Whatever is the form of the System, it may always be arranged 
as in Fig. 28 ; where we hâve taken four wheels and pinions : 

Cl, C2J C3, C4 are the centres of the successive wheels and pinions, 

Cl being that of the axle to which the weight w is attached. Let 
the pressures between the successive wheels and pinions, whether 
due to the action of teeth or to friction, be Ti, T2, T3 ; let ^1, ii, 

^2’ ^2» ^35 hi *^45 ^4 radii of the several pinions and wheels 

in order ; and let Hi, Hg, H3, be their moments of inertia ; let T 
be the tension of the string to which the weight is attached, and 
t the tension of that by which P acts ; let M be the mass of the 
weight w, and let 's z=z mg\ let us suppose w to descend in the 
time dt through a space dx, and P to ascend through a space 
and let dO^^dQ^idd^^dd^he Ûiq angles through which the 
wheels rotate in that time ; then 

cîx=i h-^dO-^-^ac^dOç^] l^dQ^-=za^dQ^\ l^dd^=^a^dd^ \ —dx' , ( 87 ) 

For the translation of w and P, we hâve 


T = w— M ■ 




‘“'-“Âr = '+*<” "3F 

And for the rotation of the pulleys, we hâve 
dH^ 


^=«3T2-^3T3, 


rî — ^4 ; 
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wlience, hj a simple élimination, we hâve 

CG 

Jfi { % («2 «3 «4)^ + 1*2 («3 «4 + H3 («4 \ hf + «4 (<^1 52^3)"^ 

+ M («j^ «2 ^3 ^ 4 )^ + ('^l ^2 ^3 ^ 4 )' } 

= a-^a.;^a^a^ {a^a.^a^a^yn—h^h.^h^b^s] ; (91) 

and, by intégration, the space described by w in the time t may • 
be found. 


Also, from (87), 


cW 


h h ^3 ^4^^^ . 
a-^a^aç^a^ dt'^^ 


(92) 


and thus the motion of P may be determined. 

A similar prceess may of course be applied, whatever is the 
number of the wheels and pinions. 

If in the preceding example the wheels are ail equal, and ail 
the pinions are equal, 

+ + + — pj^}. (93) 

Ex. 4. A heavy flexible and inextensible string of given length 
a, is wound round a solid cylinder of mass m and radius c, which 
is capable of rotation about its axis, which is horizontal ; a pieee 
of the string of length h hangs down, so that the cylinder begins 
to rotate ; it is required to détermine the motion of the string 
and of the cylinder. 

Let the circumstances at the time t be represented in Fig. 29 ; 
and let m B be the moment of inertia of the cylinder. In the 
time t let a chain of length z= cg = cO be unwound from the 
cylinder ; let co = the area of a transverse section, p = the den- 
sity of the string ; then the weight of the string which hangs 
vertically at the time t = pa)y(i + 6‘d). Let T = the tension of 
the string at the i)oint P, c P = i + a?. 



and the moment of inertia of the cylinder, and the chain wound 
round it at the time t, = uB +pùù{a—b — c6)c^ ; so that the 
équation of rotation of the cylinder is 


cPô 

{uB-j-po) — i — = CT! 


:pcoc(6 + c0)|^-c^|; 


...rlï 
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d^O ^p(jüc{h-\-c6)g ^ 
pùi>ac^' 

^ pa>cg 

dp ~ ^ 

dô 


(94) 


du 

silice we hâve assumed ^ = O, when ^ = 0 ; therefore whea 


cB = a — l^ that is, when the whole chain is unwonnd, 
dB"^ __ p(àg(a^^i^) 
di^ + 


Agaiiij from (94), for the whole time spent in nnwinding the 
string, we hâve 


iMk^ + poiac^) Jq 


dB 


+ (^21)6 + cB‘^)^ 


1 a + 

= — log >- 

O 


(95) 


which gives the time. 

By a similar process we may détermine the length of string 
which a cylinder, rotating with a given angular veloeity, woiild 
wind up before it is brought to rest. 

Ex, 5 .] A balance bas equal weights in the scales, and oscillâtes 
throngh small angles, the beam and scales moving in a plane 
which is perpendicular to the axis of vibration ; it is required to 
détermine the circumstances of motion. 

Let the balance, &c. be represented in Fig. 31, in which the 
plane of the paper is the plane of motion of the beam and scales, 
and the axis of vibration is perpendicular to the plane of the 
paper. Let 0 be the point where this axis pierces the paper ; 
let G be the centre of gravity of the balance without the 
w^eights ; let 

M == the mass of the balance. 
m =: the mass of each weight in the scales. 
mP = the moment of inertia of the balance relative to the 
rotation-axis. 

a = the length of each arm = a B == b a'. 

OB = 5. OG = K 


Let B = the angle between ob and the vertical line ; which 
angle, as well as its 2 Î-differential, we shall assume to be infini- 
tésimal, so that the squares and higher powers may be neglected. 
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Let 


clx dx 


dt 


, be the vextical velocities of the weii^bts in the scalcs 
dt ^ 


at P and p^ respeetively ; let T and t^ be the tensions of tlie 
strings at A and a' respeetively. We sliall neglect tlic oscilla- 
tions of the seales about the points a and a'. 

The perpendicular distances from o on a P and a^p' res])eetively 
are ato^Q — h sin B, and a eos d + <5 sin (9 ; which qnantiiios, as Q is 
infinitésimal, are a — h B and a-\-hB. So tliat the équation of 
rotation is 




— T'{a^hÔ)‘ 

--isighB. 


(96) 

Now 


, . d‘^æ\ 

7 


but 

dx ^ d[asmB + l eos 0). 

dsû'= i 

^7 ( — Æ sin 

O-^-h eos (1) ; 

dx 

/ ^ 7 • ^\d>0 

dx' , 

-<2 cos d — 


dO ^ 

dt 

- [a cos B~o sm 6) > 

Æ=(- 

T'sin 0) 

dt ’ 

d'^x 


df^x' . 

-d3:cos6> — 

b sin 0) 

d'H) ^ 


r . Z • 

— (a QO^ B — b sm B) ? 

df^ 

d/.-’ 


so that (96) becomes 

d^O __ + 

dt'^ 2ma^ 
dQ 

Let a be the value of 6 when — = O ; then 

dt 

d'B"^ _ 

dt'-^ 2ma^ 

2md^ + li - 0 

— 1 \ cos”^ -- ; 

and therefore the time of an oscillation 



(97) 


(98) 


^ ( 2md^ + 1.2 

^ I -h M^)y ) ’ 

and therefore if / = the length of the simple 
dulum, 

^ __ 2?Ma^ + 

2mô-{-MÂ 


(99) 

isochronous peu- 

( 100 ) 


262.] We must now retum to equatioiiy (35) and (36), wliieli 
détermine the pressures borne by the lixed poinl.s ol' ibe axis 
during- motion of tliis kind. 

As the Æ'-axis is fixed, the particles of the sysieiu havo no 
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motion in a diiAction parallel to that axis, so that for ail particles 

,7 2 ^ 

= O ; and therefore from the last of (35), 

S.PCosy = -X.mz ; (101) 

and as neither P;^cosyi, nor Pg cos y 2 , enters into tlie other équa- 
tions, this shews that the sum of the components of the pressures 
along the ; 2 '-axis is equal to the sum of the similar axial compo- 
nents of the impressed momentum-increments on ail the parti- 
eles ; but as the sum only is given, each pressure is indetermi- 
nate. This case is similar to that of Art. 231, and admits of 
a similar explanation. 

I may observe in passing, that if the axis is capable of sliding 
in the direction of its length, then the motion of ail the particles 
of the body along that line will be derived from the équation 




cPz 


and as will be the same for ail the particles, if m = the mass 


of the body, 


dt^ ^ 


M ' 


( 102 ) 


whereby the longitudinal displacement of the axis may be de- 
termined. 

The components of the pressures at the fixed points, which 
are perpendicular to the axis, enter into the first two équations 

d^oô d^ 7/ 

of both (35) and (36). In these let us replace and by 


their équivalents, given in Art. 241, in terms of co ; then these 
four équations become 


Pj eosai + P2eosa2 = + 

Pj cos /3i + P 2 COS 132= — 


d(ù 
d CO 

— + 


(103) 


Tr^.mOGZ — L, 

dut 

dut 


(104) 


from which équations the components of the pressures perpen- 
dicular to the rotation-axis may be determined. It is worth 
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262.] 

while to eonsider the forms which the preceding équations take 
relatively to certain axes of tke bodj. 

(1) Let us suppose the rotation-axis to he a principal axis of 

the body ; and let us moreover take the origin at its principal 
point; then 'i,,myz = = 0; and (104) become 

Pi^iCOsai + P2;e:2COSa2 = M; j 
from which, with (103), the pressures may be determined. 

(2) Let us suppose the rotation-axis to be a central principal 
axis, and the mass-centre to be the origin ; then 

^,myz := :$,mzx 0 ; '%.mx ^ 'Z.my 

then (104) and (103) become respectively (105), and 
P^ eos a-^ -{- P 2 cos a 2 = 2 . x, ) 

PjCos IS-^ + v^Qos^^ = 2.^2- y; 3 

whence we hâve 

. 2 . 7ïi. y + L 

Pi cos /3i = “ 


(106) 


P^ COS c^i — — 






PnCOS an 


Zn-~-Z-t 


PiCOsai== — 


P 2 cos a 2 = 


2 . m X — M 
~2z^ ’ 


P 2 cos ^ 2 , = 


Pi cos = • 


(107) 

(108) 


Z 2 ^1 

-5'i2.^?^Y~ 

If the points of support of the axis are equally distant from the 
centre of gravi ty, so that -^2 = then 

,2.^'/^X + M _ _^_^l2.mY— 

27, 


(109) 


^l2.';/2.Y + L 

P2eos/32= (110) 


(3) If no forces act on the System, so that x = y = z = 0 for 
ail particles ; and L = m = x = 0 ; then the body rotâtes about 
the fixed axis with the constant initial velocity a. 

And if moreover the rotation-axis passes through the mass- 
centre, so that =0 ; then, from (103) and from 

(101), we hâve 


whence we hâve 


so that the pressures at the fixed points are equal and opposite, 
and act along parallel straight lines; they therefore form a 


Pi cos % -f P 2 cos a 2 = 0, \ 

?! cos /3i + Pg cos /32 = 0, > 

Pi cos 71 + P 2 cos 72 = 0 ; ; 

(111) 

^25 Pi = 1^2^ yi = y253 

(112) 
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couiDle, tlie effect of whicL. would be to alter the rotation -axis 
of tbe body, were two points on the axis not fixed. 

(4) Moreover, if the rotation-axis is a central principal axis 

and no forces act on the System, in addition to (111) we hâve, 
from (104), cos /Ij + cos = 0, ) 

COS + P2 -^2 ^2 = ^ 5 ^ ^ 

and therefore = — P^ = 0 ; and no pressure exists at the fixed 
points in the rotation-axis. This resuit agréés with that of 
Art. 175, wherein it is proved that the couple of the centrifugal 
forces vanishes for ail points on a central principal axis. Hence 
it is that such axes are called permanent axes, and are axes of 
no pressure ; they are therefore those axes about which a body 
will rotate freely, and without fixed points in them, when no 
forces act. 

(5) In the case of a heavy body rotating about a fixed hori- 
zontal axis, being the problem which has been considered in 
Art. 243, if the pressures can be reduced to a single résultant 
acting at the point where the vertical plane through the centre 
of gravity intersects the axis, the pressure may be conveniently 
determined in the folio wing manner. Let s and l be the pressures 
or stresses respectively perpendieular to and along the line 
passing through the centre of gravity, where 6 is the inclination 
of that line to the vertical ; then, as these pressures are the 
excesses in these directions of the impressed over the expressed 
momentum-increm.ents, 


s = M^sin^ + M/^ ^ ^ Î 

(114) 

L = M^COS^-hM/^ ^ 7 

(115) 

= iig {co&e+ ^^^_^^^{(iOsô-cosa)}i 

(116) 


- - and having the values which are given in (39) and 

(40) Art. 243. From these quantities the component of pressure 
in any direction, and also the line of action of the whole pressure, 
can be determined. The whole pressure is of course (s- -}- l^)^. 

263.] The folio wing are applications of the preceding results. 
Ex. 1. A heavy wire in the form of a semicircle has its two 
ends attached to a vertical axis about which it revolves with an 
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angular veloeity co : détermine the horizontal tensions at the 
points of attaeliment. 

Let Pi and be the pressures at the upper and lower points 
respectively ; and let a be the radius of the semicircle, and h the 

%a 

distance of the centre of gravity from the axis ; then 7^ = — ; 
and taking naoments about the lower point, 

also Pj^ + Pg = 

/. ~ (âî o>2 -{-g) ; P 2 = - (a(s?^g\ 

77 TT 

Ex. 2. A heavy sphere revolves uniformly about a vertical 
chord, whieh is fixed at the two points where it meets the sphere. 
Déterminé the pressures at the points. 

Let a and m be the radius and mass of the sphere respectively, 
2 c = the length of the chord ; so that the distance of the chord 
from the centre = Let co = the angular velocity of 

the sphere. Let P^ and P 2 be the horizontal pressures, and Rj and 
Pg the vertical pressures at the upper and lower points of attacha 
ment respectively ; then, as in the j)receding example, 

I’l= 

p,= 


+ = My. 

Ex. 3. A heavy thin bar of mass m and length 2 ex, having one 
end fixed, about which it moves in a vertical plane, falls from a 
horizontal position; déterminé the pressure at the fixed point for 
any position of the bar. 

In this case let the pressure be resolved along and perpendicu- 
lar to the bar ; then applying (114) and (115), we hâve 
(VQ _ Zgéx^e ^_3^eo3_0 
(U- 4cz ’ dt'^ 2a ^ 

iig sin d ^ ^ cos 0 ^ 


s = 


T. = 


so that when the bar bas in its motion a vertical position, the 
pressure at the fixed point is wholly vertical, and is — ; 


viz. two and a half times the weight of the bar ; and when the 

bar is horizontal l = 0, and s = ^ • 

4 
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Henee if (p is the angle at wHicK the résultant j)ressure is in- 
elined to the bar 


tan = 


- = 10 tan 0. 

L 


These results give the answer to tlie folio wing problem. 

Ex. 4. A heavy bar of length 2 a and mass m is fixed at its 
two ends in a horizontal position ; one support is removed and 
the bar turns about the other end ; find the pressure at this end 
when the motion begins. 

The preceding example shews that the pressure is wholly ver- 
tical, and is equal to one-fourth of the weight of the bar ; so that 
while the rod is at rest on its two ends, each support bears one- 
balf of the weight ; but if one support is removed and the bar 
begins to fall, the pressure on the other end is immediately 
diminished to one-fourth of the weight. 

Ex. 5. A heavy cube, whose side is 2 a and mass is m, just 
makes a complété révolution about an edge which is horizontal 
and is fixed to points at the two corners of the cube ; find the 
pressures on these points in the varions positions of the cube. 

The axis is evidently a principal axis, and its principal plane 
bisects the side of the cube and contains the centre of gravity of 
the cube. Hence the two pressures are similar in ail respects, 
and are équivalent to a single résultant, passing through the 
middle point of the side of the cube ; 


/i =: a 2^ ; 




(1 + cos 0), 



fP9 


4 a 2'^ 


sin 0 ; 


from (114) and (115), 
sin 0 


s = 


m.^(3 4 - 5 cos (9) ^ 


and the corresponding pressures at the fixed points are each one- 
half of these. When the cube is in the highest and lowest posi- 
tions, s = 0, and l = — m^, and 4 My respectively, so that when 
the cube is in in its lowest position, the pressure on each fixed 
point is wholly vertical and is twice the weight of the cube. 

Ex. 6 . An elliptic plate is support ed with its plane vertical 
and major axis horizontal by two pins at its two foci ; one pin is 
withdrawn, and the plate begins to rotate about the other pin, 
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but no change of pressure takes place ; find the eccentricity of 
the plate. 

Taking the value of s given in (114), and making sin 0 = 1, 
wehave 

5e^ = 2. 


Ex. 7. A heavy reetangular plate rests in a horizontal position 
on four legs at its four corners, two are suddenly removed ; prove 
that the pressure on each of the other two immediately becomes 
one-eighth of the weight. 


Section 3. — 09i internai stresses in a wire or tliin bar, caiised 
ly the w.otion of the har. 

264.] In the démonstration of D’Alembert’s principle given in. 
Section 1, Chapter III, we hâve pointed ont how in the motion 
of a single material particle the exj)ressed momentum-increment 
of the particle is exactly equal to that impressed on it, but how 
when the particle is a member of a System or of a body that 
equality cannot be asserted ; and how in this latter case the 
différence between the impressed and the expressed momentiim- 
increments causes an action between the particle and the sur- 
rounding particles of the character of a pressure or of a tension, 
which is called a stress. I also pointed ont in Article 70 certain 
varieties of stresses, viz. normal stresses, tangential stresses or 
shears, and bending stresses, the former two being actions of 
translation and the last an action of rotation. Now the general 
investigation into the action of these and similar stresses bolongs 
to another part of the Mechanies, viz. the thcory of elastic bodies, 
and the action of strains and stresses ; one portion, however, 
which is tho most simple, arises so immediately out of the ques- 
tions considered in the présent Chapter, that it is désirable to 
enquire into it, and this is the action of stresses whicli occur in 
thin bars or wires in motion, and which are duc to their motion. 
Now a principal and a fundamental property of a stress is that 
it is referred to an area, and it is measured by reference to an 
unit-area ; thus, suppose a body to be under the action of force 
and to be strained ; at any point within the body there is a con- 
séquent stress ; but what is the nature of this, and how is it 
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measured? Through. tlie point let there be drawn a plane, 
Tvliicb divides the body into two parts ; let it be imagined tbat 
one part is taken away, and tliat tbe otber remains in tbe same 
condition as it was before the removal of the former part, gener- 
ally certain forces mnst aet upon the surface of the former part 
to keep it in the state that it was in ; these forces are the in- 
ternai stresses, and as they are distribnted through the dividing 
area, they may vary from point to point in it both in intensity 
and direction. 

For the complété considération of ail these we must divide the 
cutting plane into small éléments, and consider only those which 
aet on a small area at the point through which the dividing 
plane has been drawn ; it is évident that the stress will be dis- 
tributed over the area, and that the amount will vary directly as 
the area, and that the intensity will be measured by the amount 
which acts on an unit-area, supposing the stress to be iiniform 
within that area ; it is évident also that generally the intensity 
and direction of the stress will vary according to the direction in 
which the dividing plane passing through the point is drawn. 
The general enquiry into ail these questions belongs to the theory 
of elastie bodies. I propose here to consider their application to 
thin bars only, when the stress is caused by the motion of the 
bars, and when that stress is the différence between the impressed 
and the expressed momentum-increments of the particle at the 
point. 

We suppose the bar to be thin, and without determining the 
exact form of the transverse section we suppose it to be small, 
and the same at ail points of the bar, so that there will be no 
variation of stress due to the variation of section. Let us take 
the transverse section at a point P ; then the stresses acting on 
this transverse section will be (1) a stress normal to the section, 
being a pressure or a pull along a line which is approximately 
tangential to the eurve of the bar at the given point ; (2) a stress 
whose action-line is in the section and tends to make it slide Or 
slip on its adjacent transverse section ; this is a shear, or a sheai- 
ing stress, and a twist, when one section rotâtes on its adjacent 
stratum; (3) a stress-couple, or a bending-couple, which tends to 
make the transverse section turn about an axis in its own plane. 
Each of these in its own way tends to produce a disruption of 
fche bar ; for the bar may give way either by being parted or 
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toril asiinder, or by being sbeai-ed, or by being snapped into two 
parts by over-bending and so breaking. As tbese stresses arise 
from the diiferenees between the impressed and tbe expressed 
momentum-increments, the latter hâve to be caleulated, and the 
problem is an application of the principles which hâve been de- 
veloped in the preceding pages. The following examples will 
elucidate the proeess more completely than any further general 
remarks. It is however to be observed that the stresses on a 
section may be estimated by considering the lost momenta on 
either one side or the other of the section, as it may be most eon- 
venient, for at the section the action and reaction are of course 
equal. 

265.] Illustrative examples. 

Ex. 1. A heavy horizontal bar of length Z a and mass M falls 
through a vertical distance li^ and impinges at its middle point on 
a fixed obstacle; find the shearing stress and the stress-couple 
at any point of the bar. 

Let P be the density and k the area of the transverse section 
of the bar, so that M = 2^pK. Let x be the distance from the 
middle point, at which the stresses are to be estimated, and let 
us take aecount of the lost momenta between the point and the 
end of the bar. Let s and G be respectively the shearing stress, 
and the moment of the stress-couple ; and let v^ == Zgh\ then 

( a-aû 

pKYcl^ = pKYÇa—æ) ; 

Jq t>j 

Hence, at the middle point, the stress-couple is the greatest, and is 


MVâJ 


so that the bar will break unless its resistina' strencrth 


against breaking is greater than this quantity. 

Ex. 2. If the bar meets with fixed obstacles at its ends, instead 
of one obstacle in the middle, then employing the same notation as 
in the preceding example, and observing that the upward pressure 


of each obstacle is 


MV 

T' 

-r 


we hâve 

MV MV 


that is, varies as the distance from the middle point, and at the 
middle point vanishes. 
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Pa-X 

G=/ pKiidt--^-{a-x) 


MV 




Henee the moment of the stress-couple varies as the product of 
the segments into wMch the bar is divided at the point, and is a 

maximum at the middle point, where it is — * 


Ex. 3. A thin wire in the form of a semicircle revolves with 
an angular velocity co about an axis whieh passes through its 
middle point and is perpendicular to its plane. Find the moment 
of the bending stress (the tendency to break) at any point of the 
wire. 

Let a be the radius of the circle, so that m = tt p a k ; let the 
point for whieh the bending stress is to be estimated be at the 
distance acj) from the middle point along the arc, and let the 
moment be estimated from the end of the wire up to this point ; 
then 

G =: ëa^où^pKsin^J'^ cosOcos (j9 + 

c . TT — 30 . ) 

= -.jl— eos 0 — sin 0H ^ — sin0 > • 


Hence g = 0, when 0=0, and when 0 = ~ ; and is a maximum 

^ 2 ^ 

when 0 = — — ) that is when the arc <2 0 is half the excess of 

the semicircle over the diameter ; at this point 


2Ma^ùù^ / , 0n2 


Ex. 4. A heavy rod of mass m and length 2 a hangs vertically 
by its upper end from an elastic string attached to a fixed point 
above it, whose natural length is o ; the rod is pulled downwards 
and then released ; y is the distance of the centre of gravity of 
the rod below the fixed point at the time détermine the longi- 
tudinal stress at any point of the rod at that time. 

If T is the tension of the string at the time iî, T = E - — ^ ; 

and 
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Therefore on a section at the distance x from tHe top of the rocl 
The longitudinal stress = J ~ 


The longitudinal stress = f fÿ 

Jx 

/ 2CI rp 


2a 

y — a — c 2a-~x 
~ ^ c 2a 

Henee the longitudinal stress on any section varies as the distance 
of the section from the bottom of the rod ; and at the top of the 
rod is equal to the tension of the string. 

Ex. 5. A heavy rod of mass m and length 2a rotâtes in a ver- 
tical plane about its upper end. Eind the longitudinal and 
shearing stresses, and the stress-couple at any point of the rod. 

Let L and s be the longitudinal and shearing stresses, and let 
G be the moment of the stress-couple, on a section at a distance 
X from the upper end of the rod ; let ô be the angle botween the 
rod and the vertical line ; then the équations of angular accéléra- 
tion and of vis viva are respectively 

cPd 3ysin^ dô^ 3^, . . 

W‘ = — éT’ = 

Then taking account of that part of the rod which lies beyond 
the point, we hâve 

X 2a-x r ^01 -N 

^ + 2 ^(cos(9-cosa)| 

= — w){4ia cos 0-]-3{2a + æ){cos0 — coïia)}. 

r2a~x r d^ô') 

s= pK + + 


= |^|ÿsinâ(2Æ-a;)- 


4a^--æ^ dn , ^ 
2 
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From tliese values it appears tîiat tlie shear and the stress-couple 
vaiy as the angle between tbe rod and the vertical varies, so 
tbat botb vanisb wben tbe rod in its motion beeomes vertical ; 

2a 

tbat tbe sbear vanisbes wben 00 = — ^ and is a maximum wben 

4ia ^ . 

0 ? = — ; tbat tbe moment of tbe bending couple is a maximum 

^ 2a 

wben 00 = — } tbat is, at tbe point wbere tbe sbear vanisbes. 
3 


Also tbat tbe sbear and tbe bending couple are independent of 

tbe initial position of tbe rod. 

If = 0, tbat is, at tbe point of suspension 

^ . M^sin^ 

L = -—(p cos (9—3 cos a), s = 


Gr = 0 j 


tbe first two of wbicb give tbe pressures on tbe point of suspen- 
sion, along and perpendieular to tbe bar. See Ex. 3, Art. 263. 


Section 4. — On changes in motion due to sudde7i changes in 
mistfaint. 

266.] In tbe previous sections of tbis cbapter we bave con- 
sidered tbe motion of bodies about fixed axes, wben tbe initial 
circumstanees are given in immédiate reference to tbese axes. 
The problem wbicb we bave now to consider is tbat wberein 
wben a bodj bas been moving about a fixed axis, tbe axis be- 
comes suddenlj set free, and anotber line beeomes fixed imme- 
diately about wbicb tbe body rotâtes ; and tbe question is the 
détermination of tbe conséquent circumstanees of motion. 

Tbe principle of solution is tbe same in ail cases, however 
greatly tbe spécial circumstanees may vary according as tbe new 
axis is parallel to tbe former, tbe new axis interseets tbe former, 
or tbe two axes do not interseet at ail ; and tbe principle is tbat 
wbicb is contained in tbe équation (6), Ai-t. 229. Tbe impressed 
momenta are due to tbe eSective momenta of tbe several particles 
at tbe instant wben one axis is set free, and tbe otber beeomes 
fixed, and are tbe impulses wbicb would reduee eacb of tbese 
particles to rest. Tbus if m is a type-particle, v tbe component of 
its veloeity in a plane perpendieular to tbe new axis, and tbe 
perpendieular from tbe axis on the line of tbis component, the 
moment of tbe impressed momenta is and if w is the 
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resTilting angular velocity and m the moment of inertia of the 
body about the new axis, then 

In the case of parallel axes, the theorems given in Articles 95 
and 97 relative to the moments of the momenta of the particles 
of a System and to their transformation are directly applicable. 
The following are the forms which these theorems assume : 

(1) Let the axis about which the angular velocity is n pass 
through the mass-centre, and let the other axis about which the 
angular velocity is o) be at the distance h from it, then 

+ (118) 

where lé is the radius of gyration about the axis passing through 
the mass-centre. 

(2) If û) is the angular velocity about any axis, and n is the 
angular velocity about a parallel axis through the mass-centre in 
reference to which h' is the radius of gyration, and h is the dis- 
tance between these axes, then^ if v is the conséquent velocity of 
the mass-centre in a plane at right-angles to these axes, 

co( 7^2 + ^/2) ^ ^/, + n/A (119) 

I would however observe that as the circumstances vary in most 
cases, it is generally best to hâve recourse to fîrst principles ; the 
application of these is shewn in the following examples. 

267.] Illustrative exam]ples. 

Ex. 1. A thin bar of length a is revolving in a plane about 
one end with an angular velocity n, when suddenly the end is sot 
free and the other end is fixed. Eind the new angular velocity, co. 
By (117) P' / X 7 

^ M~a)=/ ^K\a — x)CLxdiKi 

O Jq t) 

2 a) = n. 

Ex. 2. A rectangular plate whose sides are 2a and 25 is revolv- 
ing with angular velocity a about an axis through its centre 
and parallel to the side 25, when one of the parallel sides to the 
axis becomes suddenly fixed, and the former axis is set free ; find 
O) the angular velocity about the new axis. 

The moment of inertia about the axis through the mass-centre 
a^ 

is M — : hence and from (117), 

9 O 

M — n = M -f J O) ; 

Tz z=: 4 a). 
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Ex. 3. If the plate is a square of side a, and revolves witK an 
angnlar velocity Q about a diagonal, and strikes on an obstacle 
with one of its angular points, so that the plate revolves with an 
angular velocity o, about an axis passing through the angular 
point, then ^2 ^2 ^2 

n = 7 û). 


Ex. 4. An elliptical plate is revolving with an angular velocity 
n about a latus rectum, when the other latus rectum suddenly 
becomes fixed, the former being set free ; détermine the angular 
velocity co about the new axis. 

By (117) we hâve 

M (^-^4- <2^ 6 ^) 0 ) = //{ae‘\-x)(ae — æ)pTdÿdæa, 


where æ is the distance of tbe élément from the minor-axis, and 
the limits of intégration comprise the whole area. 

{4.e^ + l)a> = (4e^--l)a; 

which détermines the ratio of the new angular velocity to the 
former ; and shews that the new angular velocity has the same or 
opposite sign to the former angular velocity according as 2 ^ is 
greater or less than unity. If 2^ = 1, co = 0, the new axis pass- 
ing through the focus which is the centre of percussion, see 
Ex. 2, Art. 239, and the plate having been brought to rest. 

Ex. 5. A circular dise is revolving with an angular velocity n 
about an axis through its centre and at right angles to its plane, 
when a point in its circumference suddenly becomes fixed, déter- 
miné the angular velocity co about this point. 

Applying (117) we hâve 

M(^— -fa jco = / / pTrdrdern(r + acosd) = Ma-j^; 

3 O) = n. 


Ex. 6. A reetangular plate whose sides are a and h is revolving 
ahout the side a with an angular velocity ü when the conterminoiis 
side i becomes fixed, and the side a is set free ; déterminé the 
subséquent angular velocity co about 6, 


4<a: CO = 35n. 

Ex. 7. An isosceles triangular plate is revolving with an angular 
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v^elocity a about the bisector of the vertical angle, wben one of 
bte equal sides beeomes suddenly fixed ; find the angular velocity 
'jù with which the plate revolves about this side. 

If a is the semi- vertical angle 

4 ûo cos a = n. 


Ex. 8. The octant of an ellipsoid is revolving with an angular 
ï^elocity n about the axis a, when the axis i suddenly beeomes 
îxed, the axis a being set free. With what angular velocity co 
loes the body revolve about the axis b ? 

Let M be the mass of the octant ; then the moment of inertia 
2 


ibout the 5-axis is m 


c^ + a^ 


and let /loi see Art. 94, be the sum 


)f the moments of the momenta of ail the particles about the 
;ame axis ; then 

- / dx dzs 

)ut from Art. 53, dx ^ 

dz 


nd 


+ 

M — 60 

5 


7^2 = ù.) 


5 7T 




_ %alja 

ae négative sign shewing that if n is positive according to the 
invention of signs given in Art. 44, co is négative according to 
le same convention. 

Ex. 9. A heavy bar ab of length a falls about its lower end b 
om a vertical to a horizontal position, when the end a is snd- 
3nly fixed and b is set free, so that the bar fiills into a vertical 
osition AB as at first ; then a is set free, and B is fixed, so that 
le bar again falls about B into a horizontal position, when the 
id A is suddenly fixed, and b is set free, and so on ; find the 
igular velocity co of the bar about the uppcr end, when it takes 
vertical position for the time. 
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CHAPTEE VL 

THE ROTATION OP A RIGID BOUT, OR OP AN INVARIABLE 
SYSTEM, ABOUT A PIXED POINT. 

Section 1. — The rotation of a rigid locly alout afixecl point 
imder the action of imtantaneous forces. 

268.] When a rigid body, or any system of particles of in- 
variable form, moves wrtb one point of it fixed, it is évident that 
it admits only of rotation about an axis passing tbrough that 
fixed point ; generally, the position of this axis will continuously 
vary, and will describe one cône fixed in the moving body, and 
another eone fixed in spaee, which two cônes touch each other, 
and the line of contact of which is the instantaneous axis : it is 
also évident that any given particle of the system will move on 
the surface of a sphere whose centre is the fixed point. 

We shall suppose the form, matter, and density of every part 
of the moving system to be given ; and therefore the position of 
the principal axes, and the principal moments of inertia relative 
to the fixed point, will also be assumed to be known : these latter 
we shall take to be a, b, c, as in Chap. IV ; and we shall assume 
the order of magnitude to be the same as that of Art. 184 ; viz., 

A<B<c: (1) 

we shall also assume the position of the principal axes, as well as 
the values of the principal moments of inertia, to be given at 
every point of the system. 

Let the fixed point be the origin ; and at it let two Systems of 
coordinate axes originate ; one of which we assume to be fixed 
absolutely in space, and the other to be fixed in the body and 
to move with it : this latter system we will take to be the system 
of principal axes which originates at the point, because our ex- 
pressions will be much simplified thereby. The motion of the 
body will be in the first place referred to this latter system in 
terms of the angular velocities about the principal axes ; and the 
incidents of its motion in space will be thence inferred by means 
of the connecting équations (120)... (125) of Art. 64, or some 
équivalents of them. 
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The general investigation will consist of two parts, according 
as the System is under the action of instantaneous forces or of 
finite aecelerating forces. We shall consider tlie effects of in- 
stantaneons forces in the présent section, and in the succeeding 
section those of finite aecelerating forces; and in each case I 
shall inquire into the resnlting angular veloeity, the position of 
the rotation-axis, the pressure on the fixed point, and the other 
incidents of motion. 

269.] For the sake of simpHeity, we will suppose the hody to 
be at rest at the time when the instantaneous forces aet on it. 
Let us first refer ail the éléments to the System of axes fixed in 
space ; and let the axial components of the impressed momenta 
be :s.x, :s.y, :s.z, and let the expressed momenta be 
5 .^^;^Vg; and if the force is a single blow which im];)resses a mo- 
mentum q, let Q^, be its components. Let {oG,ÿ, z) be the 

initial place of ; let P be the pressure at the origin due to the 
forces, and let À, jut, v be the direction-angles of its line of action ; 
then the équations of motion are 


2.(x— — PcosA = 0 , \ 


2 .(y —mVj,)— P eos fjL = 0, V 

(^) 

2 .(z— » 2 V.)— Pcosy =0; ) 


S {y(z—mVg)—s(Y—mvJ} =0, ^ 


2 {z(x — mvj) — a!(z—mv^)} = 0,1 

( 3 ) 

2 {x(r—mvj—y(x—mv^)} = 0. ) 



Let these équations be transformed into their équivalents in 
terms of angular velocities, as in Art. 147. Let n be the angular 
veloeity which results from the instantaneous forces, and lot 
riy, be its axial components ; then (2) become 

P cos A. = O, \ 

2.Y — + —P cos/x == O, > (4) 

5.Z — —P cosz; = 0 ; ) 

from which, or from (2), the pressure at the fixed point, and the 
direction-cosines of its line of action, may be determined. 

270.] Let us now consider the motion in referoncc to the 
principal axes of the body at the fixed point, and roidace (3) l>y 
their équivalents in terms of angular velocities about tliesc axes; 
let G be the moment of the couple of the impressed momenta, or 
of the blow, if this motion is due to .a blow ; and let Lj_, 
be the axial components of the moment of this couple relative 
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to thé three principal axes ; and let be the axial com- 

ponents of the instantaneons angular velocity. Then, by the 
réduction which has alreadybeen made in Art. 174, the équations 
(3) become 

Ani = Li, Bn2 = Mj, cn3 = ]S’3^: (5) 

these équations détermine the axial components of the angular 
velocity relative to the principal axes fixed in the body and 
moving with it. Prom these the angular velocities relative to 
the three axes fixed in space may be found, by means of the 
équations given in (87), Art. 58 ; and thus the position of the 
initial rotation-axis is absolutely determined. 

The preceding équations admit of dissection, and of déduction 
from first principles, in a manner similar to that which has been 
employed in Arts. 158 and 159. It is consequently unnecessary 
to repeati it. 

271.] Prom (5) we hâve 


Lj Ml 

n-t — — ) ùc) — 3 ^0 

^ A ^ B 


= û/ H- ^2^ -h 


2, 

-.ia! J.ÎÎL4.HL- 

b2 ’ 


C ’ 


( 6 ) 

(7) 


and if a, /3, y are the direction-angles of the instantaneous rota- 
tion-axis, 


cos a = — ^ 
n 

COS i3 = ~ 5 
ü 

COS y = 5 

(8) 

= ii- 

AÎX ’ 

Bn’ 

ca’ 

(9) 


whence n and the direction-angles of its rotation-axis are known. 
Hence the équations to the initial rotation-axis are 

And as Mj, are the axial components of the moment of the 
impressed couple, or, as Poinsot calls it, the couple of impulsion, 
the équations to its axis are 


Li ~ Ml ’ 

and the équation to its plane is 

Lia? + M2y + Ni2; = 0. 


(Il) 

( 13 ) 
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272.] Now these expressions admit of a g'eometrical inter- 
prétation hj means of the momental ellipsoid at the fixed point 
similar to that given in Art. 163. 

In reference to the principal axes fixed in the body, the équa- 
tion to the momental ellipsoid is 

+ + = /X ; (13) 

relatively to which the équations to the axis conjugate to the 
plane (12) are, see Art. 22, 

Lj Ml Ni ' ^ ^ 

but these are the équations to the instantané ous initial axis. 
Hence we hâve the following theorem : 

The instantaneous axis of rotation, due to a given impresse d 
couple, is the axis of the momental ellipsoid at the fixed point 
which is conjugate to the plane of the couple. Hence, if the 
momental ellipsoid of the moving System is constructed, and a 
plane is drawn touching it, and parallel to the plane of the 
couple of impulsion, the central radius vector of the ellipsoid 
drawn to the point of contact is the instantaneous axis. Sec 
also Art. 153. 

The point where the instantaneous axis meets the ellipsoid is 
called the instantaneous pôle. 

The initial angular velocity varies as the square of the central 
radius vector of the momental ellipsoid, which coincides with tho 
initial rotation-axis. 

For if 6 is the angle between the initial rotation-axis and the 
axis of the couple of impulsion, by (16), Art. 147, 

Gcos^ a cos (9 

Xi = ^ ^ (15) 

5 . m r- /X ^ ^ 

if R is the central radius of the ellipsoid which coincides with. 
the initial rotation-axis ; that is, the initial angular velocity 
varies as the square of the central radius vector of the ellip- 
soid which coincides with the initial rotation -axis, and as tlie 
component relative to that axis of the moment of the couple of 
impulsion. 

Hence, if a body rotâtes about an axis passing through a 
fixed point, the plane of the momental ellipsoid conjugate to 
that axis is the plane of the couple which instantaneously im- 
pressed in an opposite direction will bring the body to rest ; and 


334 


INSTANTANEOTTS l’OROES. 


[273. 


if tke axial components of the angular veloeity of tke body at 
tbat instant are 6)23 and g' is tke moment of tke couple 
wkick reduces tke kody to rest, 

g' 2 = co2^ + c^cog^ ; (16) 

and tke équation to tke plane in wkick tke couple must be im- 
pressed is ^ ^ g ^ q ^ 

If tke plane of tke couple of impulsion is a principal plane of 
tke momental ellipsoid, tke instantaneous rotation-axis lies along* 
tke axis of tke couple ; but for no otker plane of impulsion will 
tke axis of tke couple lie along tke instantaneous rotation-axis. 
Henee, if a body is rotàting about a principal axis, it may be 
brougkt to rest by a couple vvhose axis is that rotation-axis ; but 
in no otker case will tke axis of tke couple wkick brings tke 
body to rest eoincide witk tke rotation-axis. 

Hence also, if a body is rotàting about a gùven axis, and a 
blow is given to tke body wkence a couple of impulsion arises, if 
the plane of tkis couple is conjugate to tke original axis of rota- 
tion, no change of rotation-axis is caused ; but if tbe plane of 
tke couple of tke blow is not conjugate to the previous rotation- 
axis, a change of axis takes place. And therefore if a body is 
rotàting about a principal axis, and a blow is given to the body 
wkick produces a couple whose axis is tkat principal axis, tke 
position of tke rotation- axis will be unaltered, and tkere will 
only be a change of angular veloeity. 

I may observe, tkat if the axes fixed in tke body are not 
principal axes, équations (32), Art. 151, will take tke place of 
(5), and tke équation of the momental ellipsoid would be (114), 
Art. 181 ; it is therefore unnecessary to repeat tkem kere. From 
tkese équations kowever tke same geometrical interprétation as 
tkat wkick we kave just arrived at may be deduced. 

It is to be observed, tkat cos a, cos j3, cos y are independent 
of G, tke moment of the momentum of tke couple of impulsion ; 
so tkat if tke body is put into motion by a blow, tke position of 
tke instantaneous rotation-axis is tke same, whatever is tke in- 
tensity of tke blow, provided that its line of action is tke same. 
Not so kowever tke initial angular veloeity. 

273.] Tke following examples are in illustration oftke pre- 
ceding. 

Ex. 1 . A rigkt-angled triangular plate, fixed at its mass- 
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centre, is struck at ifcs right angle hy a blow perpendicularly to 
its plane : it is required to find tbe position of its initial instan- 
taneons axis. 

Let Sa, Sô, see Fig. 32, be respectively the sides ca, cb of 
tbe triangle, p = tbe density, r = tbe thickness of tbe plate. 
Let tbe origin be taken at tbe mass-centre ; and let tbe coor- 
dinate axes be parallel to tbe sides. As tbese axes are not prin- 
cipal, we ninst reenr to (32), Art. 151, for In référencé 

to tbe origin and axes wbicb we bave ebosen, tbe équations to 

tbe sides bc, ca, a b respectively are ^ — 5, - + ~ = 1 ; 

and consequently 

^ , dprai^ 

A = 5 . m + Z-) = — — J B = :s . ni?/ Z = O, 


B = :^,?n (z^ + = 

c = 


4 

9 pra^b 


E ^:2.mzcG = 0, 


9pTab{a^- + P) _ 

4 ~ 


9pTa^ù" 
:s,.mœy = g — . 


Let Q be tbe momentum impressed by tbe blow at c, wbicb is 
( — a, —5), in a line perpendicnlar to tbe plane of tbe plate, and 
parallel to tbe axis of -s; in a positive direction ; so tbat we bave 


B., = 


8q 


M, 


aq, 


Ni = 0; 


= 0: 


27 prab'^' 

and tberefore tbe équation to tbe instantaneous initial rotation- 
axis is 


^ V r. 

- +7 = 0; 

a h 


consequently tbe initial rotation-axis, wbicb of course passes 
tbrougb tbe fixed point, is parallel to tbe hypotbenuse of the 
triangle. 

Ex. 2. Let us consider the general case of a plate of infinité- 
simal tbickness, wbicb bas one point fixed, and wbicb is struck 
at a given point by a blow Q, in a line perpendicnlar to 

tbe plane of tbe plate. 

Tbe plane of tbe couple of impulsion is evidently tbat passing 
tbrougb the point of the blow and tbe fixed point, and perpen- 
dicular to the plane of tbe plate. Tbus its équation is 

= 0 . 

*0 yo 
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Now thé axis of the momental ellipsoid (13), which is conjugate 
to this plane, is ^ 0 ; (18) 

and this therefore is the initial rotation-axis. 

Also, if q = the momentnm impressed by the biow at the 
point ^ perpendieular to the plane of the plate, 

and in a direction parallel to the positive direction of the axis 

Mi = -^oQ. Mi=0; 

= .. = 0; 

^ A - B 3 5 

■■■ + i^) 

Thns, if the plate is elliptical and fixed at its centre, 


and consequently the équation of the initial rotation-axis is 


^^0 . A. 

”* 7 0 ^ 5 

¥ 


that is, the initial axis is conjugate to the axis passing through 
the place of impact of the blow. 

If the plate is parabolic, and fixed at its vertex, and if a and b 
are severally the length and the extreme ordinate of the plate, 




4pTa^b ^ 


and the équation to the initial instantaneous axis is 

, 5?/.yo _ n 
3^2 è" “ 

Ex. 3. A cube fixed at its mass-centre is struck by a blow, 
whose momentum is q, along an edge : it is required to détermine 
the initial instantaneous axis. 

Let 2^z = the edge of the cube; let the origin be taken at 
the mass-centre, and let the coordinate axes be parallel to the 
edges ; let the line of the blow q be parallel to the axis of -s' ; 
and let its point of application be {a^ a, 0); so that 
Bj ~ (t q, ~ ^qj “ 0 1 


16 ûTa^ 

B = c = -^; 


I6p7’a^ 


n>=: - 


16 prû^’ 


Û3 = 0; 
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and therefore the équation to the initial rotation-axis is 

this resuit is évident from the theorem, that the instantaneous 
initial axis is conjugate to the plane of the impulsive couple ; 
for the momental ellipsoid is in this case a sphere, and therefore 
the instantaneous rotation -axis coincides with the axis of the 
couple of impulsion. 

274.] Let us now eonsider the équations (2), or their équi- 
valents (4), by means of which the pressure at the fixed point, 
which is due to the impulsive forces, is to be determined. 

Let M be the mass of the body; and let its mass-centre be 
then 

— = ( 19 ) 

and (4) become 

P cos A = :s.x— n.y), j 

pcosjut = 5.Y— — i), i (20) 

P cos P = 2.Z— M(n^ÿ~nyir). )■ 

Now the last terms of these three équations are evidently the 
axial components of the momentum of the whole moving mass 
condensed into its mass-centre : so that the pressure which acts 
at the fixed point is the excess of the impressed momentum 
over the momentum of the whole mass condensed at its mass- 
centre, which is due to the initial angular velocity. 

To apply these formulæ, let us take Ex. 1 of the preceding 
Article : in that case 


£'=:y = z=0; 5.X=5.y=0, 2 .z = Q; 

P cos A = P cos /jt = 0 ; P cos z/ = Q, ; 


P = Q ; 


and the line of pressure is perpendicular to the plate. 
If there is no pressure at the fixed point, then 


whence we hâve 


s.x-M(a^ê-aj) = 0, j 


2.Y-M(n,!«-û*5)= 0 , K 

( 21 ) 

3.z-E{aJ-n^x}=0-, ) 


iî?:s.x+ÿx.Y + ^5,z=: 0; 

( 22 ) 

na.:§.x + ny2.y + mx.z = 0; 

( 23 ) 


and it appears that the line of action of the résultant of the 
impressed momenta, or of the blow, if the motion is due to a 
single blow, is perpendicular to the plane containing the fixed 
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point, tlie mass-centre, and the rotation-axis of tlie initial 
angnlar velocity. 

If the fixed point is the mass-centre of the body, then 
æ = J? = ^ = 0 ; and 

PcosÀ=2.x, Peos/x = 5.Y, Pcosz^ = :2.z; 
and the pressure is in intensity, direction, and line of action, equal 
to the résultant of the impressed momenta. 


Section 2. — T/ie rotation qf a rigid hocly alont a fjxeà 'point 
nnder the action offinite accelerating forces. 


275.] Let us, as in the preceding section, refer the motion of 
the body, or material System, to two sets of coordinate axes, 
originating at the fixed point : one of which is fixed in space, 
and the other is fixed in the body, and moves with it : let this 
latter System be the principal System relative to the fixed point, 
Let P be the pressure at the fixed point at the time t, and let 
X, jit, V be the direction-angles of its line of action relatively to 
the axes fixed in space : relatively to the same axes let (^, y, z) 
be the place of ^2, and let x, y, z be the axial components of the 
impressed velocity-increment ; then the équations of motion are 

— Pcos^ = 0, - (24) 

X d^z\ 

2 . z— — j— P cos 1/ = 0 ; 




(26) 


Let équations (24) be transformed into their équivalents in terms 
of angular velocities, as in Art. 154 ; let co be the angnlar velocity 
about the instantané ous axis at the time t^ of which let co^., (f^g 
be the axial components 3 then (24) become 
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do), 

dt 


-'ZJnz + + ^ 0 , 2 :} + co^2.^^^^7 = Pcos Aa 

do 

+ 4-c»> 3-2'} +a)^2.w^= Pcos/a, ^(26) 


.mz- 


dt 

d(à. 


~ { oi^x + + cù^z} + cùH.mz = P cos ; 


from whiciij or from (24), the pressure at tlie fixed point and the 
direction-cosines of its line of action are to be determined. 

Let us replace (25) by what they become in terms of angular 
velocities about tbe principal axes fixed in tbe body and moving 
with it : this réduction bas been made in Art. 174 ; and for the 
équivalents of (25) we hâve 


dcii-, . . 

A-^ + (C-b)cü 2C03 = L, \ 
d(£>o / \ 

B -^ + (A — CjcOgCOj^ = M, ^ 
dcùo . . 

c-^ + (b-a)coiû)^ = N;j 


(27) 


■whete L, M, X are the axial components of the moment of the 
couple of the impressed momentum-increments relative to the 
principal axes. 

As these équations hâve been already analysed and deduced 
from first principles in Art, 157 — 161, it is unnecessary to give 
further explanation of them. I may observe that the instan- 
taneous angular velocity, and its axial components relative to the 
moving principal axes, may l)e (theoretically at least) derived 
from (27) ; and thence the axial components relative to the axes 
fixed in space by means of the équations given in Art. 58; or, as 
we shall find more convenient, we may déterminé 0^ c/;, and \lf by 
means of Art. 64, and thus déterminé the position of the body 
in space as well as the incidents of its motion at the time t. 

As the pressure at the fixed point, which is to be determined 
by means of (26), dépends on the angular velocity and its axial 
components at the instant, these must be first determined ; and 
consequently I proceed to consider (27) and (25). 

The general solution is beyond the présent powers of Mathe- 
matical Analysis ; and we ean investigate only those more simple 
cases which can be solved either partially or wholly. 

276.] Let us first take the simple case in whiçh l = M = N = 0 ; 

% 1 
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that is, wlien thé conditions explained in Art. 88 are satisfied ; 
in these cases either no forces act, or the action-lines o£ the forces 
pass through the fixed j^oint, and thus prodnce no effeet in causing 
a change of rotation or a change of position of the instantaneons 
Hence this case includes that of a heavy hody, the centre 


axis. 


of gravity of which is at the fixed point. 

In this case, as no work is done hy the force or by the pressure 
acting at the fixed point, and as l = M = x = 0, the theorems of 
the inyariability of the moment of the momentum of the System, of 
the fixed position of the invariable axis and the invariable plane, 
and of the constancy of the vis viva or the kinetic energy of the 
System, as developed in Chap. III, Section 3, hold good ; and 
taking the value of the kinetic energy of the System, which is 
due only to the rotation of it about the instantaneons axis, to be 
that explained in Art. 219, and denoting its constant value by 
F, we hâve a + b co/ + c = F. (38) 

Also taking the value of the moment of momentum of the System 
about the instantaneous axis to be that which is determined in 
the same Article, and denoting its invariable value by we hâve 

-hB^co2^ + C?(ù>^ = h? ; (£9) 

and if 13, y are the direction-angles of the invariable axis with 
respect to the principal axes at the time t, then, as shewn in 
Art. 219, 


cos a = 


T 


cos/3 = 


BcOo 


cos y = 


C COo 

X 


(30) 


Hence with respect to the principal axes of the body at the fixed 
point, the équations to the instantaneous axis, to the invariable 
axis, and to the invariable plane, are respectively 


JL 

0)^ 


(31) 


^ y _ ^ . 

ACÜJ^ B0).2 C 0)3 

-{■Bù>2y + C = 0,J 

If the System is put into motion by certain initial impulses, 
or is otherwise in such a condition that at a given instant, say 
when if = 0, coj = %, = ^.3, (0.2 = %, then 


A + B ^2^ + c 

a2%2^]32^^2_|_qS 


a J = P, 1 


( 32 ) 
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whicli assign values to h and h : and tlie équations to the in- 
variable axis are at tliat instant 

jik. n ji^ B c lUg 

and the équation to the invariable plane is 

Aü^x + Baoy + ca^z =0. (34) 

Thus the invariable éléments are given in terms of the circum- 
stances at a given epoch. 

277.] These results may also be derived directly from Euler s 
équations of motion given in (27), when l = m = N = 0. 

For multiplying them severally, (1) by co^, 0)3 ; and (2) by 
A co^j B 0)2 J 00)3, .and adding, we hâve 


dù}-, d(ùo doù^ - \ 

Aû>, -^ + + Cft)3 — ® = 0, 


di 

n d (Ù-t n düüfy Q d Oüo ^ 


dt 


(35) 


whence by intégration, and taking the limits at the times t -=■ i 
and 25 = 0, we hâve 

ao)jl^ +bo)3^2 + Co) 32 = A%2 + Bn 2 ^H-cn 32 


Similarly integrating the second équation of (35), and taking the 
same limits of intégration, we hâve 

A^o)!^ + + 0^0)3^ = a ^%2 -P + c^n3^ 

= 7.2; 


B and lir^ having the same meaning as in the preceding Article. 

If /q, >^2> moments of momentum of the System at 

the time t about the principal axes, then = ao)^^, /^^ = Bo) 2, 
= c 0)3 ; and 


cos a = 


ll-y AO)j^ 

I"T"’ 


cos^ = f 


B 0)2 

T"' 


cos 7 = 


7'3 c 0)3 


and the équation to the invai-iable plane is 

A<^^X = 0; 

which are the same équations as those determined in the pre- 
ceding Article. 

278.] Also, conversely, when a body is in motion with one 
point fixed, and is not acted on by any forces save those which 
pass through the fixed point, so that the équations of conservation 
of moment of momentum hold good, Euler’s équations of motion 
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may te deduced from tliese équations, as pointed ont by Professor 
Sylvester in the Philosophical Transactions, Vol. CLVI, p. 767. 

Let the fixed point be the origin : and let the principal axes 
at it be the coordinate axes. Let a, /3, y be the direction-angles 
of the invariable axis in reference to them at the time t ; so that 
if 0)1, tog are the principal angular velocities at that time, 
and h is the invariable moment of the momentnm of the System, 


Aû), 

cos a = 5 

h 


cos /3 = 3 


cos y = 


C C0f> 

“F‘ 


(36) 


It is to be observed that an angular motion about a principal 
axis produces by its motion no change of angular velocity about 
either of the other principal axes ; this is évident from the values 
of l'', m'', given in Art. 174, and also from the fact that 
sueh an effect could only be due to quantities of the forms 
'%,'inyz^ :z.mzx, and that these quantities vanish when 

the body is referred to a system of principal axes. 

About the fixed point 0, as centre, describe a spherical surface 
of radius unity ; and let this surface interseet the principal axes 
and the invariable axis in the points b, c, i ; let these points 
be joined, two and two, by arcs of great cîrcles ; so that ia = a, 
IB = /3, IC = 7. In the time let the body rotate about the 
principal axes through angles respectively equal to cù^cU^ ù> 2 ^U, 
0)3 dt ; and let us consider the results of these separately. When 
the rotation takes place about oa, a is constant, but /3 and y 
vary ; their variations may be found as follows : let the angle 
lAC = 0, so that 

cos j3 = sin a sin cos y = sin a cos i9, and cl 6 = (ù^ dt ; 
d.Q.os^= sin a Qos 6 d 6 = cosycù^cU,} 

^Lcosy = —Bmas,mô dd = —cosjBùy^dti) ^ ^ 


similarly for rotations through angles œ^cU, (d-^^cU about ob and 
0 c respectively, . cos y = eos a co^ cU, l 
cl, COS a = —cosy (ù^dt I ) 

^?.cosa = cos/3 cü 3<'^2Î, I 
^?.cosy3= — cos a (û^cU;) 
whence, taking the total variations of each direction-cosine, \ve 

d . cos a = (0)3 cos — cos y) cUy \ 
d. cos 13 = (coj cos y ■— CO3 cos a) dty l 
cl . cos y = (û)^ cos a cos cU ; ) 


(38) 

(39) 


( 40 ) 
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and replacing cos a, cos /3, cos y by their values given in (36), we 
hâve 


“ 2 “ 3 = 0 >) 

C2 Ù)(y J. . 

r \ ys 

C-^’ + (b-a)(OiW2=0; 


(41) 


whieh are Euler’s équations, when there are no couples of im- 
pressed momenta, and the conservation of moments of momenta 
holds good. 

279.] The instantaneous angnlar velocity being co, the direction- 
eosines of the instantaneous axis relative to the principal axes 

are — 5 — 5 ~ ; and as the direction-cosines of the invariable 

0 ) O) CO 

axis in reference to the same axes are those given in (30), if Q is 
the angle between these axes, 


cos Q 


^ A + B CO^^ 4 - C CO3' 


ü.. 

iùV 


) cos é) = 


F, 

h 


(42) 


that is, the component of the angular velocity at any instant 
about the invariable axes is constant. This theorem is called 
the conservation of the angular velocity about the invariable 
axis. 

280.] Although the properties of the couple of the momenta 
arising from the centrifugal forces hâve been general ly investi- 
gated in Articles 174 and 215, y et there are some peculiarities in 
the form of them in the présent problem which req^uire attention. 

In accordance with the notation of Art. 174, 

l" = (b — c) coo CO3 , = (c — a) CÜ3 coi , n" = (a — b) coj^ co^ ; (43) 

L^'cOi +m''c02 +n''c03 — 0, 1 
l''ac 0 i + m''bc 02 + n"cc 03 = 0; 3 ^ ^ 

so that the axis of the centrifugal couple is perpendicular to the 
instantaneous axis and to the invariable axis ; and consequently 
to the plane whieh contains these two lines ; this plane there- 
fore is the plane of the couple. 

Now the centrifugal couple is at each instant of the nature 
of an external impulsive couple whichj acting about a given 
axis, produces a rotation about another axis related to the former 
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in fhe manner described in Article 272 ; viz. ia referenee to the 
momental ellipsoid, tbe axis eonjugate to the plane of the couple 
of impulsion is the corresponding rotation-axis. Thus if Atoj, 
Bcû 2 , Cûjg are proportional to the direction-cosines of the axis of 
the couple of impulsion, <»i, 0 ) 2 ) “3 proportional to the direc- 
tion-cosines of the corresponding rotation-axis. Heuce the 
direction-cosines of the rotation-axis of the centrifugal couple 
are proportional to 

!B — C C — A A"“!B /ak\ 

— - ^^ 2 ^33 ^3 "lî — ^ “2 ; 

A ^ 

and as the sum of these quantities severally multiplied by aw^, 
BCO 2 , Cû )3 vanishes, it follows that this axis is perpendicular to the 
invariable axis, and consequently lies in the invariable plane. 

281.] Also from (43), if g" is the moment of the centrifugal 
couple, 

= (b — C)^ (^2 û)3^ + (c — a)^ 6)3^ 0)^^ + (a — b)^ co/ 

= (a^ + B^ (JÙ2^ + 6)3^) — (a Cüi^ + B 0)2^ 4. c 


= {cOSef = (40) 

= /i^(tan^)2, by (42); (47) 

that is, the moment of the couple of the centrifugal forces varies 
as the tangent of the angle between the instantaneous and the 
invariable axes ; and (46) shews that it is represented in magni- 
tude by the area of the parallelogram whose sidete are the line- 
representatives of the instantaneous angular velocity, and of the 
moment of the couple of impulsion. (See Art. 217.) 

As there is no external couple producing accélération, that is, 
as L = M = N = 0, the only couple of accélération is that due to 
the centrifugal forces, and consequently the direction-cosines of 

the axis of this couple are proportional to , b • 


282.] The complété solution of the problem requires that the 
position of the body should be determined at the time t ; and for 
this purpose it is necessary to refer it to axes fixed in space. 
As our choice of these is free, we will take the System which is 
suggested in the preceding Articles ; and taking the fixed point 
as the origin, we will take the invariable axis to be the axis of 
and the invariable plane to be the plane of {x^y)^ the axis of x 
being a line chosen arbitrarily in that plane ; and we shall sup- 
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pose 6)25 CO 3 to hâve been determined in terras of t, Now the 
position of the body with its three principal axes fixed in it will 
be most conveniently determined by means of the three angles 
^5 ^ Articles 3 and 64 ; and since a, /S, y, as given in 

Art. 278, are the direction-angles of the invariable axis, which is 
the axis of z, 

cos a = sin sin 0^ cos ^ = cos ^ sin 6^ cos y = cos ô ; (48) 

0 ^ = >^sin^ sin ^5 B 0)2 = ^ cos ^ sin ^5 q>(ù^ = h Q.o^d. (49) 

Ccdq , Acoi 


Aû)t 


cos ^ = 


h 


tan ~ 3 


B6)o 


(50) 


which déterminé 6 and <p in terms of t, 

xj/ does not enter into these équations, because the position of 
the axis of a? in the invariable plane from which is measured is 
arbitrary. The 2 ^- variation of xp-, that is the angular velocity of 
ON, see Fig. 1 , about the invariable axis may thus be found. 
From (124), Art. 64, we hâve 

dxp (Oj^sm^ + o)2COS(f) ^ 
clt ““ sinô ^ 


A 4* B ûl >2 


(51) 

(52) 


and if cü^ and cog are replaced by their values in terms of this is 
a function of t only ; and if it is integrated with the proper 
limits of the time, the precessional angle due to that time will 
be determined. 

283.] From the équations given in Articles 276 and 277, which 
express the conservation of the kinetic energy of the System and 
the invariability of the moment of the momentum and of the 
position of its axis, M. Poinsot has, by means of the momental 
ellipsoid at the fixed point, in his admirable “ Théorie nouvelle de 
la Rotation des corps derived a complété image of the motion 
of the System. 

At the fixed point let the momental ellipsoid be described, the 
axes of coordinates being the principal axes of the body at that 
point. As the interprétation of the équations will be geo- 
metrical, it is désirable to preserve homogeneity as far as con- 
venient. Let therefore the équation to the momental ellipsoid 


be, see Art. 184, 


Aa?^ + By^4-c.2?2 = 


(53) 


* Liouville’s Journal des Mathématiques, XYI ; and Paris, Bachelier, 
1851. See also Briot, Liouville, tome YII. 
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where M is tlie mass of tlie body, and g is an arbitrary constant 
of one dimension in space ; so that if l, c are tbe principal 
radii of gyration, and a = B = c = équation (53) 
becomes + = (54) 

We sball use either (53) or (54) as we find convenient. 

Let tbe radius-vector of tbe momental ellipsoid wbicb lies 
along tbe instantaneous axis of rotation at tbe time t he r; let 
(^, y, z) be its extremity, and let this point be called tbe instan- 
taneous pôle ; tben 

CO3 û> {Acoi^ + Bco^ + Ctos^}-^ ^ 

= jm4; (56) 

so tbat tbe coordinates to tbe instantaneous pôle are as follows : 


a? = û)^, y = ^ ^2) ^ 




Thus tbe instantaneous angular velocity is proportional to tbe 
radius vector of tbe momental ellipsoid wbicb lies along tbe in- 
stantaneous axis. Hence critical values of tbe angular velocity 
coincide witb critical values of tbe radius vector of tbe ellipsoid, 
and of ail possible values of tbe angular velocity tbe greatest is 
tbat wben its axis of rotation lies along tbe axis of least moment 
of inertia, and tbe least is tbat wbicb lies along tbe axis of great- 
est moment of inertia ; tbis tbeorem is évident from general con- 
sidérations founded on tbe conservation of kinetic energy. 

Tbe équation to tbe tangent plane at tbe instantaneous pôle is 
Aco^ ^+Ba)2î7 + Cco3{^= (59) 

wbicb is evidently parallel to tbe invariable plane given in (31) ; 
and if j)q is tbe perpendicular distance from tbe origin on tbis 

(eo) 

and is constant ; consequently tbe tangent plane to tbe momental 
ellipsoid at tbe instantaneous pôle is parallel to tbe invariable 
plane and at a constant distance J)q from it, botb planes being 
perpendicular to tbe invariable axis ; it is consequently fixed in 
space. 
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284.] 

Hence the area of the section of the ellipsoid made by tbe in- 
variable plane (31) is constant, see(122), Art. 18, and is eqnal to 

— • 

Àlso for ail positions of tbe instantaneous pôle on tbe surface of 
tbe ellipsoid tbe product of tbe principal radii of curvature is 
constant. See Vol. I, Art. 405. 

Hence also ^2 

CO = r -= = ‘ (61) 

ÆCOS^ 

284.] Tbese facts siipply us witb tbe following image of tbe 
body’s motion: 

Imagine tbe momental ellipsoid at tbe fixed point to be con- 
structed ; as tbe preceding équations contain only tbe principal 
moments of inertia at tbe fixed point we may suppose tbe body 
to be replaced by its momental ellipsoid ; tben tbe motion of tbe 
latter will coiTectly and completely represent tbe motion of tbe 
former. 

At tbe fixed point also let tbe invariable axis and tbe invari- 
able plane be drawn ; and let a plane be drawn perpendicular to 
tbe invariable axis, cutting it at a distance from tbe origin on 
eitber side of it ; tbis plane is tbat -wbose équation is (59); and if 
tbe momental ellipsoid be imagined to be placed so as to toucb 
tbe plane, tbe point of contact is tbe instantaneous j)ole at tbe 
corresponding instant, and is for tbe instant at rest. If tben 
we imagine tbe momental ellipsoid wbose centre is fixed to roll 
witbout sliding on tbis plane wbicb it always toucbes, we sball 
bave a true image of tbe body’s motion. 

Moreover, as tbe point of contact is tbe instantaneous pôle and 
tbe radius vector to it is tbe instantaneous axis, tbe angular 
veloeity varies as tbe lengtb of tbe radius vector by reason of 
(58) ; and tbe component of tbe angular veloeity about tbe 
invariable axis is constant by reason of (42). 

Tbese circumstances are delineated in Fig. 33 ; 0 is tbe fixed 
point and is tbe centre of tbe momental ellipsoid abc; 0 g- is 
tbe invariable axis, wbicb we bave in tbe figure taken to be ver- 
tical. Along O G, vertically downwards from 0, o G is taken equal 
to , and tbrougb G a plane is drawn perpendicular to o G, and 
consequently parallel to tbe invariable plane ; tbis plane is tbat 
wbose équation is (59), and is tbat on wbicb tbe momental ellip- 
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soid rolls. i is the point of contact at thé time and is the in- 
stantaneous pôle; 01 is the instantaneous rotation-axis, and is 
that to which the angular velocîty <0 is proportional hj reason of 
(58); Goi is the angle Q of (42), so that if o) is resolved into 
two components, one of which is in the invariable plane and the 
other abont the invariable axis, the latter is cü eos 6, which is con- 
stant, see (42), thronghout the motion, and the former is co sin 6 
which is, see (46), proportional to the moment of the centrifngal 
couple. The plane Gor which contains the instantaneous and 
the invariable axes is the plane of the centrifngal couple, see 
Art. 280 ; and the moment of the centrifngal couple varies as the 
area of the triangle goi. 

The construction mentioned on Art. 272 is the initial case, or 
the case at a given epoch, of that motion of which this con- 
struction gives an image at ail times. 

As the ellipsoid rolls on the plane gef^ successive points of it 
corne continuously into contact with the plane ; and these points 
of contact lie in two curves, one being eif in the plane G EF, 
and the other being the curve iqp on the surface of the ellipsoid: 
the former is evidently generally a plane curve of an undulating 
character, and the latter is a closed curve on the ellipsoid. These 
curves hâve been named by M. Poinsot the Herpolhode and the 
Polhode respectively. 

285.] As the polhode is the locus of those points on the ellip- 
soid, at which the tangent planes are ail at the same distance 
from the centre, it will generally be a curve of double curvature, 
being the line of intersection of the two quadrics, 

A V -f By + c V = P m/ ; 

which are the équations to two concentric and coaxial ellipsoids. 

The projections of the curve of intersection of these two ellip- 
soids on the coordinate planes, which are the principal planes of 
each ellipsoid, are given by the following équations, viz. 

7.2 

b(b-a)/ + c(C-a)02= (__a)m^'‘; 

72 

c(c — b)æ:^— a(b — a)*^ = b)m^^; 

7,2 

A(C-A)x^ + B(c-B)f = (c - 



(63) 

(64) 

(65) 
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the coefficients being put in eacb case in positive forms, it being 
presumed, as previously, that c is the greatest and a is the least 
principal moment of inertia at the fixed point. 

Now since in the general case of an ellipsoid of three unequal 
axes the perpendicular from the centre on the tangent plane can 
never be greater than the greatest and never less than the least 
semi-axisj and may hâve ail intermediate values, it follows that 1^ 
is never less than and never greater than and may hâve 
any value intermediate to these ; hence (63) and (65) always re- 
present ellipses in the planes of (^, z) and of {æ, y) respectively, 
and (64) is the équation to a hyperbola in the plane of {x, z)^ of 
which the real axis lies along the axis of x or the axis of ac- 
cording' as 11^ is less than or greater than If = A/^^, (63) 

represents a point in the plane of (y, 0 ), viz. the origin, the tan- 
gent plane in this case touching the ellipsoid at the end of the 
A-axis ; iî the équation represents two planes passing 

through the B-axis, and making with the plane of [x, y) angles 

tan“^ + I ^ 1^, so that the polhode in eaeh case is an 

ellipse, being the sections of the momental ellipsoid by these 
planes; and if = cF, (65) represents a point in the plane of 
(x, y), viz. the origin, the tangent plane in this case touching the 
ellipsoid at the end of the c-axis. 

We thus obtain three distinct cases ; — 

(1) That in which is greater than the mean principal semi- 
axis and not greater than the greatest principal semi-axis, 
that is, where is less than and greater than a. P ; in 
this case each polhode corresponding to a value of Pq within the 
assigned limits is a closed symmetrical curve around the vertex a 
as a centre, and situated symmetrically in four quarters relatively 
to the principal planes of the ellipsoid which intersect at right 
angles at a. The projection of this curve on the plane of (y, z) 
is a complété ellipse ; on the plane of (z, œ) is an arc of a hyper- 
bola whose real axis lies along the axis of x ; and on the plane 
of (x, y) is the arc of an ellipse. According as jOq varies within 
its limits there is a family of similar and similarly situated closed 
curves, of which the limiting forms are the vertex a, and the 
semi-ellipses mentioned above, which is the form of the polhode 
when Fig. 33 indicates the mode of génération of 

these curves. 
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(2) If is equal to the mean principal semi-axis, that is if 
7^2 — 3 ^ 2 ^ polhode becomes a plane curve, sinee in tbat case 
(64)beeomes c{c--b)z‘^-a{^-a)x^ = 0, ( 66 ) 

wbicb represents two planes eqnallj inclined to tbe plane of 
y). Tbese planes eut tbe ellipsoid in two equal ellipses, of 
wbicb tbe semi-axis major and tbe semi-axis minor are respect- 


ivelj 




(67) 


tbe eommon minor axis of tbe two ellipses coinciding witb tbe 
mean axis of tbe ellipsoid. Tbese ellipses we sball call tbe 
dividing ellipses of tbe ellipsoid, because tbey divide tbe surface 
of tbe ellipsoid into four parts, eacb of wbicb bas its own separate 
family of polbodes. Tbus tbe instantaneous pôle in tbis case 
moves in a plane curve. Tbe planes of tbe dividing ellipses are 
tbe eyclic planes of tbe ellipsoid of gyration, wbicb is tbe reci- 
procal surface to tbe momental-ellipsoid. 

(3) If is less tban tbe mean principal semi-axis, and not less 
tban tbe least principal semi-axis, tbat is if is greater tban 
B 7:^ and not greater tban eacb polbode corresponding to a 
value of witbin tbe assigned limits is a closed symmetrical curve 
around tbe vertex c as a centre, and situafed symmetrically in 
four quarters relatively to tbe principal planes of tbe ellipsoid 
wbicb intersect at rigbt angles at c. Tbe projection of eacb of 
tbese polbodes is an arc of an ellipse on tbe plane of (y, z\ is an 
arc of a byperbola on tbe plane of (^, x) wbose real axis lies along 
tbé axis of and is a complété ellipse on tbe plane of (^, y). 
Aecording as varies witbin tbe assigned limits, tbere is a family 
of similar and similarly situated closed curves of wbicb tbe 
limiting forms are tbe vertex c and tbe semi-ellipses mentioned 
above. 

Tbe smrface of tbe ellipsoid is tbus divided into four districts 
by tbe dividing ellipses, eacb pair of opposite districts baving 
similar polbodes, of wbicb tbe centres are respectively tbe 4 - and 
tbe c-vertices of tbe ellipsoid. 

As tbe projections of tbe polbode on tbe tbree principal planes 
of tbe momental ellipsoid are arcs of copies, see (63), (64), (65), it 
follows tbat at no point in tbe polbode is tbe radius of curvature 
j?:ero or infinité ; or, in otber words, no point of tbe polbode is a 
stationary point. 
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286. ] Of the family of polhodes deseribed about tbe vertex a, 
î£ and are respeetively the maximum and minimum central 
radii veetores, 

since — is positive. 

And for tbe family of polhodes about the vertex c, if r-^ and 

are respeetively the maximum and minimum centml radii 
veetores, 

since is positive. 

287. ] As the herpolhode is the locus on the fixed plane of the 
point of contact of the ellipsoid as it rolls on the plane, it is 
evidently generally a plane curve of an undulating form, such as 
is delineated in the annexed figure, con- 

sisting of equal and regularly recurring 
portions of which the maximum and mini- 
mum radii veetores are equal for each 
portion. Thus the curve, as shewn in the 
figures, Ai‘t. 292, regularly winds between 
two eoneentrie circles, the common centre 
of which is the point of intersection of 
the fixed plane with the invariable axis, meeting alternateiy one 
and the other. The maximum and minimum radii veetores of 
the herpolhode are the radii of these circles. These singular 
values recur regularly at equal angles on the fixed plane, and 
correspond to the maximum and minimum central radii veetores 
of the polhode which take place when the polhode intersects 
a principal plane of the ellipsoid. Thus if and are re- 
spectively the maximum and minimum radii veetores of the 
herpolhode corresponding to a polhode about the vertex a, 
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Pi and p^ are the radii of the external and internai bounding 
circles. Similarly may the radii of the bounding circles be 
found for the herpolhodes corresponding to polhodes about the 
vertex c. If the angle between two consecutive maximum radii 
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of the herpolhode is a multiple or an aliquot part of a right 
angle, the herpolhode re-enters, and forms a closed curve ; but 
if this angle is not commensurable with a right angle, the 
curve never re-enters ; and although the instantaneous rota- 
tion-axis returns periodically to the same plane in the body 
yet it never returns to a position which it has previously held 
in spaee. 

288. ] If ¥ = or if the herpolhode is in each 

case redueed to a point, viz. g, at which the momental ellipsoid 
touches the fixed plane ; in these cases the rotation-axis of the 
body has the same position throughout the motion, both in the 
body and in spaee ; it is one of the principal axes of the body 
and is thus a permanent axis. 

289. ] But if that is if the perpendicular distance 

from the fixed point on the fixed plane is equal to the mean 
principal semi-axis of the momental ellipsoid, the herpolhode 
takes the following form; the polhodes in this case being the 
dividing ellipses. 

Let y, r, b refer to the polhode relatively to the principal 
axes of the momental ellipsoid, and let p, <j[), (t refer to the her- 
polhode relatively to the fixed plane on which the ellipsoid rolls, G 
being the pôle ; then as the ellipsoid rolls, ds z=z d(T\ and also 

^ 08 ) 

Thus the équations to the polhode take the following forms, 

-f 

A^a?2 -1- B^y^ + cV = BMy^ 

; 

B 

whence ^2 _ 

-(B-A)(C-A)^ 

2 ^ (C-~B)(B-A)M/-~ABCp2 

b(c— b)(b— a) ^ 

2 

' - (0^A)(^ ^ 

And since ds^ = d<r^ = dp^^p^d(j>'^ ; 

p^dcj)^ = ds^—dp^ 

= dæ^ + d^^ + dz^ — dp^ 

___ CAMp^^p^ 

(c— b)(b— A)M y^— ABCp^ * 
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Let 


tlieii 


(C-B)(B-A)My 


= 1. (c-b)(b-a) 

5 


CA 


— fJLClcp = 


ad P 


2a 

^ -I- ^ 


(71) 


tte limits of intégration being such that p a wben (^ = 0. 
Tbis is the équation to the herpolhode in the fixed plane on 
wbicb tbe ellipsoid rolls. The maximum radius veetor is taken 
as the prime radius, and this of course corresponds to the 
maximum radius veetor of the polhode, taken from the centre of 
the ellipsoid ; for when <j!) = 0, 






ABC 
) + A- 




_ f C + A — B 1 I 
~ \ AC B) 




(7‘2) 


so that the greatest value of p is the distance between the focus 
and the centre of the dividing ellipse. The curve lies symmetri- 
cally on the two sides of this maximum radius veetor ; as ^ in- 
creases, p decreases, and ultimately p = 0, when <j[> = oo. The 
curve is consequently a spiral, such as is drawn in Fig. 34, of 
which GE is the maximum radius, relatively to which the curve is 
symmetrical. The branches, both in the positive and négative 
directions fall into the pôle G after an infinité number of convo- 
lutions, so that the pôle is an asymptotic point ; and this occurs 
when the instantaneous rotation-axis having passed along the 
dividing ellipse falls into the mean axis of the ellipsoid, and 
coincides with the invariable axis. 

If then the instantaneous pôle is at any time on this curve it 
will move along it ; and although the length of the herpolhode 
is finite, being equal to the length of the dividing ellipse, y et, as 
will be shewn hereafter^ the instantaneous pôle will ne ver fall into 
the pôle of the curve, that is, into the point G. If however the 
instantaneous axis ever coincides with the invariable axis, it will 
always do so, unless some other external couple acts and produces 
a change of position in the rotation-axis. 


290.] The momental ellipsoid also gives a.perfect geometrical 
image of the kinematics of the problem in the following form : 
Let the fixed point o be, as heretofore, the centre of the momental 
PBICE, VOL. IV. A a 
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ellipsoid ; let P be the instantaneous pôle and op tbe instan- 
taneons axis; let tbe tangent plane be drawn at P, and let OG be 
tbe perpendicnlar from o on it, so tbat o G is tbe invariable axis, 
and OG Tbrougb 0 let a plane be di'awn parallel to tbe 

tangent plane ; tbat plane is tbe invariable plane, tbe tangent 
plane being also a fixed plane in whicb is tbe berpolbode ; G is 
tbe pôle and gp is tbe radius vector of tbat curve. Tbe plane 
OPG is tbe plane of tbe centrifugal couple, tbe moment of tbe 
couple being proportional to tbe area of tbe triangle o P g. Let 
o H be tbe radins vector of tbe ellipsoid wbicb lies along tbe in- 
tersection of tbe plane opg witb tbe invariable plane, so tbat OH 
is parallel to G P, tbe two planes being perpendicnlar to eacb 
otber. Tbrougb o draw o L perpendicular to tbe plane opg, so 
tbat tbe axis of tbe centrifugal couple lies along tbis line, and 
let a plane be drawn at rigbt angles to tbis line and toucb tbe 
ellipsoid in K ; join OK ; tben ok is tbe axis conjugate to tbe 
plane opg, and as oh and op are conjugate axes of tbe elliptic 
section made by tbat plane, 0 P, 0 i-r, and 0 K are a System of con- 
jugate axes ; bence tbe rotation-axis due to tbe centrifugal 
couple lies along ok, and ok is in tbe invariable plane olh, since 
tbat plane is parallel to tbe tangent plane at P. Also, as OL is 
parallel to tbe tangent plane at P, ol and OP are conjugate axes 
of tbe elliptic section made by tbe plane OLP, and as tbey are at 
rigbt angles to eacb otber, tbey are tbe principal semi-axes of 
tbat elliptic section. See Figure in Art. 291. 

291.] As tbe rigbt-band member in tbe équation to tbe mo- 
mental ellipsoid, wbicb is given in (117), Art. 182, is indetermL 
nate, we will assume it to be unity, so tbat tbe expressions in tbe 
following investigations may be as simple as possible. Tbus tbe 
équations to tbe polbode take tbe form 

+ Ç;2:2 = 1 ; \ 

1^0 ^ ' 

Let 0 be as beretofore tbe angle pog. Tben tbe équations to 
tbe several straigbt lines mentioned above are as folio ws ; 

Toop, ® = 

.û>l 0)2 CO3 û) 

m • OS y Z r 

Toog, = -^=-— s=-. 

AWj BtOg CUj h 
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To OH, whicli lies in the plane opg and is perpendicnlar to og, 

^ _ y _ 2; __ r T 

~ hk ^ tan e *~Ig^'^ 

= (tan 0)2 

To OL, which is tlie axis of the centrifugal couple, 

oa ^ y Z TT 

(b — 0)0)20)3 (c— a)o)30)i (a— b)o)jlO)2 ^ q!' 

To O K, which is the axis of the rotation arising from the centri- 
fugal couple, ^ _ 00)3^ r 

B— C ”” C — A A — B ” O)"" 

where o)" is the angular velocity due to the centrifugal couple. 

The équations to OP, oii and ok, which three lines eonstitute 
a System of conjugate axes, satisfy the conditions of such axes 
which are given in Art. 23 , viz. 

aA.V + Bp,/x^ + Cz/D^ = 0. 

Also the équations shew that ok is perpendicnlar to OG ; and 
that OL and OP are conjugate axes, 
and being at right angles to each 
other are the principal semi-axes of 
the section. The annexed figure ex- 
hibits the position, &c,, of these varions 
lines. 

292 .] These équations will enable us 
to investigate further properties of the 
herpolhode curve, and other characteristics of the motion. The 
herpolhode is, as abeady stated, a curve which winds between 
two concentric circles, coming into contact with, and touching 
alternately one and the other. In some cases each portion 
y^hich lies between the two circles will be concave towards 
the pôles in the parts nearer to the outer circle, and convex to- 
wards the pôle in the parts nearer to the inner circle, so that 
there will be a point of inflexion, and the radius of curvature will 
change sign by passing through infinity ; in other cases the curve 
will be always concave towards the pôle, and there will be no point 
of inflexion ; these two classes of curve are shewn in the annexed 
figures. In the latt^r case the curve is of the same form as that 
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of the moon s patli projected on tte plane of the ecliptic, that path 
being always concave towards tlie sun. If the angle between 

two successive maximum radii vectores 
is two right angles, the path of the 
herpolhode is in the form of an ellipse, 
of which the radii of the circles are 
the principal semi-axes, as in the an- 
nexe! figures. 

Let, as in preceding Articles, x^y y r, b 
refer to the instantané ous pôle at the 
time as a point on the polhode ; and 
let P, (^f), CT refer to it at the same time 
as a point on the herpolhode in the 
fixe! plane, being the angle which 
the plane ogp mates with some fixe! 
plane which contains the invariable axis ; 
then P = GP, G being the pôle of the 
curve; let ail these be considered as functions of and so 
varying with t Let z^-differential coefficients be denoted by 
accents, as in Article 126. 

Let B--c = a, c— a=/3, a— b = 7 ; 

sothat a + ^ + y = 0 ; Aa + B^S + Cy = 0 . 

Now since 



COj 6)3 0)3 û) , 2 , 2 . <>\^ 1 

— = y= ^ = — = (acOi^ + bco^ + Ccos®)^ = k ; 


CO 

X V Z T 

co;^ = hXy (*>2 = hy^ CO3 = hZy co hr. 


Therefore, by the équations (41), Art. 278, 


Kx' kayZy By' = k^zx, Q,z'’=.kyxy, ( 74 ) 

Hence in respect of the herpolhode, 

p 2 = 



= é' + By + C^z^)~^ 

= {a^y^z^-\-^^z^x^ + y^x^y^)pQ^ 

= 

(75) 

if 

a^y^ z^ + z^ar^ + y^ y^ = ; 

(76) 


kv 


p = ^Po = -j; 


but 

P = Pq tan 6 ; 



. ^ A J itand 

. . U = tan and p = — - — ; 
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where 0 is the angle between the invariable and tbe instan- 
taneous axes. 

293.] Again, projecting on tbe fixed plane tbe sectorial area 
deseribed by tbe instantaneous axis in tbe time dt about tbe 
fixed point, firstly direetly, and seeondly by tbe intervention of 
tbe principal axes of tbe ellipsoid, in reference to wbieb tbe 

direction-cosines of tbe invariable axis are 

h h h ^ 

and equating tbese values, we bave 


Aû) 


p^d<l> = ^^{yciz—zdy)->r ^~{zdx—xdz)-\-'^{xdy —ydx)\ 


Cû)o 


h 


k 




if AZ^ AB = V^; 

ÂV^(cotO)'^ 

^ ABC 


( 78 ) 

( 79 ) 


Tbis équation is équivalent to tbe condition dcr = de^ and may 
be derived from it. 

Equations (75) and (77) are tbose to tbe berpolbode in terms of 
wbieb are in respect of tbat curve subsidiary quantities : 
for tbese may, by means of (73), togetber with 

be expressed in terms of p and known quantities. 

Tbe value of v^ may be expressed in terms of 0 and of o h, tbe 
radius vector of tbe momental ellipsoid wbieb is parallel to p ; 
let tbis radius vector be n ; tben, substituting in tbe équation to 
tbe ellipsoid tbe direction-cosines of ii as given in Art. 291, we 
bave 

AF)- + Bü)/(P~ByJ2)2 + C< 032 (/i 2 _C/i 2)2 = . 

tberefore 

(Aû)/ b û) 2^ + CcOg^) (a^û)/ + — (a^COj^ + + C^COg^)^ 

_ k^ (t£LTl $)^ 

- ^2 J 


B C 6)2^ 6)3^ -h )8 ^ C A cog^ A B £0 0)2^ = 


(tan^)2 
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and 


__ ^tan^ ___ 


<^' = 


¥ 

abcFb^^ 


(80) 


aè ail the factors whict occur on the right-hand member of tbis 
équation are positive, is positive, and therefore ^ increases as 
the time increases. 

¥ 

Also, sinceR^ <#>'= 7 ^ constant, it folio ws tbat equal 

AB Cæ 

sectorial areas are described by oh in equal times. 

294,] The existence of (p'' is the effect of the centrifugal forces, 
the couple due to which is a'', as given in (47), Art. 281, and of 
which m", are the axial components : for if there were no 
centrifagal couple the instantaneous axis would be a permanent 
axis fixed in the body, the angle between the instantaneous and 
the invariable axes would be constant, the two limiting circles of 
the herpolhode would coalesce^ and the coalescent circle would be 
the herpolhode ; and under particular values of h and ky the herpol- 
hode would become a point. 

As g'' is the centrifugal couple, which causes the angular velo- 
city (ù" about the axis 0 K, if is the radius vector of the mo- 
mental ellipsoid lying along ok, we hâve from (15), Art. 272, 

0)'' = g'V'^coskol 




ABC ABCii^R^ 


(81) 


Hence it appears that û)"= 0, if g"= 0. 
From (81) we hâve 

0)" ___ sin 6 OK 

û) A(abc)^oh 


(82) 


where ok and oh are the radii vectores of the ellij)soid which lie 
along OK, the rotation-axis of the centrifugal couple, and oh 
respectively. 

Let cù'be the angular velocity at the time then 60 ' is 

the résultant of co and co'', the axes of ail three being in one 
plane. From 0 as a centre describe a sphere with radius unity^ 
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and let the axes of co, o)'', intersect the surface in tKe points 
K, p', and let these points be joined hj an are of a great circle : 
then O) û)'' co' 

sinKp'”” sinp'p ““ sinPK * 


Let tlie invariable axis, tlie projection of the instantaneous axis 
on the invariable plane, the axis of the centrifugal couple, and 
the rotation-axis of that couple, 
intersect the spherical surface in 
G, H, L, K, ail these being in these 
positions at the time t; and let 
the corresponding positions at the 
time t + cU intersect the surface in 
h', ï/, k' ; join by great eircles g P h, 
gp'h', gk, gl, hh'kl, the last 
being in the invariable plane. Then gp = ^, gp'= hh'=: ^:/</>, 
d(f) being the angle through which oH, and consequently the radius 
vector of the herpolhode, revolves in the time dL AU these points 
and Unes are drawn in the annexed figure. Since ol is perpen- 
dicular to oh, and ol' is perpendieular to o h', aU these Unes being 
in the invariable plane, the angle between ol and ol' is equal 
to that between oh and oh', so that lol'= hoh'= = (f)^dt 

Since co' is the résultant of o) and û>", its axial components are 
equal to the sum of the corresponding components of the other 
quantities, so that 


O 



Cüj' = COj + Cü/', (i >2 = û)2 + CO2", CÜ3' = 0)3 + O)"^ ; 

therefore 


"b 


û)/ — cü., 4- 


/3û)3Û)i 


= “a + 


ycüjCüg . 


A " B " " C 

A + 3002^^2' + 06036)3'= A 6)3^ + B 0)2^ + 06)3^ ; 


that is, 6)'eos^'= co cosO = ; 

the same theorem as that already proved in Ai*t. 279. 

295.] The preceding values of p and lead directly to the 
conclusion that in the spécial form of the herpolhode correspond- 
ing to the momental ellipsoid, the eurve is throughout concave 
towards the pôle, so that there is no point of inflexion, and the 
eurve is of the general form of the second figure in Art. 292. 
The value of which is given in Art. 298, Vol. I, is 

dr ^ + pp' <!/' + —p 

dt cr'^ 


( 88 ) 
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Now from (75) we hâve 

p2 = P ; 

, ka3y 

pp " + p '^ z = —^^^^{ aBCy ^ Z ^ + jSCAZ ^ X ^ + yABX ^ ÿ '^). 

ABC 

Also from (77) we hâve 

y?‘2 

p2^':= \ 

fl AB C 

. O ^^^al3yxÿz 

• • ^pp ^ +p^ = — JI ^ — 

Now suhstituting these values in (83), and replacing by its 
value given in (73), we hâve after ail réductions : 

M ^ {v^^ + Zx^fz^(Y^w^ + a^l3^y^v% ( 84 ) 


2pp'</) +p^4^‘ 


2 Wi.ÜTT 4 ^ ~ 2 {v2K + 2a!V22^v%2 + a2^V"u2)}. (84) 


where K = (b + c -- a)^^z^ + I3^(c + a—b) z^a;^ + (a + B — c) , 

Now every term in (84) is positive hy reason of its form, except 
K ; but this is also positive^ because the sum of any two of the 
principal moments of inertia is always greater than the third 
moment, see Art. 150 ; hence dr is always positive, and the her- 
polhode is always concave towards the pôle of the curve, and 
there is no point of inflexion. 

Other properties of the hérpolhode might be investigated by 
means of the preceding équations, but it would be beyond the 
scope of the présent work to do so, as they do not represent any 
important kinetical theoremSi 

296.] Prom the properties of the polhode and the herpolhode 
the folio wing inferences can be drawn as to the change of 
position of the instantaneous pôle, and consequently of the in- 
stantaneous axis, when a disturbing external couple is brought to 
act on the System. 

We will suppose the body to be rotating about its mean 
principal axis, and to be acted on by a couple of given moment, 
whereby the instantaneous pôle is moved from B (say), along 
one of the dividing ellipses of the ellipsoid ; then the instan- 
taneous pôle will travel along this ellipse until it falls into 
the opposite vertex b', and the body is completely overturned ; 
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in this motion the instantaneous pôle will hâve completely de- 
scrihed the herpolhode (71), on the plane of rolling. This is the 
greatest dérangement which a hody having one point fixed can 
nndergo ; but this complété bouleversement, as will be shewn 
hereafter, reqnires an infinité time. 

. If however the instantaneous pôle is moved from the extremity 
of the mean axis of the ellipsoid to a point which is not in either 
of the dividing ellipses, then the following conséquences will 
occur. Let the ellipsoid he divided into four districts by means 
of the planes of the dividing ellipses ; two of these districts will 
contain the vertices a and a' of the ellipsoid, and two will con- 
tain the vertices c and c'; which are respectively the vertices of 
the axes of least and of greatest moment. Now if the instan- 
taneous pôle is shifted into either of the districts which contain c 
or c', the polhode will be a closed curve towards and around c or 
and the instantaneous pôle will perform a complété circuit of 
this curve, and will periodically return to its first position : the 
more nearly too to c the instantaneous pôle is shifted from B, the 
less will be the subséquent motion of the instantaneous axis ; and 
should the newly impressed couple be such as just to move the 
pôle from b to c, the instantaneous axis will then be the prin- 
cipal axis of greatest moment, and will become permanent. 

But if the instantaneous pôle is shifted from B to a position 
within the districts which include a or a', the polhode then be- 
comes a closed curve towards and around these points, a complété 
circuit of which the instantaneous pôle describes. And if the 
instantaneous rotation -axis is shifted, so as to coincide with the 
principal axis of least moment, its position becomes permanent. 

Now these several results dépend on the perpendicular dis- 
tance between the invariable plane and the fixed plane parallcl 
to it, on which the momental ellipsoid rolls. This distance is 
given in (60), and the least and the greatest values of it are re- 
spectively (^“j^and ’ toadapt these mathematical expres- 

sions to the image of the présent Article, I shall suppose initially 

= ^ and the body to he rotating permanently about its axis 
of mean moment. Let us suppose the position of the rotation- 
axis to be shifted by the action of a new couple, whereby h be- 
comes h' and h becomes h'\ hereby both the direction-cosines of 
the invariable axis, and the distance of the plane on which the 
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ellipsoid rolls from the fixed point, will be cbanged ; no change 
however will be made in a, b, or c, or in tbe magnitude of the 
momental ellipsoid, or in tbe position of tbe principal axes of tbe 
body relatively to tbe body. If tben after tbe momentunx bas 
been impressed by tbe new couple, 

tîie instantaneous axis will move along tbe plane of one of tbe 
dividing ellipses, and ultimately a complété bouleversement of 
the body will take place. If however 

^'2 ^2 

775 is greater than 77 > 

the plane on wbicb the ellipsoid rolls is moved to a greater dis- 
tance from the fixed point ; wbereby the instantaneous pôle is 
shifted into one or other of tbe two districts of the surface of 
the momental ellipsoid in whicb is a or a', and the instantaneous 


pôle moves in a closed curve about a or a'. 


And if 77Ô takes the 

greatest value wbich it admits of, viz. - 5 the rotation-axis be- 

A 

cornes the principal axis of least moment of the ellipsoid, and is 
permanent. 

■jyr, is less than 77 ^ 


Again, if 


the instantaneous pôle is shifted into one or other of the dis- 
tricts wbich contain c or c^, and moves in a closed curve about 

c or c'. And if the impressed couple is such tbat ^ takes the 

1 . . 

least possible value, viz. - ? the rotation-axis becomes tbe prin- 

c 

cipal axis of greatest moment, and is permanent. 

Tbe angles tan'^ + j^^^^ — wbich déterminé tbe position 

of tbe dividing ellipses may be taken as the measures of tbe 
stability of rotation of the body relatively to the axes of greatest 
and least moment. Thus the larger these angles are, the larger 
is tbe district surrounding tbe axis of least moment within 
wbicb, if tbe instantaneous pôle is, tbe centre of the polhode will 
be A or a'; and consequently tbe smaller will be tbe districts 
within wbich the polhodes will bave c or for tbeir centres. 
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And thus we say tliat the larger tliese angles are, the more 
stable is the body relatively to the axis of least moment ; and 
the smaller the angles are, the greater is the stability of rotation 
relatively to the axis of greatest moment. 

Hence, the axes of greatest and of least moments are stable 
axes ; and the axis of mean moment is an unstable axis. 

As however a given couple will produce a less déviation with 
respect to oc as a permanent axis than with respect to oa, the 
stability of oc is greater than that of oa. 

297.] Hence it is évident, that if a body is in motion with one 
point fixed, and is not under the action of any external force, the 
principal axes at the point are the only stable or permanent axes. 
If therefore the body rotâtes permanently about an axis whieh is 
not a principal axis, that permanence can be maintained only by 
the action of an external force, the couple due to which is equal 
to and neutralises that which arises from the centrifugal force 
and disturbs the position of the instantaneous axis. Hence, 
if l", m", are the moments of the components of this couple 
about the coordinate axes, 

(^0 — B)a)26Ü3, (a — 0)0)36)1, (b — A)û)ia)2; 

so that if is the moment of the couple, 

= (c-B)2o)22o)3^ + (A-C)2(.32a)i2 4.(B-A)2c0i2co/^ (85) 

This resuit also follows from the cireumstance that as the position 
of the instantaneous axis does not vary with the time, 

dœ-i doù2 d(ù>^ 

dt dt dt ’ 

and the preceding values follow from équations (27), Art. 275. 

The axes about which g" is a minimum bave been called by 
Mr. Walton* axes of greatest or least reluetance, and are indeed 
those about which the moment of the centrifugal couple is a 
maximum or a minimum. The positions of these axes, as deter- 
mined from (85), are given by the following values : 

(1) .), = 0, = G"=±(c-B)ÿ; 

(2) O), = 0, co/ = < = , G"= + ( A- c)ÿ ; 

(3) ^3 = 0, V = = G"= ±(B-A)ÿ; 

* Quarterly Journal of Pure and Applied Mathematics, Vol. VIL p. 376. 
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so tliat there are six sucTi axes, two being in eacb principal plane 
of the momental ellipsoid, and bisecting tbe angles between tbe 
principal axes in tbese planes. 

298.] As tbe preceding theorems bave been derived from pro- 
perties of tbe momental ellipsoid, otber tbeorems corresponding 
to tbem may be derived from tbe reci procal ellipsoid, wbicb is 
tbe ellipsoid of gyration, by tbe process of Reciprocation. Tbe 
folio wing are due to Professor Maccullagb*. We also bereby 
obtain anotber image of tbe motion of tbe body. 

Let c be tbe principal axes of gyration, as in Art. 184, 
and let M be tbe mass of tbe body, so tbat a = B = 
c = ; tben tbe équations of motion (41) are 

+ = l (86) 


wbence if and 7i are, as beretofore, respectively tbe vis viva 
and tbe moment of momentum of tbe wbole body, wbicb are 


constant, 

JA 
~ 5 

(87) 


P 
^ ; 

(88) 

and tbe équation to tbe ellipsoid of gyration is 



0?^ _ 

L’£ j r= 1 

(89) 


Let tbis ellipsoid be constructed at tbe given point, and let a 
line be drawn from tbe centre lying along tbe instantaneous 
axis at tbe time t ; let tbe plane be drawn perpendicular to tbis 
instantaneous axis and toucbing tbe ellipsoid ; let {x^ y, z) be its 
point of contact, r be tbe distance of tbat point from tbe centre, 
and P be the lengtb of tbe perpendicular from tbe centre on tbis 
tangent plane ; tben 

^^6 ü 2 h più ”” k ^ 

. ji - jL 

kiià 

* See Collected Works of James Maccullagb, Dublin, 1880, p. 329. 


(90) 

(91) 
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Hence 

(1) If a tangent plane is drawn to tlie ellipsoid of gyration 
perpendicular to the instantaneons axis the angulax velocity 
varies inversely as tlie perpendicular from the fixed point on this 
tangent plane, and 

(2) The radius vector from the centre to the point of contact 

K 

of the plane is constant, and = — - ; we will call this quantity 

Also from the first three of the equalities (90), as r lies along 
the invariable axis, which is fixed in space, it follows that the 
point of contact is a fixed point on the invariable axis. Let 
this point be called the invariable point, being its distance 
from the fixed point. Hence, taking the value of which is 
given in (60) and lies along the same line as /qj 
hence 

(3) The ellipsoid of gyration passes always through a fixed point 
on the invariable axis, the instantaneons axis being perpendicular 
to the plane which touches the ellipsoid at that point, and the 
angular velocity being inversely proportional to the perpendicular 
from the centre on the tangent plane. 

Hence the distance of the fixed point from the centre cannot 
be less than a or greater than c ; that is J fi is not less than 
and not greater than ^c^lfi \ and it may hâve these values or any 
value intermediate to them. 

These results are identical with those previously deduced from 
the properties of the momental ellipsoid. 

299.] As the body moves, the locus of the points on its surface 
which pass through the fixed point is the curve of intersection 
of the ellipsoid and the sphere whose équations are respectively 



quently a sphero-conic. 

Ifi 

If =z= 52^ îg sphero-conic beeomes a plane curve, and we 

hâve the two circles contained in the cyelic planes ; which' cor- 
respond to the dividing ellipses in the preceding illustration ; 
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and according as is greater or less tlian and within its 

possible limitSj we bave closed curves about tbe vertices a and c 
respeetively, and these closed curves degenerate into the vertices 
A and c when li^ = and respeetively. 

Also from (91), if Q is the angle between r andj», 

;p 

û) cos a = û) — == -r 5 

T h 

that is, as shewn in Article 279, the component of the angular 
veloeity about the invariable axis is constant throughout the 
motion. 

The criteria as to stability and the measure of stability may 
be inferred from these expressions by reasoning exactly analogous 
to that of the preceding articles, and it is not necessary to 
repeat it. 

300.] The following images of the motion of the body also 
” deserve attention. 

Since one point of thp body is fixed every other point in it 
moves on the surface of a sphere whose radius is the distance of 
the point from the fixed point, and the position of any point 
may be determined by reference to this spherical surface ; and if 
the places of two points not lying in the same central radius 
vector were given, the position of the body would be determined. 
These two points might be taken at equal distances from the 
fixed point, and would thus be on the same spherical surface ; and 
if they were joined by the arc of a great circle, the position of 
this arc will déterminé the position of the body. This mode of 
détermination is convenient for astronomical problems. 

Also since one point is fixed, a line drawn from that point to 
any point in the body describes a cône as the body moves, the 
vertex of the cône being at the given point. Now these cônes 
are of three different characters ; ( 1 ) a line may be fixed in the 
body, and by reason of the motion of the body may move in 
space ; ( 2 ) a line may be fixed in space, and may move in the 
body in conséquence of the motion of the body ; ( 3 ) a line may 
move both in the body and in space ; the principal axes of the 
body are of the first kind ; the invariable axis is of the second ; 
the instantaneous axis of rotation, the moment-axis of the cen- 
trifugal couple and its rotation-axis are of the third kind. AU 
these lines generate cônes as the body moves, some of whiqh are 
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fixed in the body and otbers are fixed in space. We propose to 
investigate these, and especially tbose which présent images of 
the motion of the body by means of rolling cônes, as pointed ont 
in Article 51. 

301.] Let ns first consider tbose cônes wbicb are generated by 
tbe instantaneous axis, botb in the body and in space. 

As to the former the équations to the instantaneous axis are 

^ = 1 = ^. (93) 

«1 «<>2 «3 

But from (28) and (29), eliminating the right-hand members, 
we hâve 

+ = 0, (94) 

whence, by means of (93), 

A (/^^ — A y?;^) + B — B ^^)y^ + c (A^ — c P) = 0, (95) 

which is the équation to a quadrie cône, coaxial with the mo- 
mental ellipsoid, and having its internai axis coincident with 
the A- or the c-axis according as P is less than or greater than 
B F. If P = the cône degenerates into two planes, which 
are those of the dividing ellipses. This cône is evidently that 
whose vertex is at the fixed point, and whose direct or- eurve is 
the polhode ; hence it is called the polhode cône. If two princi- 
pal moments are equal the cône becomes circular. 

The cône which is generated by the instantaneous axis, and is 
fixed in space, is that which bas the fixed point for its vertex, and 
the herpolhode for its direetor-curve. The form of it may be a 
fluted circular cône, having ridges and furrows on its surface 
which correspond to the undulations of the herpolhode and con- 
verge to the vertex ; or, as in the case of the momental ellipsoid, 
the surface may be always concave towards its axis. The equa^ 
tion to this cône is transcendental or finite according to the 
character of that of the herpolhode. This cône is called the her- 
polhode cône, lî = B P, the cône bas a convolution ultimately 
terminating in the line of the invariable axis. 

’ As the instantaneous axis lies on the surface of each of these 
cônes along the line of their tangency, and is at rest for the in.- 
stant of contact, the motion of the body may be represented by 
the rolling, without sliding or slipping, of these cônes, one on 
the other ; and as they hâve a common fixed vertex, there is no 
sliding along the common generating line or Hne of contact ; w 
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is the angular velocity with whicL one roUs on the other ; and 
is tTie àngnlar velocity at the time t of the projection of the 
instantaneoas axis on the invariable plane. The rolling of these 
cônes one on the other gives a perfect représentation of the 
motion of the body. 

302.] The following is an instance in which motion of this 
kind may be exhibited by means of a rolling cône. 

Suppose the centre of the earth to be at rest, and not to be 
moving in its elliptical courêe in the plane of the ecliptic about 
the Sun ; but let the earth hâve its daily rotation about its own 
rotation-axis ; then this last motion is not affected by the former 
supposition. Now this axis is with slight variations inclined to 
the normal of the ecliptic at an angle 23° 28', which is called the 
obliquity of the ecliptic ; and it is found by observation that the 
earth’ s rotation-axis, while retaining the same principal inclina- 
tion to the normal of the ecliptic, moves backward, that is, in a 
direction contrary to the earth’s rotation, annually through an 
angle of 50-1"; that is, the earth’s axis describes a circular cône 
fixed in space, whose axis is the normal of the ecliptic and semi- 
vertical angle is 23° 28'. This cône is called the precessional 
cône. Now as, by the preceding Article, there can be no change 
of position of an axis in space without a change of position of it 
in the body, it follows that the rotation-axis of the earth daily 
changes its position in the 'earth, and daily describes a cône 
about the earth’s geometrical axis as its axis. Hence arises a 
daily variation in terrestrial latitude, and the détermination of 
this variation is a question of interest and importance. It takes 
the form of two cônes rolling on each other, one being fixed in 
space, and the other fixed in the earth ; and the latter rolling 
outside the former, as the precessional motion is in a direction 
contrary to the rotation of the earth ; and the problem is, having 
given one cône and the rolling motion of the other on it, to dé- 
termine the vertical angle of the other cône. 

From the centre of the earth, as a centre, describe a sphere 
whose radius is the earth’s polar radius, viz. 3949*6 miles, inter- 
secting the cônes in circles. Let n and r be the radii of these 
circles on their chordal planes. Then, as the annual preeession 
is 50*1", 

arc described in 1 day _ 50*1 

27r "“3^x360x60x60’ 


369 


304.] CONE OE THE INVAEIABLB AXIS. 


but the arc described in 1 day = 2 irr, and 

R = 3949*6 X sin 23° 28' miles ; 

50*1 X 3949*6 x sin 23° 28' x 1760 x 3 
365 x 360 x 60 x 60 
= -879518 feet = 10-5542 inches ; 


so that the instantaneous rotation-pole describes daiîy on tlie 
earth's surface a circle whose radius is 10*554 inches, and whose 
centre is the geometrical pôle. The circumference of this circle 
is 5*52618 feet, and is the distance through which the instan.- 
taneous pôle travels in a day, on the hypothesis of an uniform 
procession of the. equinoxes, and of an uniform diurnal rotation 
of the earth as a rigid body. See Poinsot, Théorie de Rotation, 
première partie, 33. 


303.] The équation to the cône generated in the body by the 
invariable axis, as the body moves, may thus be found. If 
z) is a point in the invariable axis, the équations to the in- 
variable axis are x y z 

AO)i Bù>2 ’ 

whence, by substitution in (94), we hâve 

7,2 P . 


(96) 


■a?- +- 




0, 


(97) 


which is the équation to a quadric cône in the body, coaxial with 
the momental ellipsoid, on which the invariable axis in its motion 
lies. If = B P, the cône dégénérâtes into two planes passing 
through the B-axis of the ellipsoid ; and if two principal axes 
are equal, the cône becomes circulai*. 

As (97) may be put into the form 

+ = PS) 


M 


on comparing this with (92) it appears that the curve of inter- 
section of the ellipsoid of gyration with the coneentric sphere, 
which passes through the invariable point in Maccullagh's inter- 
prétation, lies on the surface of this cône ; or, in other words, this 
curve is the direction-curve of the cône. 


304.] Henee also we dérivé the following image of the body’s 
motion. Let the instantaneous angular velocity co at the time 
t be resolved into two components, the axis of one of which is the 
f PBICE, VOL. IV. B b 
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invariable axis, and tbe axis of tbe otber is in tbe invariable 
plane. New if 6 is tbe angle between tbe instantaneous and tbe 
invariable axes, o) cos 6 is tbe former component, and is, by 
reason of (42), Art. 279, constant : tbe latter component is oo sin 0 ; 
about tbe axis of wbicb tbe body rotâtes in tbe time d t tbrougb 
an angle û) sin and tbus tbe invariable axis moves over a 
surface element of tbe cône (97) ; and as tbis résolution may be 
continued, so will tbe invariable axis describe tbat conical sur- 
face. Also tbe axis of tbe latter component will continuously 
change its position in tbe body, altbougb it is always in tbe in- 
variable plane ; and as it is always perpendieular to a generating 
line of tbe cône (97), so wiU it in its successive positions generate 
a cône in tbe moving body wbicb is tbe reciprocal of (97) ; and 
of wbicb consequently tbe équation is 






+ : 






= 0 ; 


(99) 


and tbis is evidently a cône coaxial witb (97), baving tbe same 
internai axis, and wbose major and minor external axes are 
respectively tbe minor and major external axes of (97). If 

= y=0; in wbicb case (99) represents two straigbt 

lines. 

Now in tbe motion of tbe body tbe surface of tbe cône (97) 
always contains tbe invariable axis ; and tbe surface of tbe second 
cône is always in contact witb tbe invariable plane. Tbus tbe 
motion of tbe body may be represented by tbe rolling of tbe 
cône (99) on tbe invariable plane, witb its own proper angular 
velocity, wbile tbe invariable plane turns about tbe invariable 
axis witb tbe constant angular velocity co cos 9, Tbus tbe cône 
relis on a plane wbicb at tbe same time bas a constant revolving 
motion of its own and slides under tbe cône ; and tbe cône slides 
as well as roUs, and consequently is called tbe rolling and sliding 
cône. Wbile tbe line of contact describes in tbe body a cône 
wbose équation is (99), it describes in space tbe invariable plane. 

As tbe line of contact of tbis cône witb tbe invariable plane 
is tbe line oh of Art. 291, wbose équations are tberein given, so 
tbe amount of tbe sliding of tbe cône is measured by tbe excess 
of tbe absolute angular velocity of tbe body about tbe invariable 
axis over tbat of tbe component of tbe angular velocity co about 
tbe same axis : tbe former is 0', as given in (80), Art. 293, and 
tbe latter is co cos 6, as given in (42), Art. 279 ; tbus tbe sliding 


CONE OF THE CENTBIFHGAL AXIS. 


371 


306.] 


on the invariable plane of a point in the cône at a distance r 
from the fixed point varies as 


±(- 


¥ 



where R is the radius vector of the momental ellipsoid which lies 
along OH. 


305.] Thîs mode of representing the motion., hj the rolling 
and sliding on the invariable plane of a cône fixed in the body 
may also .be considered from the following point of view. Let 
us iiivestigate the équation to the cône which is the envelope 
of the invariable plane ; then we hâve the three équations, 


+ 061)3^ = 0, \ 

+Bûû/ +Cû)./ ■=z]â‘^ ( (100) 

A 2 a);L" + B 2 ^2^ + 020)32 = 7 ^ 2 . ) 

whence differentiating, and eliminating CO 25 ^*>3 by the usual 
process of indeterminate multipliers, the équation to the envelope 
is found to be 


B?/ 


= 0, 


( 101 ) 


which is the équation of a quadrie cône, and is the surface- 
envelope of the invariable plane. This cône is of course the 
same as (99). The équation to the cône which is reeiproeal to 
this, and is generated by the invariable axis, is of course that 
given in (97). Thus the motion may be représenté d by the 
rolling of the cône ( 101 ) on the invariable plane ; but as the in- 
variable plane bas also an uniform rotation about the invariable 
axis, which lies in the surface of (97), the cône has an uniform 
sliding motion, as also a variable rolling motion on the invariable 
plane. 


306.] The rotation-axis due to the centrifugal forces also 
describes a cône in the body, and in space describes the invari- 
able plane. As to the cône described in the body, the équations 
to the axis are those to ok, see Art. 291, 

A «i B cOo c ooo 

L X = y = Z : 

U_C c — A’^ A — B 



whence eliminating cogj» ^>3 by means of (94), we hâve 


( 7 ^ 2 . 




By 

B b a 
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whicli is the équation to a cône of thé fourth order ; and becomes 
the two planes of tbe dividing ellipse, when It^ = 

As the rotation-axis of the centrifugal forces, see Art. 291, is 
always perpendicular to the invariable axis, it lies in the invari- 
able plane, and the invariable plane is consequently the surface 
generated by it and fixed in space. 

307.] The following are certain properties of the principal axes 
of the momental ellipsoid in reference to the invariable axis and 
the invariable plane. 

Let Ej, E^, Eg be the principal semi-axes of the ellipsoid, and 
let E,^, E^, Eg be the radii veetores to the fixed plane of rolling 
which lie along the principal axes ; then are the prin- 

cipal radii of gyration, we bave from Art. 184 

= c^Eg^ = g^\ (104) 

and from (59) we hâve 

^ » (105) 


and if A, /a, v are the direction-angles of the invariable axis with 
reference to the principal axes, 

cos A cosfx cos V M 


CÛ1 


hence 




A’ 


(Ejl cos A)^ -t- (E 2 eos + (Eg cos vY = 




= ty ( 60 ) ; 

that is, the sum of the squares of the projections of the principal 
axes of the momental ellipsoid on the invariable axis is equal to 
the square of the perpendicular from the fixed point on the fixed 
plane of rolling. 

Also from (105) 


also 


Ra 

1 


1 


+ — 2 ~ 

E^ 


¥ 






1 . 


a 


1 1 1 r" 

Æ^E^ ^ ^ <?^e/ g^ ’ 

where r is the central radius vector of the instantaneous pôle. 

308.] We proceed now to the investigation of the problem 
which has been stated in Art. 282, viz., to the détermination of 
(Dj, cog, cüg as funetions of the time, and consequently to the values 
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of 9, (j) and \l/ in terms of t, as given in (50) and (52) of tliat 
Article. 


Let équations (41) be severally multiplied ^7 ^ 
added; tben 

dco^ doÙ2 ^^<^3 _ C G — B A — C B — A] 


0 ) 1 ^ + 0,2 




C G — B A — G B — A 

(c— b)(a— c)(b— a) 


0 )^ û )2 CÙ^. 


But since co^ = + cog^, tbe left-band member = û) ^ ; 

therefore dcù (c— b)(a— c)(b— a) 

“* = — 

New cojL 5 6 O 2 ; 0)3 may be expressed in terms of co by means of tbe 
tbree équations 2 . 2 . 2 9 

ü)i + ÙÙ2 + (Jù^ = Où") \ 

AO) 2 4- B J 2 4. Cm 2 = 7.2 / n 081 


wbenee 


C0j^2 -}- «P ^^2 ^ ^2 

A O) J** + ^^2^ "t* ~ 

A-COj^^ + B^a)2^ + 0^0)3^ = 


(a — g) (b ~ A)(j 


• (BG 0)2 — (b + c)F + 


(B-a)(C-B) 0 ) 22 = -.{CA 0 ) 2 ~(C + A)i 2 ^./, 2 J^ f (1Q9) 

(c — b)(a — C)oJ 32 = — {aBO )2 — (a + b)P + ^^} ; ) 

and substituting in (107), tbe rigbt-band member is expressed 
in terms of tbe single variable o). Tbese expressions may be put 
into a more convenient form by tbe following substitutions. Let 
(b + c)/L-^-^^ _ (c+a)F-^.^ ,, m 

3 


( 110 ) 




^ (a — c)(b — a)^ (c— a)(b— a)' ^ 

^ (b-a)(g — b)^ ^ ^ ^ 

(c— B)(a— c)^ (c~Bj(C — a)^ ^ ' 

tben substituting tbese in (107), we bave 

“ ^ - (< 0 ^ - ^ 1 ^) - 0 ./} (o,^ - 03 ^)}“ > ( 112 ) 

wbicb, wben integrated, gives co in terms of i ; but being an 
elliptic function must be dcalt witb as sucb ; unless in certain 
cases tbe initial circumstances or tbe constitution of tbe body 
reduce it to an algebraical or a circular or a logaritbmic function. 
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Now 0 ^, 63^ are the roots of thé expression in the right- 
hand member of (112); and are ail essentially positive, as may 
thus be sbewn ; tbus if we take and replace and /c^ by thoir 
vaines given in ( 108 ), 

a(b + C -- a) û)/ + b C (0^/ + 6)3^) ^ 




BC 


whicb is positive, as a, b, c are ail positive quantifies, and B + c is 
always greater tban a, Similarly and 0^^ may be shewn to 
be positive quantifies. 

As to the order of magnitude of following are 

their différences, viz. 


0,2-032 = 0 2-0 2 = L_^(B;{-2_/^2), 

ABC ^ 3 1 V J 

0 ^ 2 _ 0 , 2 =ii: 5 (cF-^ 2 ); 

hence, bearing in mind that c> B > a, that a F — /iP is never posi- 
tive, that is never négative, and bF— is positive or 

négative aecording as the polhode is a closed curve about the 
vertex a or the vertex c, that is aecording to the initial circum- 
stances of motion and the constitution of the body, it follows 
that 62^ is the greatest of the three quantifies and that Oi^ or 6^^ is 
the least, the former or the latter being the case aecording as the 
polhode is closed round the vertex c or the vertex a of the mo- 
mental ellipsoid. If bP — that is if the polhode is one of the 
dividing ellipses, ^3 = 0^^ and the two lesser roots of the right- 
hand member of (112) are equal. 

It appears also from ( 112 ) that of the three factors 
— ^2^, cû^— ^3^, one must be négative and two positive, or ail three 
must be négative : that is co^ must be less than ^2^ and greater than 
either 0^^ or or <*)^ must be less than the least of 6^^ and 6./, 
These latter values are excluded by the values of and o)./ 
which are given in (111) ; so that can never be greater than 
^2^5 or less than the greater of and 0^^, 

Thus 9 ^^ and the greater of 9 ^^ and 9 .J^ will be the limits of cù^ 
corresponding to the time occupied in the motion of the in- 
stantaneous axis through one quarter of a polhode, which is a 
closed curve ; and if t is the time through the complété polhode, 
and 0^^ is greater than ^3^, 


T = éf 

J 


\ { -(0)2-0, 2)(a>2_0^2)(^2_g^2)^é 


'■2 


( 114 ) 
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309.] To simplify (112) let us suppose to be greater tbau 
^ 3 ,* so tbat the corresponding polhode is a closed eurve about the 
vertex c : and let the following substitution be made ; viz. 

60^ = ^2^ ^0^ î (115) 

then O) = when u = 90°, and = 6^ when = O ; and 
cù Jco = — (^ 2 ^ — di^) sin^ cos 
and (112) becomes 

(116) 

Let f' = 

— B — acF— 2. 

_____ -- 3 

SO that, as is greater than ^3, /c is less than unity ; then 

du 

nclt — > 

and if the limits of intégration are such that 
and U corresponds to t, 

du 


nt 


J A 


0 when = 0, 


(117) 


/q {1— (sin?^)^}^' 
and this is an elliptic function of the first order ; so that if T is 
the time in which the instantaneous axis moves through the 
complété circuit of a closed polhode, 

du 


- ^ f 

nJ, 


/q {l—K^ (sin ?^)^}'‘^' 

Now introdueing the ordinary notation of elliptic fonctions, we 
hâve U = am(?^^^), 1 — /c^(sin?^)^ = {Aam (?^?î)}^, so that 
du 


d,nt 


Aam (^it^ ; 


0)2 = ^2^ jcosam(^^i^)}^H- 0i^{sinam (w?{)}2 ; 


and hence from (111) we hâve 

BC , „ ^ cF — P 

a(c — a) 

C^2-/2 


(c-a)(b-a) 

CA 




, 2 __ 


2 __ 


(B-a)(c-b) 

AB 




b(c~b) 


{cosani(?ii^)}^, 

{sinam(?^2î)}^, 


( 118 ) 


■{u>- 


.0/)=- 


a1-2-F 




(c-^B)(c-A)^^ c(c-~a) 

and thus these angular velocities are expressed in terms of 
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Hence also 


«3 = sin ^ smd = ^ = { 


eos 2 i>m[nf) 


h 


= cos (j> sin 6 


^ Bû)o __ r 


b(C/^^ 


sm&m{nt) 

r~j h ^ 


COSf 


Cûù^ ( A2im{nf) 

= ^31 I —J ^ 

wliicli assîgn 6 and ; and hence also 

ày\f __ K(ù ^ ^ _ c — B + (B-“A){sinam(^>^^^)}^ 
dt ^ A? + a(c— b) + c(b — A){sinam(7^^5)}2 

whict assigns the precessional velocity in the plane of [x^ y) in 
terms of t. 

But what angle does u represent ? It has been introduced into 
the investigation, as a snbsidiarj angle to simplify expressions, by 
the équation (115) : its geometrical meaning may thus be shewn. 

Let the closed polhode about the vertex c be projected on the 
plane of {x^y) ; then the projection is the ellipse whose équation 
is (65), Art. 285, and is 


a(c— A) a?2 + B(c— B)y^ = 


B 


ng‘ 


4. 


and U is evidently the eccentric angle of this ellipse ; for since by 
(56), Art. 283j y2 

0)2^ W‘ ^ 


and from (118), 

. b(c-b) 


_ a(c — a) 2 

_b(C--b) ^2^ 


A (C — a) aj2 + B(C — B)y^ 




■Kg\ 


which is the équation to the preceding ellipse; consequently 
U 2Lm{nt) is the eccentric angle of the ellipse, which is the 
projection of the polhode on the principal plane (a, b) of the 
momental ellipsoid. 


310.] It is thus évident that is a periodic fonction, of which 
the maximum value is 6.^, and the minimum is the greater of 
and 6^^ ; the former or latter being the case accordiug as the 
polhodes are closed curves about the vertex c or about the vertex 
A of the momental ellipsoid. 
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It will also be observed tbat (118) is an équation of tbe same 
form as (43), Art. 245, whicb détermines the time of motion of a 
heavy body about a fixed borizontal axis. 

Also since o) varies as t, see (58), Art. 283, wbere r is tbe 
radius vector of tbe momental ellipsoid wbicb lies along tbe 
instantaneous axis, tbe critical values of co and r are simultaneous. 
Also it follows from Art. 289 tbat tbe critical values of tbe radii 
vec tores of the berpolbode are simultaneous witb tbose of tbe 
radii vectores of tbe polbode. Heu ce tbe angular velocity of tbe 
body is a maximum when tbe instantaneous axis lies along a 
ridge of the berpolbode cône, and is a minimum when it Lies 
along a trougb or furrow. 

311.] I bave chosen tbe preceding process for expressing the 
coordinates of position in terms of 2 ^, because it follows directly 
from the équations of motion, and leads to values of Wg in . 

terms of wbicb 6, cj), xf/, and consequently the place of the body, 
are given. Tbe results, however, admit of tbe following inter- 
prétation by means of tbe polbode and berpolbode curves. 

Let (cc, y, 0 ) be the instantaneous pôle at tbe time t, so tbat its 
locus on tbe surface of tbe ellipsoid is tbe polbode. Tben from 
(56) we bave 

CO;^ 6O2 COg 

iv y Z 




= M (say) ; 




A.X 


2 _j. 


' + ^ c2 


(119) 


tben, substituting in (108), we bave 

wbicb are tbe équations to tbe polbode, r being tbe radius vector. 
Hence also (112) becomes 

wbicb assigns the relation between r and t. If, tben, T is the 
time in wbicb tbe instantaneous axis describes the complote cir- 
cuit of tbe polbode cône, and and rg are tbe maximum and 
minimum values of r, tben 

^2 rdr 


( 120 ) 
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wliere r, = ~ : 


and z=z -^9 or — accordin^ as tiie polhode is 
“ MM 


closed round tlie vertex c or tlie vertex a. 

T is also tbe time in which one complété portion of the herpol- 
liode is deseribed. 

Hence also the velocitj witb which the instantaiieous pôle 
describes the polhode or the herpolhode may be found. Let cU 
be the arc of either curve deseribed in the time dt ; then 
^ dé^ dy"^ dz^ 

dt^^ dt^ ^ di^ 


- J: J. ^^2^ , ^^3^ ] 

“■ iiH dt‘^ dt^ dt^S 
_ _1.5(c-b)2 

n 




“2 “3 + 


(02;u>j_^ + 


i-1 

((b— a) (a— c) 


(131) 




+ 


(c_b) (b-a) 

AB 


ABC 


fj? (c--b)(a— c) (b— a) 


(a-c)(c-b) 






which gives the velocity in terms of the radius vector. 

If dt is eliminated between (120) and (122), we obtain ds in 
terms of dr, so that by intégration s can be expressed in terms 
of r ; and if the limits of intégration are and r^i "tl^® length of 
the closed polhode curve will be found. 

312.] It will hâve been observed that neither in Poinsot^s 
construction nor in that of MaccuUagh is any direct geometrical 
measure given of the time oceupied in the motion of the body 
from one position to another. This omission has been supplied 
by Professer Sylvester by the following construction, which is set 
eut at length in Vol. 156 of the Philosophical Transactions, 1866* 
At the fixed point o let the momental elhpsoid be constructed, 
and let principal semi-axes, so that these quan- 

tities vary inversely as the square roots of the principal moments 
corresponding to them ; that is 

AEi^ = be/ = 0^3^ — ]VI^4 . Çy2S) 

and the équation to the ellipsoid referred to its principal axes is 
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= 1 . 


It is this ellipsoid wliicli rolls od the fixed plane, perpendieular 
to the invariable axis and at a distance J)q from the fixed point, 
and thereby exhibits the motion of the body. 

At the fixed point o let another ellipsoid be constructed, con- 
foeal with the momental ellipsoid, and let its équation be 


r 


-f" 0 “1- 0 ^ 


= 1 


(124) 


and let 2 ^ be tbe distance from 0 at whicb the tangent plane to 
this ellipsoid, which is perpendieular to the invariable axis, cuts 
that axis ; then by the properties of confocal ellipsoids, 

so that as is constant, and $ is constant for the confocal ellip- 
soid, P is also constant. 

No w if P and q are the 
points of contact of planes 
perpendieular to the invari- 
able axis, and consequently 
parallel, with the momental 
ellipsoid and the confocal 
ellipsoid respectively, then, 
by Art. 28, P, Q, o and the in- 
variable axis are ail in one 
plane, and p and Q lie in an 
équilatéral hyperbola whose 
centre is 0 , and of which the 
invariable axis is an asymptote ; the other asymptote conse- 
quently lying in the invariable plane. 

Let PO be produced to op', making op'= OP, and through p'iet 
a plane be drawn perpendieular to the invariable axis -, then p' 
is on the momental ellipsoid, and is an instantancous pôle exactly 
like P, the planes passing through P and p' per];)endicular to the 
invariable axis being planes on which the ellipsoid rolls without 
sliding ; and these are the only planes which hâve that p)roperty* 
Let OP = op'=: r, oq = /, and through p' draw p^q' parallel to 
the invariable axis and cutting oq, or oq produced, in q'. 

Now if CO is the angular velocity of the body about OP, taking 
its value as given in the preceding Article, we hâve co = /xr. 
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Let (s/ J (ù' be tlie components of tbis angniar veloeity about o q 
and tbe invariable axis respectivelj, so that 


oq = 


OP' OQ' P Q 

and bearing in mind that p' and q are on an équilatéral hyper- 
bola of v^hich the invariable axis is one asymptote, 

A i’o Po 

, hpr' „ kô , 

Cù = r-5 O) = 2i 

so that co" is constant for the given confocal ellipsoid in ail its 
positions. Thus the angniar veloeity cù has been resolved into 
two angular velocities, one, viz. où' about 0 q, which varies as O q 
and is consequently variable ; and the other, viz. about the 
invariable axis, Tvhich is constant. If then the plane which is 
perpendicular to the invariable axis, and at a distance jp from the 
fixed point O, is perfectly rough and capable of rotating about 
the invariable axis, the angle through which it rotâtes in any 
time, owing to the motion of the ellipsoid which it always touches, 
varies as the time, and can be read off by means of a dial plate 
and a fixed arm from which angles can be measured. If this 

1 , v-u . , Âdt 

angle is w, so that ^ ? xp = — r ^ 

^ {U m / ^ m / 


and we hâve a perfect 


mechanical contrivance for determining the time occupied in the 
passage of the body from one position to another. The point q 
evidently describes a polhode on the confocal ellipsoid, and a 
herpolhode on the revolving plate. In reference to the revolving 
plate, the larger the value of that is, the greater the différence 
between the distances of the parallel tangent planes from 0, the 
greater will be the angle through which the rotating plate will 
move in a given time. 

313.] It remains for us to consider certain spécial forms 
which the preceding expressions take under particular circum- 
stances of the moving body in relation to the constant vis viva 
and to the constant moment of momentum about the invariable 
axis. 

If the axis of least moment is the rotation-axis, and 

is a permanent axis ; and consequently = 0)3 = 0 ; and the 
angular veloeity is constant, and aû) = /^. 
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Similarly, if li? = tlie axis of greatest moment is the 
rotation-axis and is a permanent axis ; and eonseqnently 
cù^ = CÜ 2 = Oj and the angular veloeity is constant, and 00 ) = /^. 

Hence if h is given, or if h is given, the résultant angular 
veloeity will be greatest when the rotation-axis is the axis of 
least moment, and will be the least when the rotation-axis is 
the axis of greatest moment. 

In these cases of constant anghlar velocities and permanent 
rotation-axes, the time varies as the angle deseribed. 

If see Art. 289, équations (28) and (29) become 

-hB6Ù2 ^ 4-Cû)3^ = 

+ b 2 6)2" + 02 0)3^ = 7^2 = ; 

. -^^1^ ^ y^^-~Ba)2^ _ /^2gv 

C — B C — A B— A* ^ ^ 


Now substituting in the second équation of (41) the values of 
60 ^ and 6 Ù 3 in terms of 6)25 we hâve 

yhp.-S (^r^) - (grA) _ b 2 (1 27 j 

Clt (, AC 3 

Let 4/^^ (c — b)(b-’A) = m2AB2c ; then integrating, we hâve 
log K f - — — = mt, (128) 

^ Â— Ba)2 

where K is the constant of intégration depending on the circum- 
stances of motion at a given time. Thus, suppose that 0)2 = ^2 
when 7 =3 0 , and that the axis of mean moment was then inclined 
to the invariable axis at an angle 2/3, so that Bn 2 = ^cos2^, 
then K = (tan jS)^. Eetaining however K, we hâve from the pre- 
ceding équations 

B + K ’ 

2 __ 4ic7^2 ^tu 

AB(c>-a) (€’”^-fK)2’ 

2 __ 4k7^^(b — a) 

Bc(c— a) 

These results may also be deduced from ( 112 ), since in this case 
6^ = 0^, If we take the invariable plane to be that of 
and the invariable axis for the axis of z,, then, as in Art. 309, 


cos^ = 


2 f kc(b — a) 

+ b(c — a) ) 
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tan^ 


2 (ka(c— b)€“‘ 

K ( 


B (c— a) 

_ 7 (c — B)(e”“ + K)2 + (B — A)(e 


r 


.k)2 


dt 


A (c — b) (e + k)2 h- c (b — a) (e ~ if 


wlience, by intégration, xjr will be given in terms of and the 
problem will be completely solved. 

From (128) it appears that f = oc, wben Ba )2 = ; in wbich 

case, as appears from (126), = 0)3 = O, and eonsequently the 

body revolves about the mean axis of the momental ellipsoid, 
which is a permanent axis. The polhode is the dividing ellipse, 
along which the instantaneous pôle travels, and the rotation~axis 
ultimately coïncides with the mean axis of the ellipsoid. The 
herpolhode is the spiral which has been described in Art. 289, 
and the point of contact of the ellipsoid with the fixed plane 
coïncides with the pôle of this spiral only when zî = 00 . 

314.] Also other spécial cases arise when the moving body 
is of a spécial form in respect of two or more of the principal 
moments at the fixed point being equal. 

If B = A, so that the greatest moment is the unequal moment, 

then, from the last of (41), = 0, and eonsequently 0)3 is a coii- 

Cvu 

stant = n, say; and the first two équations of (41) beeome 


(129) 


XX "f(c — a )^602 = 0 , 

dl (JÜ{) r y. ^ 

= 0 ; ; 

Z? COjL ”}• CÜ 2 CO 2 = 0 , 

co/ -f 0 )/ = a constant = m^, say ; 

û)2 = + ( 0 ^^ + 0 ).^^ = + 91 ^, 

so that the angular velocity about the instantaneous axis, and 
also that about the axis of greatest moment is constant ; and if y 
is the angle between the instantaneous axis and the axis of 
greatest moment 


cos y = ~ = 


(m^ + 


w’-hich is constant. Also the angle between the invariable axis 
and the axis of greatest moment is constant : hence the instan- 
taneous axis describes a circulai' cône around the axis of greatest 
moment, whose semi- vertical angle is y. 



314 .] CERTAIN SPECIAL CASES. 383 


To express <û^ and 


0)2 in terms of from (129) we hâve 

d 6t)-i c — A 7 

— ndt 


— 

if (c — a)^ = /xa; 

. * . lù^ — m sin (p< + a), 

^ cos (jjit + a): 

where a is a constant introduced in intégration. From these 
values it follows that the instantaneous axis moves over the 
surface of the cône with a constant angular velocity equal to ijl. 

If we refer these to the invariable plane as the plane of (cg, y), 
and to the invariable axis as the axis of z. we hâve, from 


Art. 282, 


^ cÿi en 

cos 0 = -^ = r ; 


(130) 


Also 


tan (f) = tan (// + a) ; 

(jy = fjit + a; 

so that ^ = a, when t = 0] and thus a is the angle between the 
line of nodes and the principal axis of when t = 0. 

dyj/ h ^ 

dt a’ 

These équations completely détermine the motion of the body, 
and its position at the time t, From (130) it appears that 0 is 
constant ; thus, the axis of greatest moment is always inclined 
at the same angle to the invariable axis ; and therefore describes 
a right circular cône in space, the axis of which is the invariable 

axis. And since ^ is constant, the precessional velocity of the 


line of intersection of the plane of axes of equal moment with 
the invariable plane is constant, so that the axis of greatest mo- 
ment describes the circular cône uniformly. And from (131) it 
appears that the right ascension of a principal axis of equal 
moment advances uniformly. 

In this case the moving body is such that its momental ellip- 
soid is an oblate spheroid. AU the polhodes are circles parallel 
to the equator of the spheroid ; and ail the herpolhodes are also 
concentric circles whose centre is at G- ; see Fig. 33. The dividing 
ellipses in this case unité and become the circle of the equator. 
Thus, if the instantaneous-axis is ever in the equator, and has a 
motion along it, it will pass throughout it, and a complété boule- 
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versement will take place again and again ; this will take place 
when and tke plane on whicli the spkeToid rolls is at 

a distance from tke fixed point eqnal to tlie équatorial radius. 
Although in this case the instantaneous-axis moves in the hody 
through a complété circle, yet in space it is eoincident with the 
invariable axis, and is fixed. Thus, the axis of greatest moment 
is the only rotation-axis which has stability and permanence. 
In this case the herpolhode becomes a point. 

315. ] If the two equal principal axes are the greatest and the 

mean, that is if c = B, the results are so exactly analogous to 
those of the preceding Article that it is unnecessary to explain 
them at length. In this case however the momental ellipsoid is 
a prolate spheroid, of which the principal axis of least moment is 
the axis of révolution- The polhodes are circles in planes per- 
pendicular to this axis, and the herpolhodes are also concentric 
circles of which G is the centre. The dividing ellipses unité into 
the eirele bcb'^c'. If the instantaneous-axis is ever in this circle 
and has a motion along it, it will move throughout it, and a 
complété bouleversement will take place ; this is the case when 
^2 ^ Q ^2 : although the rotation-axis moves in the body 

through this circle, yet it is fixed in space, being eoincident 
with the invariable axis. The axis oa, which is that of least 
moment, is the only axis in this System which has stability and 
permanence. 

316. ] If A = B = c, that is, if the three principal moments are 

equal, _ a 

dt dt dt ’ 

Oij Xip '^3 

and the angular velocity is constant; and the rotation -axis is 
fixed both relatively to the moving body and in space. 

In this case the momental ellipsoid is a sphere, and the dis- 
tance of the fixed plane on which it rolls is at a distance from 
its centre equal to its radius. The polhode and herpolhode are 
only points ; and whatever new couple is impressed, and what- 
ever consequently is the displacement of the rotation-axis, the 
axis in its new place is stable and permanent. 

And this case is indeed the only one in which generally it is 
possible for the angular velocity to be constant throughout the 
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motion ; for, if cü is constant, the solution dépends on thé three 
eqiaations ^2 ^^2 ^ ^2 ^ 7^2^ , 

B6Ù2^ + CcOg^ = P, > 
û)jL^+ û)2^+ 0)3^ = û)^; ; 

whence are evidently constant ; and consequently 

dûù^ dci)^ dca^ ^ 

dt dt dt 

and therefore from (41) 

(c b) &)£ C1Û3 (a c) 0)3 CO^ (b a) Cü j|^ ^2 ^ J 

whicli are satisfied (1) when a = b = c, ttat is, when the prin- 
cipal moments are equal, and every axis is permanent and stable ; 
(2) when two of the three quantities <*>2, 0)3 are equal to zéro ; 
that is, when the body rotâtes about a principal axis ; but in 
this last case on any shifting of the axis a change of angular 
velocity takes place. 

317.] The differential équations (41) are intégrable also, at 
least approximately, when the angle between the rotation-axis 
of the System and one of the principal axes, say that of the 
greatest moment, is always small ; so that the angles between 
the rotation-axis and the other principal axes are almost right 
angles^ and thereby their cosines are very small. In this case 
6)^ and (1)2 are so small that their squares and their produets may 
be neglected in linear équations which involve their first powers, 
and CÜ3 may be replaced by the résultant instantaneous angular 

velocity ; then, from the third of (41), we bave = 0 ; so 


that CO3 = a constant = (say) : then on these conditions the 
first two équations of (41) become 
d(ù^ 


A^-h(C-B)^CO2=:0, 


dt 

d(ùc^ 

dt 


— (c — A)noi>-^ = 0 ; 


(132) 


whence we hâve 


d^(ù^ 

df^ 


+ =: 0 , 

+ = 0, 


(133) 


if (c — a)(c — b)»^ = ab^2 . 

. . cos jtx (i^ ^0)3 î 

0)2 = Û2smfi(i{— îfo);J 
0 c 


(134) 
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where and are conneeted by tbe eq^uation 
{a(c-a)} 2 = n2{B(c--B)}i5 

the limits of intégration being sueb tliat = % and = 0 

TT 

wlieii 2 ^ = 2^05 and = 0 and cù^ = wtien 2 Ç = 2 ^. + ^ : thns th e 

iO 

rotation-axis when t in the plane of C) 5 if ^ is 

the initial angular veloeity 

Since is very small, (134) shew that cy^ and cog are always 
smallj so long as c — a and c— B hâve tlie same sign ; that is, so 
long as the principal axis, near to wliieh the rotation-axis is, is 
the axis of either the greatest or the least moment. If however 
c — Aand c—B are of diâerent signs, tlie intégrais of (133) in- 
volve exponential expressions ; and and will increase in- 
definitely with the time. Whenee we infer that if a hody, free 
from the action o£ forces producing rotation, rotâtes at any time 
about an axis nearly coinciding with the principal axis of greatest 
or least moment, the rotation-axis will always nearly coincide 
with that principal axis. But if the principal axis, with which 
the rotation-axis nearly coincides is the principal axis of mean 
moment, the rotation-axis will deviate raore and more from that 
axis. Hereby we hâve another conception of the stability and 
instability of principal axes ; those of g^reatest and least moment 
are stable ; that of mean moment is unstable. 

318.] The problem which I propose next for considération is 
that of the motion of a heavy body, having one point fixed which 
is not its centre of gravity ; at which, however, I shall suppose 
A = B, each being less than c, which is the other principal mo- 
ment at the point : I shall also suppose the centre of gravity to 
be in the c-axis, at a distance h from the fixed point. It is évi- 
dent that of many Systems of particles sa tisfying these conditions, 
one is a heavy homogeneous sohd of révolution, capable of rota- 
tion about an axis passing through a fixed point in its axis of 
figure : such is a top, the apex of whose peg keeps the same place 
during the rotation, and the friction at which is neglected. 

Let us take the eoordinates and ail other symbols of Articles 
2, 4, and 64 for the purposes of refer en ce, save that we replace 
cü|, by coi, CÜ 2 , CÙ 3 . Let the fixed point be the origin, and 

the vertical line through it the axis of so that the horizontal 
plane is the plane of (^,y). Let the axis of unequal moment in 
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the body be the axis of C axes of £ and rj being in the plane 
tbrougb tbe fixed point perpendicular to tbis axis, and tben tbese 
tbree axes make a System of principal axes at tbe point, and in 
reference to tbem tbe centre of gravity is at tbe point (0, 0, /^). 
Let m be tbe mass of tbe body, so tbat mg is tbe weigbt acting 
vertically downwards at tbe centre of gravity, and mgJt^xaB is 
tbe moment of tbe conple at tbe time t due to tbe weigbt of 
tbe body, wbicb tends to increase d, and the line of nodes in the 
horizontal plane is tbe rotation-axis of tbis couple. Tben tbe 
équations of motion (27), Art. 275, in reference to tbe principal 
axes fixed in tbe body, are 


dt 


+ (c— a) 632CO3 = mkg sin B 00 s (l>y 


(135) 


dùù. 

dt 

d(xi 


2 ^ — c)û)^cûi = — m/ig sin B sm<p, 

= 0; 


( 136 ) 


from tbe tbird we bave CO3 = a constant = n, (say) ; so tbat tbe 
angular velocity about tbe axis of unequal moment is constant ; 
and substituting in (135) and (136), we bave 

dco-j . . -, 

A +(c — A)^^a)2 = mÀg sm B COS (f>, l 

A 4*(a — c) = —m/igsm& siiKp. ] 

. • . A (^ ûùj, + 6)2 sin B (û)j cos <jî) — CÜ2 sin </>) 


7 • 

= mligs\Ts.B 


( 138 ) 


(139) 


by reason of (123), Art. 64. Consequently, if lê is the initial 
vis viva of tbe body, and Bq is thé initial value of B, integrating, 
we bave 


a( 6 )j^ + co 2 ^) + c^2 = k^'^2mkg(cosBQ — cosB)i (140) 
wbicb is indeed tbe équation of vis viva, and might bave been 
immediately inferred from tbe principle given in Article 108. 
Whenever B = Bq, tbat is, wbenever tbe angle between the ver- 
tical line and tbe axis of unequal moment bas its initial value, 
tbe vis viva of the System is equal to tbe initial vis viva ; and tbe 
vis viva is increased or diminisbed according as the position of 
tbe centre of gravity falls or rises. Tbis is in accordance with 
the conservation of vis viva. 
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Prom (120) and (121), Art. 64, 
<d6 
^cU 


1 =(5j) ’ 


(141) 


so tliat (140) becomes 

+A(sin^)^(^) = yJ^ + 2my^^(cOS^Q — COS0), (142) 


wbicli is tbe équation of vis viva in terms of and t. 

Again, from (138), we bave 

A (sin(jt)^^ + cos^ +(c— A)^>^(cü 2 sin(JE) — û)iCos<j!)) = 0; (143) 
but from (124), Art. 64, 


tberefore 
d(ù 


6)j sin (p + ùù^coscj) — smÔ~ ; 


d 


, CO œ-, , tooùQ CO ^ d\l/\ f , . .dé 

+cos<#,^ = ^(sin5 _) 


d / . .d^s^ de , 


/I dé\ 

- cos (9 ~77 1 ? 


dt dt J dt V*' dt 

by reason of (122) and (123), Art. 64 ; and substituting tbese in 
(143), we bave 

fn .de dé' • x^d^é) de ^ /TAA\ 

^ r ^ ^ ® 

and multiplying by sin0, and integrating, we bave 
\2 


A (sin e)^ 


dt 


• + c cos 0 = 11 .. 


(145) 


wbere is a constant introduced in intégration. 

Now tbe left-band member of tbis équation is tbe moment of 
tbe momentum of tbe System at tbe time t about tbe axis of z ; 
for as tbe moments of momenta about tbe axes of ?], C 
respectively Ato^, Acog, Q.n^ tbe moment of momentum about tbe 
axis of see Articles 2 and 4, 

= Aû)2a3 + B 0)2^3 4 - 00)3^3 
= A 0 ) sin 0 sin (jb + A û )2 sin 0 cos 4 c cos 0 
= A sin e (coj sin ^ 4 0 ) 2 cos <jf)) 4 Q,n cos e 

= A (sin ef ^ cos(9, (146) 

so tbat (145) asserts tbat tbis moment of momentum is constant, 
and is equal to 

Tbis resuit is in accordance witb Art. 93, wberein it is sbewn 
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that althoiigh in a problem like the présent the moment of mo- 
mentum is not constant in respect of ail axes, yet it is constant 
for any axis wMch is parallel to the action-line of the acting 
forces ; and is the constant moment of momentum of the 
System for the axis of z, This équation might also hâve been 
analogously interpreted as a conservation of areas described on 
the plane of (^, y\ 

Also, since Wg = n, we hâve from (123), Art. 64, 


d(f> 

dt 


91 — cos 6 


d\j/ 

dt 


(147) 


Now the three équations (142), (145), and (147) are the capital 

do 

équations of the problem, inasmuch as the first two give and 


d\j/ 

dt 


in terms of 0, whence ô and 3 /r can be, theoretically at least. 


determined in terms of t; and thence (f> can be determined in 
terms of t by the last équation : and thus the position of the 
body will be eompletely given at any time. 


âf 

dt 

dô\^ en cos 6)^ 


If 

^di 

^dt 


is eliminated from (143) by means of (145), we hâve 


/CÙO\“ 

is) + 


+ = P + 2m/iy (cos9q—cosô) ; (148) 


A(sinO)^ 

the intégral of which is an elliptic transcendent. 
If ùù is the instantaneous angular velocity, 

2 






,2 . 


•dt7 ' 

and if y is the angle between the instantaneous axis and the ver- 
tical, û) cos y = cüjâîg 4 - 0 ) 2^3 + CO 3 C 3 

= sin 6 (co^ sin cj) + (à^ cos cj)) -h n cos 6 
= (sin 6 ))^ ^ -f^cosd ; 


cos y 


dt 

^ 3 — ^ (c — a) cos 0 

ACO 


319.] The three fundamental équations hâve been deduced in 
the preceding Article from Euler’s équations of motion by inté- 
gration : they may, however, be derived directly from the équation 
of vis viva by Lagrange’s process as explained in Section 6, 
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Chapter III. Let 2 t be tbe vis viva of tbe body, and let — v 
be tbe force-fnnction ; then.; denoting time-differentials by accents, 
as in tbat section, 

2t = A 0)1^+30)2^ + 00)32 

= A (d' cos (p+yj/' sin 6 sin ^)2 + a ( — ^'sin cp + ylr ' sin 6 cos 

+c (<^'+'v//'''cos oy 

= A { d'2 + fsin d)2} + c (P' + 'v/r'cos Oy ; (149) 

■\ z=z mgJi (cos ^o*— cos ; (1^^) 

tberefore 


cIt 

Te 


= A sin d cos ^ _ c ^ cos B) sin (9, 


dt de' ^ ’ 




so tbat Lagrange’s équations are 

A(e''' — sin e cos eyj/'^) -h c yj/' (P' + \lr' cos e) sine = m^/^sind ; 
^ {Aylf'(siney--ccose(p' + y/r'cose)j- = 0 ; 

|(.^' + V.'cos0) = O. 

Hence from (153), ^' + ^'cosO =n=oo^-, 

tbat is, tbe angular velocity about tbe axis of C is constant. 
Also from (152) and (153) we bave 


AT/r'(sin ey + en cos ^ = a constant = /i 


33 


(151) 

(152) 

(153) 

(154) 

(155) 

wbere ^2 tbe moment of tbe momentum of tbe System in 
respect of tbe axis of Zj wbicb is vertical, and consequently tbis 
moment is constant. 

And (151) becomes 

A(d''-~ sin e cos e p'^) + en p' sinB = m gh sin 0, (156) 

and replacing p' by its value as given in (155)^ we bave 

^ g _ »-o.) ^ ^ 

wbicb is a differential équation of tbe second order, and from 
wbicb e is to be determined in terms of t. As tbis équation is 
bowever only tbe zf-differential of (148), it is more convenient to 
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employ that équation as one of the fondamental équations of tlie 
problem. 

As tkese équations in volve transcendents of a higher order than 
algebraical circular and exponential fonctions, I do not propose 
to cany furtlier the general investigation, bot to consider only 
one or two spécial cases whieb. lead to more simple équations. 

320.] Let os suppose the axis of the angular velocity which 
is impressed on the body initially to be the axis of onequal 

• • • n n Z f\ 

moment ; so that initially, = 0)2 = O and — U ; 

and therefore and = c^cos Bq ; thus (142) and (145) 

become 

a(^) + a (sin (9)2 2m/i^(eosÔQ—cose), ) 

A(sin Sy ^ = c^(cos Bq — cos B) ; ) 

the former of these shews that li and (cos ^0 — cos 0) are always 
of the same sign ; and that consequently if h is positive, B is 
greater than ^q*, and if h is négative, B is less than Bq ; thus, the 
inclination of the axis of uneqoal moment to the vertical in- 
creases or decreases according as the centre of gravity is initially 
above or below the fixed point. And from the latter it appears 

that the precessional motion, of which is the Symbol and the 

measure, is direct or rétrogradé, according as the centre of gra- 
vity is initially above or below the fixed point. 

To fix our thoughts on the interprétation and discussion of 
these équations, I will take li to be positive and Bq to be an acote 
angle, so that the centre of gravity of the body, is initially above 
the horizontal plane of y) drawn throogh the fixed point, and 
at a distance equal to h cos Bq from it. In this case then B is 
never less than Bq, and the centre of gravity never rises to a 
position higher than its initial position. Also, since cos — cos B 

is always positive, ^ has the same sign as n ; that is, the rota- 
tion of the meridian plane in which the axis of greatest moment 
lies about the vertical is in the same direction as the rotation of 
the body about its axis of greatest moment. I shall take n to be 

positive, and consequently ^ is also positive. 
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If we eliminate ^ from thé two eq^uations (158), we hâve 

(lu 


clt ; 


A sin ÔdO 


(cos — cos ( 9 )" 2 ' { 2mhg[A. sin (cos i9q — cos (9) } 


r. (159) 


the positive sign teing taken, because I will consider the motion 
at the instant when d is increasing with the time ; hence Q 
will continue to increase until it attains to a value which is a 
root of the quadratic factor in the denominator o£ (159), when 
dô 

— = 0 ; let this root be 6-^, and it lies between 6^ and tt, because 
clt 

the quadratic factor is positive when 0 — 6^ and is négative when 
d = TT, so that a root lies between these limits. Let the other 
root of this factor be the value of which we shall consider 
hereafter. Then (159) takes the form 


dt = 


A sin ôdô 


(%m7i.g kŸ {[ç,os ^ — cos 6 ^ (cos ^ — cos (cos 0— cos (9^)} 

dû 


y, (160) 


so that ^ = 0 for three values of 0^ viz. 0(j) 0i, 0o, ; consider 

Cbt 

them in order ; when ^ , we hâve the initial position of the 

d0 

body, and 0 increases until 0^0^^ when — = 0, and 0 becomes a 

d0 


maximum, then 0 decreases from 0^ to when -r- again vanishes, 

(vu 

and 0 has its least real value, as shewn by the first équation of 


(158). But ^ = 0 also when 0 = 0^; and what is the meaning 

of this factor ? Let us consider the motion from the following 
point of view. 

About the fixed point o as a centre describe a sphere with the 
radius /i, so that the centre of gravity of the body moves on the 
surface of this sphere. Let N and P be the points where the ver- 
tical through O and the axis of the body respectively intersect 
the sphere. Then, if P is (æ, g, z), we hâve 

Z = /l cos 0, Zq=: A cos 0Q, Zi = Â COS 0-^^, Z.^ = h cos ^2 • 

Âlso let A and c be replaced by their values ma^ and 
where a and c are the principal radii of gyration of the body 
at O ; then (160) takes the form 

7, —ad Z 

dt = T , 

{2gf{{z—z^){z- Zy) (z - z^)}^' 


( 161 ) 
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and and - 2^2 tlie roots of the quadratic factor in (159), so that 

(162) 

Now this quanti ty is positive if ^ = 00 , is négative if 0 = h, is 
négative also if ^ is positive if ^ and is positive also 

if ^ = — 00 ; eonsequentlj it has two real roots, one of whicli is 
greater than and the other lies between and — h ; the latter 
root is to whieh the real angle 6^ corresponds ; the former 
root is the quantity whieh we hâve denoted by and to which 
we hâve assumed ^2 "to be the corresponding angle : but as z,^ is 
greater than h, there is no real corresponding angle, and conse- 
quently the axis of the body has no place in its motion corre- 
sponding to or ^25 and the factor z — z^ is extraneous to the 
circumstances of the problem, and is négative for ail possible 
values of 0, Now for the reality of (161) it is necessary, that 
either ail three factors under the radical sign should be positive, 
or that one should be positive and two négative. The first con- 
dition cannot be satisfied because z—z^is always négative ; hence 
it is necessary that one other factor, and only one, should be 
négative. This condition is satisfied whenever z is not greater 
than Zq and not less than z^ : hence ail possible values of z lie 
between these limits, and P lies on some part of the spherical 
surface which is at a height above the horizontal plane not less 
than z^ and not greater than z^ ; that is, ? is always found at 
some point of a zone between two parallels of latitude whose 
angular distances from N are 6^ and 6 ^ , the angular velocity with 
which it moves in the meridian plane being given by (160) or (161). 

321.] This meridian plane however re volves with an angular 

velocity about the vertical axis on ; but from (158) 

^ _ c^^cos — cos 0) V 

dt A(siné))^ ^ ^ 

so that this angular velocity is not uniform, but dépends on ô ; 
and the variations of it are periodic, the period being the same 
as that of the variation of P. This precessional velocity vanishes 

when 6 = 6q, and attains its maximum value, viz. when 

0 and afterwards decreases, and vanishes again when ô = 0^» 

The combination of these motions, viz. the nutational motion 
given by (159) and the precessional motion given by (163), plainly 
indicates the character of the path described by P on the surface 
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of the sphère, and the fluted form of the surface of the cône 
described by the axis of greatest moment of tbe moving body : 
YÎz, how tbe patb of P consists of a sériés of arcs, like tbe ontlines 
of tbe pefcals of a dablia, lying between two parallels of latitude 
corresponding to and 6^; and bow tbese arcs toucb tbe exterior 
parallel and meet tbe interior at rigbt angles and tbns form 
cusps on tbat parallel, so tbat tbe patb bas points of dis- 
continuity; it does not bowever fall into our province bere to 
consider tbe patb beyond tbese points and bow P2 is a point on it. 
If we project on tbe horizontal plane of (æ, y) tbe curve described 
by P it is evidently contained between two concentric circles 
wbose centres are at 0 , and wbose radii are h sin 6^ and li sin ; it 
consists of a sériés of arcs, like, as above mentioned, tbe round 
petals of a dahlia, wbicb toucb tbe outer circle and are at rigbt 
angles to the inner circle and form cusps at tbe points wbere tbey 
meet it. Tbese curves are delineated in Fig. 35. 

Tbe periodicity of tbe motion and tbe symmetry of tbe re- 
curring arcs is sbewn by tbe form wbicb tbe defînite intégral for 
tbe time takes as an elliptic fonction. Let T be tbe time in 
wbicb P passes from a cusp to its point of contact witb tbe 
^i-circle ; tben from (161), 

_ pi —adz 

Let Z Zq (sinx)^ + -2^i (cosx)^, so tbat z z^ wben x = 

TT 

Z = Zg when. ^ ^ : and let Zf^—Zi= j making 

tkese substitutions, 


P dx 

2-^1)}^ Jo { 1 — F(sir 


-/o {l_F(sinx)^}2 
wbicb is an elliptic fonction of tbe first kind ; and as it involves 
only sinx, it is evidently a finite quantity, and is periodical and 
symmetrical in its successive ec[ual values. Hence tbe motion of 
tbe axis of greatest moment is periodic, and tbe alternate falling 
and rising of tbat axis wbicb is observed is fully accounted for. 
If tbe arc a a', see Fig. 35, is an aliquot part of 27r/^sin^Q, tbe 
axis of greatest moment returns periodically to a position wbicb it 
bas previously occupied ; and if a a' and 2 tt sin 6^ are incommen- 
surable, tbe axis never occupies tbe same position more tban once. 

If û) is tbe instantaneous angular velocity. 


0)2 = û)i^ + û)o^ + 
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and cü is a minimum wlien (ù-^ + = 0, tliat is, when ^5 = 0 

and when ô = and o) is a maximum when (£>^ + is a maxi- 
mum . and since 






+ ('*>«) Kit) 

= 2 mh g (cos — cos Q\ (164) 

the angular velocity is a maximum when ^ has its greatest value ; 
that is, when ^ and when the angle of inclination of the 
axis of unequal moment to the vertical is the greatest. This is 
evidently the case by reason of the principle of vis viva. 

If h is négative, similar results follow, except that 6j^ will be 
less than 6^ ; thus, the principal axis of unequal moment will 
corne nearer to the vertical line than it was in its initial position, 
and will make periodical ascents and descents. 

322.] Let us assume the initial angular velocity of the body, 
viz. about its axis of unequal moment to be very great, then 
since 6-^ is a finite value of ô determined by the équation 
% mil Kg (sin &f ~ (cos — cos &) = 0, 

this condition can be satisfied when cos cos ^ is a smallquan- 
tity; that is, when is a very little greater than and the 
two parallels of latitude within which the path of the pôle P is 
contained are very near together. In this case then we may 
assume 0 where is a small angle of which the cubes 

and higher powers may be neglected ; then 
cos ^ 0 — cos ^ = cos^o~“^^^ (^o + ^O 

= 2 sin ^ sin — ™ sin 6q H ^ ^ ; (165) 

sin 6 = sin (^q + u) = sin 6q + u cos 6^ ; (166) 

so that (159), omitting 2m/iKg cos6q when added to be- 

Kd2l 


cU = 


{ 2 Ay sin 71 ^ ^ 

Let = a ; so that a is a small quantity ; then 

du 


(167) 


cU = A 

CM [2au- 


-w 


r 


, A , ^U 
? = — versin"-^ - 5 
C7i a 


( 168 ) 


U =z a versin ■ 


eut 
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the limits of intégration being such that îù Q wben = 0 ; 
. • . 0 -j- a versin - 


= 0Q + a- 


■ a cos - 


A 

eut 


(169) 


so that 0 varies from its least value Ûq to its greatest value 6^ + 2 a, 
this last value occurring whenever = (2 A. + 1) — 5 wLere X is 
any integer ; and the periodic time between t wo successive equal and 

^ TT 

similar values of $ is ; tbe greater therefore n is, tbe less is 
this perîod. 

A similar resuit may be arrived at from the équation (161), if 
we substitute 12 = — C where C is a small décrément of < 2 ?, and 

proceed with the intégration. 

Also from (163), if we replace cos (9 q~cos ô by its value given 
in (165), and retain only terms involving the first power of we 
hâve dyj/ __ enu 

dt 


Xjf = 


A sin Ôq 
mJig ( 
eu \ 
mhgt 
eu 


mhg { ^ e7it) 

= l-cos 

eu l a 3 

(170) 

A . e7it) 

sin J- 5 

eu A 3 


mhkg , ent 
-ir-^ sin 5 

71^ A 

(171) 


the limits being such that 'v/r = 0 when t ^0, Hence xj/ con- 
sists of two terms of which the former is non-periodic and the 
latter is periodic. The former increases with t at an uniform 

rate, and the latter varies from its greatest value its least 


value — periodieally, the period being ^ = 

u = 0, and has its greatest value when z=. 0^-— 0^^, 
Also from (147), 

d(j> ^ d\Ir 

dt dt 


; 0 when 


mJigeo^ 

= ^ £ y 

en 


/t ents. 

(l_COS— ): 




mhg cos 0^ 




mliLg cos 0^ 


sin- 


ent 


(172) 

(173) 


en ^ ' e^u^ a 

the limits being such that <jf) = 0, when zf == 0 : the explanation 
of this expression is similar to that of (171). 



A HBAVY BOBX. 


397 


323-] 


The three équations (169), (171), and (173) give the complété 
solution of the problem, and supply the means of indicating the 
motion of the axis of unequal moment with great geometrical 
exactness. 

323.] From the fixed point 0 as centre, as in Art. 320, let a 
sphere be described whose radius is so that the centre of 
gravity of the body always is on the surface of this sphere : let 
N and P be the points where the vertical through o and the 
axis of unequal moment intersect the sphere ; then the pre- 
ceding équations détermine the motion of P on the sphere in the 
folio wing manner. In refereuce to N as pôle let two parallels of 
latitude be described at angular distances and 6^ + 2 a from ; 
then these circles are near to each other and P is never found 


outside them ; and it describes an undulating line which at 
regular and equal distances touches the outside circle and meets 
the inside circle in a cusp at right angles. Let another parallel 
of latitude be described. at an angular distance from N equal to 
Ôq + a, so that this lies midway between the preceding parallels. 
Now imagine a point Pq to travel uniformly along this inter- 


mediate circle with an angular velocity about on equal to • 


and let us call Pq the mean pôle and o Pq the mean axis ; then 
(171) shews that the true pôle P is in a meridian plane which is 
sometimes in advance of, and sometimes behind, the meridian 
plane of the mean pôle, the amplitude of this déviation being 

; and (169) shews that the true pôle is sometimes below 

and sometimes above the intermediate circle, the angular ampli- 
tude being evidently a. These déviations are x:)eriodic, and the 

277 A. 

period is evidently ; as n is large ail these déviations and 

C 71/ 

periods are very small. 

As Pq moves uniformly along the intermediate parallel of 
latitude, P describes a curve about it : and as the déviations of 
P from Pq are ail small, we may without sensible error suppose 
them to take place in the tangent plane of the sphere at Pq ; and 
dénoté the déviations along the meridian plane and the tangent 
to the parallel of latitude respectively by y and x ; then the 
former is evidently the periodic part of h 6, and the latter is the 
periodic part of Z^sin^QA//-, since Asini^Q is approximately the 
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0^0* 


radius of thé parallel of latitude on which. the true pôle is at the 
time t, So that 


K.q ^vcL^r, cnt 
y = ^ y cos 3 


A^sin (9. . c>nt 
— y sin — ; 

r'.û ^ 


qZ 

i2 


(m/i^ A ff sin 6;f 


(174) 


whieh is the équation to a circle ; consequently the real pôle 
describes a circle about the mean pôle with an uniform angular 
CŸl 


velocity 


Thus the mean pôle moves uniformly along 


the intermediate parallel of latitude, and the true pôle describes 
about it as centre the circle whose équation is (174) ; and the 
true pôle never coïncides with the mean pôle. The uniform 
motion of the mean pôle along the parallel of latitude is called 

9??/ J b 0 

the Precession ; and is measured by the angle ; the periodic 

parts of ^ and of are called the Nutations, the former being the 
nutation in latitude and the latter the nutation in longitude. 

The true pôle has its greatest velocity at the point where its 
path touches the lower parallel of latitude, because at that point 
the nutation in longitude acts parallel to and in the same 
direction with the precession; and the true pôle becomes sta- 
tionary at the point where it meets the upper parallel of latitude, 
because at that point the nutation of longitude is equal and 
parallel to the precession and acts in a contrary direction : henee 
arises the cusp. If the distance between two successive eusps 
is an aliquot part of the upper parallel of latitude, the path of 
the true pôle is a re-entering curve ; but if it is incommensurable 
with that parallel, the sériés of arches in the successive periodic 
révolutions is not re-entrant, and the true pôle rever returns to a 
place which it had previously occupied. 

The curves described by the mean and the true pôles define 
precisely the cônes which are described by the mean and the true 
axis of greatest moment of the body in its motion, inasmuch as 
they are the director-curves of the cônes. Thus the cône described 
by the mean axis is a circular cône about the vertical as its axis, 
having its semivertical angle equal to + a ; and the true axis 
of greatest moment describes a cône whose surface is fluted and 
intersects at equal intervals the coiie of the mean axis, the 
external ridges being curved and the internai dépréssions lying 
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along straight lines whicK are pole-lines converging to the 
vertex of the cône. 

The motion in right ascension is given by (173). 

The angular velocity of the hody and the place of the in- 
stantaneous axis at the time t may thus be fonnd. By Art. 64 


we bave, 


dt 


cüi = ^ cos <j) + sin^ sin 


dû 


dt 

dxjr 


d(b dyp' 

“>= * +*'“*■ 


sin 6 cos cf), 


(175) 


now replacing the right-hand members by their values which are 
given in (169), (171) and (173), and retaining the capital tenus 
which are of lowest dimensions, we hâve 




en 


’ I si 


mhg sin 


en 


cos ni— cos 


nt 


nt 


(176) 




(177) 


Also from these values the position of the instantaneous axis 
at any time may be determined. 

From (177) it follows that o) is a periodic quantity, of which 

the period is ; that its least value is n, and that this occurs 
c i 

whenever is zéro or a multiple of -tt ; and that it rcaches its 
^ f 

greatest value whenever is an odd multiple of ^ - 

À) A iZ 

324.] Let us next consider the case wherein the inclination of 
the axis of greatest moment to the vertical is constant throughout 
the motion; that being the case wherein tho two parallcls of 
latitude within which that axis moves are coincidont, and tho 
axis consequently describes a circnlar cône whoso axis of figure 
is the vertical line through the fixed point. In this case, as 
the centre of gravity of the body is always in the same hori- 
zontal plane, no wort is donc on the System, and the vis 

viva is constant. Let 6^ be the constant value, then as ^ = 0, 

do 


400 


ONE POESra EIXED, 


[325 


(142) becomes 



F; 


but if and n are the initial angular velocîties about tbe 

principal axes, from (140) 

z=z K (n^2 ^ . 

/. ^ cosec ^0 = a (say) ; (178) 


so tbat tbe angular velocity of precession about tbe vertical is 
constant, and is a ; consequently if = 0, wben t = 0^ 

(179) 

Tbus tbe rigbt circular cône is described uniformly by tbe axis 
of greatest moment about tbe vertical tbrougb 0 , 

Also from (117) 

^ a cos (say), (180) 


consequently if (^) = 0, wben = 0, 

(#> = /3^, (181) 

and tbe rigbt ascension of the ^-axis increases uniformly witb the 
time, and is positive or négative according as a cos 6q is less tban 
or greater tban 

Hence also from tbe values given in (175) 

(ùj^ = asinÔQsmlBt, = asmô^^cos = n; (182) 
. co^ = (a sin 6^)^ + ^^2 _|_ ^^ 2 ^ (183) 


and is constant tbrougbout tbe motion ; and bereby tbe position 
of tbe instantaneous axis of rotation at any time is given. 

325.] But under what circumstances does tbis invariability 
of inclination occur ? Tbis question is of considérable interest, 
because it bears on pbaenomena wbicb are presented by certain 
machines, and are at first sigbt inconsistent witb mecbanical 
principles. Tbe équations (182) are tbe three final intégrais of 
(135), (136) and (137), and must consequently satisfy tbem. 
Hence substituting in tbe first two we bave 


sin dQ — cna + m kÿ}cos jSt — 0,) 


(184) 


sin cos C7^a + m ^y}sin 

and as tbese conditions are to be satisfied for ail values of t, it is 
necessary tbat 

sin dQ{Aa^ cos ÔQ—^cna + mkff] = 0. (185) 

Tbis condition is satisfied, 
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(1) Wlien sin = 0 ; that ie when 6 ^ = 0 , and wlien 0 ^ = tt. 
In both cases tbe axis of uneqnal moment is vertical, in the 
former case the centre of grantj being above the fixed point, 
and in the latter case below it. In both cases coj^ = <«2 ~ 
cog = £0 = ^, the rotation-axis is vertical, being a principal per- 
manent axis, and the angular velocity of the body is constant. 

(2) When ^^2 = 0, (186) 

this condition depending on the constitution of the body, and the 
initial circumstances of rotation. This équation being a quad- 
ratic in terms of a, which is the angular velocity of procession, 
has two roots and gives the foUowing values for a, viz., 

2Aacos + — éxhmg cos (187) 

Now these roots are real and unequal, or are equal, or are im- 
possible according as is greater than, equal to, or less 

than 4ijè^hmg dos Ôq] in order, therefore, if A 0^ is a posi- 
tive quantity, that motion may be possible with invariable in- 
clination, must not be less than 4 a 7^ cos and if 

C 7h 

z^^Klimg cos a has only one value, viz., • If 

2 A cos 

h cos is négative, there are always two real values of a, one 
of which is positive and the other is négative, and this is always 
the case when is greater than 90'". 

If a very large angular velocity is initially given to the body 
about its axis of unequal moment, so that n is very large in com- 
parison of the other constants, we may expand the radical in 
(187), and obtain the following values of a ; viz. 

2a a cos en + en < 1 — 5- 

® - ( e^9d J 

“ l e^7i^ y 

^ 2A/im(/ eos Or. 

=z2en, or = 5* 

en 

en mqli 

... a = 5 or = : 

A cos Oq en 

thus there are two values of a, of which the former is very large 
and the latter is very small. 

326.] If cos 9^ = 0, that is, if 0^ = 90^ (186) shews that 

there is only one value of a, viz. : in this case the axis 

on 
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of greatest moment is horizontal, and revolves uniformly with 
that angular velocity in the horizontal plane which passes 
throngh the fixed point : and since a has the same sign as n, the 
direction of rotation of the axis is the same as that of the body 
about its axis of greatest moment. As the precessional velocity 
varies inversely as it becomes very small if n is large ; conse- 
quently if a rapid rotation is given to the body about its axis of 
unequal moment, that axis revolves with a slow angular velocity 
în the horizontal plane. 

Now this is a remarkable case, and seems at first sight in- 
consistent with the principles of mechanics. A heavy body is 
rotating about a fixed point which is not its centre of gravity, 
and the line joining the fixed point and the centre of gravity 
moves in a horizontal plane with a constant angular velocity 
about the fixed point, so that the weight of the body apparently 
is without effect on the axis. Let us then consider the question 
in the light of first principles, and apart from the équations of 
motion. 

Let us take the notation which has been employed in the pre- 
ceding articles ; so that n is the initial angular velocity of the 
body about its axis of greatest moment which is horizontal ; and 
as no moment of a force, either impressed or centrifugal, acts to 
change this angular velocity, it is constant throughout the 
motion. As this axis is horizontal, the plane in which the 
other two principal axes at the fixed point lie is vertical : let the 
axis of 0 )^ in this plane be inclined at an angle (j) to the hori- 
zontal plane^ the line of intersection of these two planes being 

the line of nodes ; then ~ is the angular velocity of this line of 


nodes about the vertical through the fixed point. Let % ^2 

be the initial values of and As the axis of greatest mo- 
ndent and the line of nodes are both in the same horizontal plane 
and are at right angles to each other, there is no angular velocity 
of the body about the lines of nodes, and consequently^ 


a)| cos ^ + CO 2 cos (90° + =. 0; 

cüj cos — CÙ 2 sin = 0. 


Also, as rotation about the vertical is due to and only, 
dyjr 

= (»iSin^-l-cü2Cos^; 
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and therefore 
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0)1 


d\l/ . . 

a.,= ^COS<|>, 


dt^ 


= 6ü,^ + û> 


2 

2 • 


(189) 

(190) 


As thé only forces acting* on the body are the reaction at the 
fixed point and gravity, and as no work is done by either of these 
forces, the vis viva is constant : therefore 

ao)j2 + ao)/ + c^^ = A0^2 + A^2^ + c^>^2 ; 
cüi^ + û)/ = ni^-f V; 

. • . from (190), ^ z=nj^ + = a® (say); 


and thus the angular velocity of the revolving line of nodes in 
the horizontal plane is constant. Hence if = 0 when ^ = 0 , 

y^r = at. 
d<j) 
dt 


Hence also 


= n ; 


that is, the angular velocity of the right ascension is constant, 
and is the same as that of the body about its axis of unequal 
moment ; and if </) = 0 when = 0 , as may be the case, since 
the position of the axes of £ and 17 in the vertical plane is inde- 
terminate, ^ = nt 

Hence, then, 6)1 = asin^^î, cog = acosnt, 

The constants a and n are not independent. This is évident, 
for the relation of these quantities to each other must change 
with the mass of fche body and the distance of its centre of 
gravity from the fixed point. This relation may be determined 
from the équations of motion, of which the solution is 
= asin^25, cog = acos^^^5, 00 ^ = n ; 

substituting these in either 


A 


dt 


+ (c—a) oy^oio = mgh cos(p, 


or 

we hâve 



•— (c— a) cogiOi = 

Cafi = mg/i^ ; 


thus the product of a and n is constant, each varying inverseîy 
as the other. The same resuit as is given by (186). 

327.] Another spécial case which deserves considération is that 

D d Z 
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, 0, and conseqnently 


wlieTem (1) a = b ; (2) the inclination of tKe c-axis to the ver- 
tical is constant throughout the motion, so that ^ = Oq ; (3) there 
is no motion in right ascension, so that <p is constant. This is 
the case of the ordinary eompound conical pendulnm. 

Since a = b, and the centre of gravity is in the c-axis, cog =: n, 

Also since ô is constant, 

( 

cos <p — ûi 2 sin (/) = 0, 

Also since cp is constant and the position of the A-axis in the 
plane of (£, rj) is arbitrary, we may so take it that 0 = 0; hence 
from the preceding condition, coj = 0 throughout the motion, 

= 0. Hence from the équations of motion (138), 

(lu 

(c— a )^£02 = my^sin^Q; 

mgJiÛTiOf, 

0)0 = -7 ^ . 

^ (c— a)^^^ 

dyjr 
dt 


and 


Also since 


. Lv\ir 

Sin ^0 "tT = 0 + ^*>2 COS 0, 


(c 


mgJi 

A) 71 


(191) 


(192) 


which gives the constant angular velocity about the vertical 
through the fixed point with which the vertical plane containr 
ing the c-axis revolves, and thus détermines the motion in 
azimuth. 

Also since 0 is constant, — = 0 ; and conseqnently from (147) 


^ dt (c—a)^ ^ 


imgh cos^qH_ 

I c~A 3 ” 


''3Î 


(193) 


which gives the angular velocity of the body about the c-axis, 
and assigns the relation between n and 0q, which the conditions 
of the problem require. 

From (192) and (193) we hâve 

d\jr ___ ^ ^ nfigh 
dt "" (c— a) cos^q) ’ 

and conseqnently the periodic time, or the time of a complété 
révolution in azimuth, is 


(c — a) COS^q 
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Hence 6q must be less or greater than 90°, according as c is 
greater or less tban A. 

In the case of a particle m plaeed at tbe end of a thin rod at 
a distance h from the fixed point, c will be veiy small in com- 
parison of a and may be neglected in the preceding expressions, 
and A = mTi?‘ ; and if a is the angle between the rod and the 
vertical taken downwards, then 

^ and the periodic time = 2 tt , (195) 

This is the case of the simple conical pendulum. 

Hence if l is the distance along the c-axîs from the fixed point 
at which a particle, whose mass is equal to that of the moving 
body, has to be plaeed, so that the periodic times in azimuth of 
the moving body and of the particle should be the same, then 
from (194) and (195) we hâve 

l = if c is omitted. 

mil mil 

The angular velocity of the body and the position of the rota- 
tion-axis may thus be fonnd ; 

C mgji VI, rm^7^cos(9oVl, 

"‘=“' { ( - -Aje o-;».; “•=“={-5=r^î ’ 

... <'>’’■ . 

(c~a) cos ^0 

Thus O) is equal to the velocity in azimuth ; and as 


-^ = 0 , 

6Ü 


= COS Qr, 


it follows that the vertical line through the fixed point is the 
axis of rotation of the body. 

328.] Many machines hâve been devised for the purpose of 
exhibiting the phaenomena which are expressed in the preceding 
équations ; the construction of some is so cuiious that they are 
for the most part found only in collections of mechanical appa- 
ratus ; others are so simple in form that they are the toys of 
children. Of the latter kind is the common spinning-top, of the 
several motions of which the preceding Articles give explana- 
tions, provided that the point of its peg continues in the same 
place, and the friction of the point is neglected. Of the former 
kind is, in the first place, Bohnenberger’s machine, which we 
hâve already described in Art. 28 ; it is delineated in Fig. 8, and 
the first account of it was given in 1817 in the Tübinger Blatter 
für Naturwissenschaft, Tome III ; it is also described in GilberFs 
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Annalen, Bande 60, Leipzig, 1819. The rotating body in the 
middle is in our figure a sphere, but any other body may be sub- 
stituted for that ; and if the centre of gravity of it coïncides 
with the centre of the three several rings, then, according to the 
notation in the preceding Articles, h = 0. Let us suppose the 
central body whether it is a sphere, an oblate spheroid, a cône, a 
cylinder, or any other body such that A = B, which rotates^about 
the axis aa', to be capable of removal from the ring aba'b'; and 
to it when so removed let a rapid rotation be given by means of 
a suitable machine ; let it be replaced with its pivots in the holes 
at A and a'; then the construction of the machine allows the 
several movements conse< 5 [uent on the rotation of the body to be 
exhibited, when ^ = 0 ; for throughout, the centre of gravity will 
remain in the centre of the rings, and be unmoved. And if the 
pivots at B and B^ are fastened so that no rotation takes place 
about the axis B B'', the inclination of the axis a a' to the vertical 
cc' is constant throughout : this is the case wherein B and 
>5 = 0, &c. Thus, if the central body is a sphere of i-adius 

Sir P 

A = B = C = -“VS — ? 

15 

and tTierefore, from (191), a = 0, and a = 00 ; and therefore tlic 
équatorial plane of tïie spliere always intersects the horizontal 
plane along the same line ; and no rotation can be given to tho 
sphere whereby its axis will describe a conical surface about the 
vertical cc'. 

Another machine of the latter kind is that devised by Fesscl, 
which is described in Poggendorff ’s Annalen, Bande 90, Leipzig, 
1853, and which is dehneated in Fig. 37. Q is a heavy fixed 
stand, the vertical shaft of which is a cylinder bored sinoothly, 
in which Works a vertical rod cc', as far as possible with ont 
friction, carrying at its upper end a small frame B b'. In b b' a 
horizontal axis Works, at right angles to which is a small cylinder 
n, with a tightening screw h, through which passes a long rod 
G g', to one end of which is affixed a large ring a a', and along 
which slides a small cylinder carrying a weight w, which is ca- 
pable of being fixed at any point of the rod ; and so that it may 
act as a counterpoise to the ring, or to the ring and any weight 
attached to it. An axis a a' Works on pivots in the ring, in the 
same straight line with gg' ; to a a' a dise, or sphere, or cône, 
or any other body can be attached, and thus can rotate about 
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A a' as its axis ; to the body thus attached to a a' a rapid rotation 
can be given, either by means of a string wound round a a', 
or by a macbine contrived for the purpose when a a.' and its 
attached body are applied to it. It is évident that the counter- 
poise w can be so adjusted that the centre of gravity of the rod, 
the ring, the attached body^ and the counterpoise, should be 
in the axis bb'; or at any point on either side of it ; that is, 
h may be positive, or be equal to O, or may be négative. Also 
by fixing bb' in the arm of cc' which carries it, the inclination 
of the rod gg^ to the vertical may be made constant, that is, 
6 may be equal to throughout the motion. When the coun- 
terpoise is so adjusted that the centre of gravity of the rod G g"' 
and its appendages is in ce', then = O, or, what is équivalent, 
mg = 0. 

If the counterpoise is adjusted so that the centre of gravity of 
the rod G g', of the ring, and of w, without a a' and its attached 
body, is in bb', then the weight of the body will produce its full 
eflPect, and the results indicated in the foregoing Articles will be 
exhibited. 

329.] In application of the general équations of rotatory mo- 
tion we may here insert another problem which is of great in- 
terest and importance, although perhaps it more properly cornes 
into the following Chapter. 

When a body bas motion of both translation and rotation, 
the investigation into these several motions may be conducted 
separately, by virtue of those fondamental theorems which hâve 
been proved in Section 2 of Chap. III, and the rotation may be 
considered relative to the centre of gravity and an axis passing 
through it ; just as if the centre of gravity was a üxed point and 
had no motion of translation. This is precisely what I propose 
to do now : I propose to consider the rotatory phaenomena of the 
earth, having its centre of gravity fixed at least hypothetically, 
under the action of the attracting forces of the sun and the 
moon ; I shall indeed consider it as merely a mathematical pro- 
blem ; but it will hâve its application to these three bodies : 
and as the resulting differential équations will not admit of in- 
tégration exactly in their general form, I shall make those hy- 
pothèses as to small quantities which are given to us by the 
circumstances of these bodies. Our inquiry too will be general, 
and will include the action of ail bodies by which the rotation 
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of the earth. is affeeted ; that is, of not only the sur and thé 
moon, if there are others wliose influence affects thé earth’s 
motion of rotation. The law of action of these hodies on the 
earth is of course that of gravitation. The attraction varies 
directly as the product of the masses, and inversely as the square 
of the distance. 

Let m be the mass of the body whose action on the earth we 
are considering ; let the centre of gravity of the earth be the 
origin, and let the central principal axes of the earth be, as 
heretofore, the axes of the f-axis being the geometrical 

polar axis ; and let a, b, g be the central principal moments of 
the earth relative to these axes respectively ; let dm' be a mass- 
element of the earth, of which the density is /), and let its place 

{i) Vi Oî P is a function of these eoordinates ; let (a?, y, z) 
be the centre of gravity of ; / = the distance of (æ, z) from 

Vi C)l let r be the distance of 77z from the centre of gravity 
of the earth ; and let the attraction which two unit-particles at 
an unit-distance exert on each other be the unit of attraction, 
and be unity ; then 


= ^2 ^^2 ^^2^ 


■0 




(196) 


N^ow, for two reasons, we consider the attraction of 7n on the 
earth to be the same as if m were condensed into a particle of 
mass m at its centre of gravity; (1) because the distance be- 
tween m and the earth is supposed to be very great, and con- 
sequently the theorem proved in Art. 223, Vol. III, is applicable 
to its action ; (2) because the bounding sui’face of m is nearly 
spherical, and m is supposed to consist of a sériés of concentric 
spherical shells, the attraction of each of which on an external 
particle drr^ is the same as if it were condensed into its centre 
of gravity. 

Let X, Y, Z be, relatively to the earth^s principal axes, the axial 
components of the attraction of m on the earth ; then 


-fir 


✓ s 


(197) 


{z—C)pdidr)dÇ_ 
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t = zy-i. = «/// P(^1-lf0<l(d„d{ 

H = = «/// PjîtlfAélMÇ., . 


(198) 


the intégrations in each. équation being sucb that ail the élé- 
ments of the earth are included. 

As the distance of the centre of m from the centre of the 
earth is verj great in comparison with the mean radius of the 
earth, and consequently with the coordinates of any element of 
the earth, even when m is the moon; so the quantities under 
the signs of intégration in the right-hand members of the pre- 
eeding équations may be expressed as sériés of terms rapidly 


i V C 

eonverging in powers of - > ~ : the greatest value of either of 

r r r ^ 

these quantities is, in the case of the moon, the 

case of the sun, 5 the following expansion therefore I 

/woy o4 


shall omit ail powers of these quantities above the second. 

For the effect of subséquent terms in the sériés, the student 
may consult a Memoir, having for its title, Théorie du mouve- 
ment de la Terre autour de son Centre de Gravité/’ by M. J. A. 
Serret; and contained in Vol. V of“ Annales de l’Observatoire 
Impérial de Paris,” 1859. ITe will there find the mode of calcu- 
lating the terms which arise on the hypothesis, that the oblate- 
ness of the northern and Southern hemispheres of the earth is 
different ; and on the hypothesis, that the earth is not symme- 
trical relatively to the polar axis of figure. 

Now, from (196), 

/3 - yS + y2 J 

1 ( 3k+^',,+^o Be + v^+e 

- y2 3 ^2 




15 + 


( 199 ) 
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let Tis substitut e tbis value iu (198) ; then, since tbe centre of 
gravity of tbe eartb is tbe origin, and tbe central principal axes 
are tbe coordinate axes, 

JJJp^didrjdC = JJjpy]d$dr]dC JJJpCdidr]d^ = 0 ; ( 200 ) 
fJfpvCdidyjdC^ JJfpCid^dr,dC = fffpivdidndC=Oi ( 201 ) 

and consequently, omitting ail powers of small quantities above 
tbe second, (198) become 

l = 3ot(c-b)Ç,^ 

M= 3m(A-c)-^> l (202) 

N= 3«i(B-A)^.^ 

Witb regard to tbe last two terms of (199) wbicb do not appear 
in tbese équations, baving been omitted on account of tbe small- 
ness of tbe quantities, I would observe, tbat tbey disappear of 
tbemselves in tbe intégration, if tbe eartb is supposed to be 
symmetrical in tbe distribution of its éléments in tbe nortbern 
and Southern bemispberes, and witb respect to its polar axis 
of figure, So tbat under tbis bypotbesis tbe équations (202) 
are mucb more approximate than tbey appear to be at first 
sigbt. 

Since direction-cosines of tbe line joining tbe 

centres of tbe eartb and tbe attracting body, it appears tbat 
L, M, and N vary directly as tbe mass of tbe attracting body, 
and inversely as tbe cube of tbe distance of its centre from tbe 
centre of tbe eartb. Hence, if we calculate, from a synoptic 
table of tbe éléments of tbe moon and of tbe planets, tbis quan- 
tity, it will at once be seen tbat tbe sun and tbe moon are tbe 
only bodies wbicb produce any sensible effect on tbe rotation of 
tbe eartb ; tbe eâect of tbe sun is due to its very large mass ; 
and tbe effect of tbe moon, wbicb is mucb greater, to its nearer 
distance. 

330.] Equations (202) admit of furtber simplification ; and 
let us first eonsider tbem witb respect to tbe sun. 

Let tbe mean angular velocity of tbe eartb about tbe 
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sun ; let E = the mass of tie eartli ; tlien, as the eccentricity 
of the earth’s orbit is veiy small, r may be taken as the mean 
distance of the earth from the sun ; and, equating the earth’s 
periodic time in terms of n' with that given in Vol. III, Art. 404, 

(154), we hâve ^ ^ . (203) 

now ~ > according to Encke, quoted by sir John 

m 389551 

Herschel ; and this quantity being small may be neglected, so 

^ = (204) 


and therefore for the action of the sun, the équations (202) be- 

come f/jg; \ 

L = 3«'^(c-B)f , 

m = 3îî'^(a-c)^, l (205) 

k = 3^'^(b-a)3^.^ 

Again, let us consider (202) with respect to the moon ; and 
let ail the quantities which refer to the sun receive an accent, 
and thus refer to the moon. 

Let 'n!' be the mean angular velocity of the moon about the 
earth ; then, if we neglect the eccentricity of the moon s orbit, 
and take r to be the mean distance, by the same theorem as 
that which we hâve just now applied to the sun, 

^ ■ (206) 

E 

but — -, = 81.84 nearly, = e (say) ; so that 

m 




and substituting this value in (202) we hâve 


, 3«">, .«Y 
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and thé équations of rotation of the earth become 

iû), c— B n"^y' z' } \ 

_ + J— + J , 

[l + eyA' I 

c^coo B— A 3(b— I 

dt c ^ \ + / 

The complété intégration of these équations is heyond the 
power of analysis ; and we are ohliged to hâve recourse to 
methods of approximation, taking advantage of those eircum- 
stances as to small quantities which the relations of the sun, 
earth, and moon offer to us : these we proceed to explain. 

331.] In the first place, geodetic measurements shew that the 
figure of the earth is nearly that of a solid of révolution, whose 
axis is the polar axis of figure ; and as there is no reason to 
suppose any great want of symmetry in the distribution of the 
material éléments in the interior of the earth, we may suppose 
the two principal moments in the plane of the equator, and con- 
sequently ail the moments of inertia in that plane, to be equal ; 
thus, B = A ; and this equality exists whatever are the positions 
of the axes of cc and y in the plane of the equator. 

I may moreover observe, that the most profound calculations*, 
based on the hypothesis of an unsymmetrical distribution of 
material within the earth, lead to the conclusion that CO 3 is con- 
stant to a first approximation, and that consequently b = a ; this 
resuit folio ws from the façt that the action of the sun and moon 
is very small in comparison of the actual vis viva of the earth. 

Observations made with the pendulum are in accordance with 
direct measurement, and shew the earth to be a solid of révolu- 
tion, whose polar axis is shorter than the équatorial ; and that 
its figure is approximately an oblate spheroid ; and thus c, which 
is the central principal moment relative to the axis of révolution, 
is the greatest of ail moments. Now, putting b = a in (209), it 
is plain that c and a enter into the équations of motion only in 

c — A 

the form — ; the value of this quantity cannot be determined 

by direct observation, because we are ignorant of the law of 
density of the matter of the earth, and we are obliged to hâve 

* See the Memoir of Serret quoted above ; also Le Verrier, Annales de 
r Observatoire Impérial de Paris, Tome II. 
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recourse to indirect methods. The observed values of precession 

and nutation give it a value of nearly^^*, whieh is beyond 

doubt almost correct ; also a hypothesis of Laplace, discussed in 
the Mécanique Céleste, Livre XI, gives a resuit nearly identieal ; 
this value we shall tabe. Since the physical constitution of the 
earth enters into the équations of motion only by means of these 
quantifies, it is évident that the phaenomena of precession and 
nutation would be the same, whatever change took place in the 

Q ^ 

earth, so long as the ratio was unaltered. 

Again, the actual axis of rotation of the earth is almost fixed 
in it, and is almost identieal with the axis of figure ; that is, the 
pôles of the earth are almost fixed points on its surface. Were 
they not so, geographical latitudes would vary from time to time ; 
whereas no variation has been indicated by observation, so far as 
I know. Moreover, as the true rotation-axis of the earth in ail 
its positions nearly coincides with the axis of figure, the true 
angular velocity co, which is the résultant of cog, is nearly 
equal to Wg , which is the angular velocity about the earth’s axis 
of figure, and is constant ; and thus and are very small 
quantities. Thus, if we image the actual rotation of the earth 
by the rolling of one cône on another, that cône which tho 
earth’s axis describes in itself has a very small vertical angle, 
the cône fixed in space having a vertical angle a little greater 
than 46° 55'. See Art. 302. 

This is the information which observation gives as to the cir- 
cumstances of the constitution and the figure of the eartli, and 
as to the approximate invariabihty of its angular velocity, and ot* 
the position of its rotation-axis. 

Under these eircumstanees the équations of motion becoine 
dcùi c— A ) 


Ui c — A 
f7û)2 c — A 


0)36)^ = 


dt 

_ n 
dt 

from tlie third of these 


3(c— a) 


(1 + e): 
n"^z'a 
(1 +e)r' 



«3 = n, 

See the Meiuoirs of Serret and Le Verrier. 


( 210 ) 


( 211 ) 
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if % is tlie angular velocitj of the earth about its polar axis of 
figure. 

Also, for convenience of expression, let 
C — A 


= a: 


tlien tbe first two of (210) become 


d(ù^ 


^a|- 






d(ù^ „ ( n'^zm \ 

— + a»a),= -3a|-^ + p-:j:^}, 


( 212 ) 


and from tbese équations ail tbe pbaenomena of tbe rotation are 
to be deduced. 

Equations (210) sbew tbat tbe action of botb tbe sun and tbe 
moon on tbe eartb is due to tbe pbysical constitution of tbe 
eartb itself. If c = a, tbat is, if ail tbe principal central moments 

of tbe eartb were equal, = 0 ; and tbus tbe 


angular velocity would be constant, and tbe eartb’s rotation-axis 
would be fixed in itself, and would be absolutely fixed in spaee ; 
tbe protubérant matter at tbe eartb's equator, wbicb causes tbe 
inequality of tbe central principal moments, is tbus tbe indirect 
cause of tbe peculiar motion of tbe eartb’s rotation-axis, wbicb 
we are about to investigate. 

333.] Tbe arrangement of tbe bodies wbicb is convenient for 
our System of symbols and équations is exliibited in Fig. 38. 

O is tbe centre of tbe eartb; and tbe plane XOY is tbe fixed 
plane of tbe ecliptic ; ox being tbe line of tbe vernal equinox wben 
2 ? = 0. About O as a centre a spbere is described wbose radius 
is equal to unity ; and tbe several curved Unes of tbe figure are 
tbe intersections of tbe surface of tbis spbere by various planes 
and lines drawn tbrougb 0 , and ail refer to tbe configuration of 
tbe System at tbe time t ; yxis, is tbe plane of tbe eartb’s equator, 
so tbat OK is tbe line of tbe vernal equinox, and xon is tbe pre- 
cession ; 02 : is tbe eartb's polar axis about wbicb tbe angular 
velocity is and oæ? and oy are tbe eartb’s principal axes in tbe 
plane of tbe equator, ox being so cbosen tbat it coincides at 
tbe same time witb ox, os, and on; os is tbe radius vector of 
tbe sun, wbicb is always in tbe plane of tbe ecliptic ; om is tbe 
radius vector of tbe moon, mn'i being tbe plane of tbe moon’s 
orbit ; on' is tbe line of intersection of tbat plane witb tbe plane 
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of the eeliptic, and is thé line of the moon’s nodes ; oi is the 
line of intersection of the plane of the moon’s orbit with the 
plane of the earth’s eqnator. Let i be the angle of inclination 
of the plane of the moon s orbit to the eeliptic ; then i is nearly 
constant, and has a mean value of 5° 8' 48'^; we shall take it to 
be constant, Now the line of nodes of the moon re volves in the 
plane of the eeliptic, and performs a complété révolution in about 
6793 days. Th us on' revolves about oz; let /3 be its angular 
velocity; then, if ^ = 1, we hâve approximately, 

" 1 <5= ' 


71 = ; 


365.25 ' '*'"“ 27 . 32 ' 6793 ’ 

so that /3 is much less than the other quantities ; the small frac- 
tion a is also a factor of ail the terms into which these quantifies 
enter. 

As the angular motion of the line of equinoxes is very small, 
the angle XON is very small compared with No^, or xos ; so 
that approximately NOS = xos= and Noo? = We shall 
also in calculating small terms neglect variations of 0, From 
this arrangement we hâve 


-= cosicos = QOBTit sin Ti't cos 


y 


’P = cosyos=: — sin^2(cos^'z5-h cos^^i^ sin?^j'zJcos 0, 


(213) 


^ • /r • ^ 

~= COSMOS — sin ^ sm 0 ; 


which are thus expressed in terms of i and of constants. 

Again, as to the moon ; let us in the first place refer it to the 
eeliptic ; then, if is the longitude of the moon’s node at the 
vemal equinox, that is, when il = 0, non' = + = i//, say ; 

and if is the moon’s right ascension at the vernal ecpiinox, 
n'om = <f>'g + n"t = ( j )', say ; then, as i is very small, n' o m and its 
projection on the plane of the eeliptic may he considered to bo 
equal; so that the longitude of Mis cp' + Ÿ'; and, if we replace 
sin i hy i, cos Moz = i sin <j/ ; 


^=cosa!OM= {sin(<^'+T/r')cosd +*sin<il)'sini9}sin»i! + eos((j>' + \lr')co3>U, 
'y =cosyoM= {6in((^'H- \/f')cosd + «sin q!>'sind} cos^ü;— cos(0' + ■\lf')smnt, 


( 


= cos ^ 0 M = ^ sin cos d — sin (<|)' + sin 6 ; 
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^ 'y 


000 » 


and as + = ^'o + + + these quantities are ex- 

pressed in terms of 2^, and of known qnantities ; tliey are to be 
substituted in tbe équations (212); which are tben to be in- 
tegrated. 

The linear form of tbe équations (212) shews that the effects 
of the action of the sun and the moon may be calculated sepa- 
rately ; and that the whole effect is the sum of the two separate 
effects. We shall consequently caleulate each by itself. Instead 
of determining co^ and 6)2 by means of these équations, it will be 
more convenient to caleulate 6 and direetly, as the position 
of the earth will hereby be determined with reference to fixed 
lines. 

The équations which eonnect these angles with the principal 
angular velocities are given in Art. 64 ; and are 


sin ô 


dt 

d\l/ 

ldi 


(ù-j^ cos 4* — ( 0.2 sin 4i 


CO3L sin ^ + 61)2 cos <#). 


333.] Our object in this inquiry is not to caleulate accurately 
the motion of the earth’s rotation-axis, and the earth’s angular 
velocity which détermines the length of a day; but to trace 
roTighly, and to indicate in their salient points, the résulta of the 
action of the sun and moon. We shall therefore retain only the 
larger qnantities, and small qnantities of the fîrst order ; and we 
shall only notice the kind of change which is produced, with a 
view rather to the general effect of such action than to numerical 
calculations. 

We will fîrst consider the terms in (212) which refer to the 
sun, and which wiU be replaced by their values in (213). 

Now the earth’s axis is inclined to the normal of the ecliptic 
at an angle which is nearly constant ; let i be its mean value, 
which is about 23°27'32''; this angle being that between the 
earth’s equator and the ecliptic is called the obliquity of the 
ecliptic, It is the mean value of 6 according to our arrange- 
ment, and we shall replace 0 by it in terms involving small 
qnantities. Also, as the earth rotâtes uniformly about its polar 
axis with the angular velocity and as the angular velocity of 
ON’ is very small, (j) = omitting small qnantities and thus 
the équations of the last Article become 
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sin I 


dô 

dt 

d\l/ 

dt 


d^Ô 


= coj cos — 0)2 sin 

= 0)2 sm7^^4-o)2Cos?^^J; . 
Jo)a 


(215) 


^^2 —n(où^ smut-\-(û2COS7it) 

,dcjù^ . ,dùùn . dxî/ 

= cos^^^-^ — sin^i^-yf — ^^smI -^; 
dt dt dt 


smi 


d^yjf 


! 


doùo 


= +cos^^^^-^ + n 


dû 


(216) 

(217) 


substituting for and tbeir values given in ( 212 ), taking 
only the terms whicli dépend on the sun’s action, we hâve 
d^B d\l/ 

+(l + a)^sini ^ +3a^e'2(sin^'z^)^sinicosi = 0 ; (218) 
sini^^ — (1 + a)^ ^ — Sa^^'^sin^i'^cos^^'zîsmi = 0 . (219) 


dt 


Integrating (218) we hâve 

dB , Za7i'^ , /, sm%7i^U ^ 

^ +(1 + a)^sini'v/rH ^ sin I cos I - j = 0 ; ( 220 ) 


no constant being added, because if no disturbing force acts, that 

dt 


do d B 

is, if ^^'r= 0 , = 0 ; and ^ = 0 , when î^ = 0 . Substitute for 


in (219), and we hâve 

d^ 

di^ 


, n , \9 -2 , 3a(l ^-a)^»^'2^C0SI 
+ (1 + a)2®2^ = ^ L i 


+ 


3a^/ 


{(1 + et) ^ COS I + ^7^"^ sin %7{ t \ (221) 


, 3a^'^cosi, 3a^^' ( 1 +a)^cosi + 2 î>^' . ^ ,, 

—— — ^t+ —— ■- ;2 -- - V, — ~-7^Sln2^^2^ 

2(l + a)i^ 4 (l + a)--^-' — 4^ ^ 

+ c'sin { (1 + a) + y } ; ( 222 ) 
where c' and y are constants introduced in intégration ; but 

since i//- = 0 when zJ = 0 , and ^ is indépendant of t when 


0 , c'= 0 , and y = 0 . 


Also, in the coefficient of sin27j'^ we may omit ^3 on account 

E e 
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O— A 

of its smallness ; and, smce a = 5 

A 

a C— A 


1 4- et C 

and tlins (222) beeomes 

S^z'^cosic— A 3^'cosic— A . 

i/r = + 


291 


491 


sin 29i^t, 


(223) 

(224) 


Replacing* \j/ in (220) loy this value we hâve an identity ; which 
shews that the terms herein retained destroy eaeh other in the 
variation of 6, although they give a finite resuit in the value of 
i/r. We must therefore replace by the value which it has before 
small terms are omitted ; that is, we must substitute for \j/ the 
value given in (222), putting however 0 '= 0 ; then (220) beeomes 


dS ^ 3^'^ sini c — a 

dé 2^ c 

^ 3^'sini c—A 

a = I + 

4n^ c 


sin 291^ t ; 
cos 29fi't ; 


(225) 

(226) 


where i is the constant of intégration and is the mean value of 0. 

Equations (224) and (226) exhibit the effects of the sun*s 
action on the rotation of the earth. is the angle through 
which the line of equinoxes, on in Fig. 38, moves in the time 
and is called the Solar Precession of the equinoxes ; (224) shews 
that it consists of two terms, from the former of which it ap- 
peaxs that x/r inereases directly as the time ; and from the latter, 
that this continuai motion is accompanied by a periodical varia- 

tion, of which the periodic time is that is, is half a year. 

This periodical quantity is called the Solar Nutation of the 
Earth’ s Axis in Longitude, or, the Nutation of the Equinoxes. 
Thus, the line of equinoxes is sometimes a little in advance of, 
and sometimes a little behind, its mean place ; and coincides 
with its mean place every half year ; but as the coeiScient of 
this periodical part is very small, so does the term scarcely ever 
acquire a sensible magnitude. 

From (226) it appears that 0 has a mean value i ; but that 
the earth’s axis has a small oscillatory motion, depending on the 
second term of which the period is also half a .year ; and this 
second term is always very smaU because its coefficient is small. 
It is called the Solar Nutation of the Earth’s Axis in Latitude, 
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or, the Nutation of thé Obliquity. Thus,tlie mean rotation -axis 
of the earth would hâve a very slow progressive motion in space, 
inclined at a constant angle i to the normal of the eeliptic, if it 
were disturbed by only the sun’s action. 

334.] The effect of the moon on the rotation of the earth is 
expressed by the latter terms in the right-hand members of (212) ; 
these we now proceed to inquire into, and by a process similar to 
that by which we hâve investigated the action of the sun. 

For abridgment of notation let the moon’s longitude = ; 

so that 

IJ‘ = ^'o + f'o’ v=^ + n"-, (227) 

and let us replace ^ by i ; (214) become 

p-= {sin(//,^-z;^J)cosI + ^sm(<j^)'Q-}-^^'^^^)sinI}sin^>^^^^-cos(jL^-|-rz^)cos?^^^, | 

*4"= {si'n.(ii^vt)cosi-hism((li'Q + 7i"t)siTii}cosnt — cos{iJi + vt)sm9it, V (228) 

pr = i sin((jf)'Q + cosi -■ sin (/x + r ^) sin i ; ^ 

as i is a small angle, the squares and higher powers of it will be 
omitted. Substituting these quantities in (212) and in (216), 
we hâve 

— = — (1 +a)7^sln I {sln(/x-h2;i^)cosI + ^sln(<5[) 0 + ^ z^)smi} 

/n \ • C sin2i,T ç.. , 

= — (1 4-a)^sini -h -Z •] — {l~cos2(/x4-i;^)} 

cio Ji 6 4* 

+ (eos{ ^ i!} - cos { 2 <^)'o + i/^'o + (/3 + 3 n") î! } ) | ; (229) 


and substituting in (217), 

d^yir ,, V dô 3aM"^fsini . , 


From (229) we bave 


de \ sin2i^j sin^Çn + vt)-^ 

^ = -(l + a)»sani^+^|-— ) 


^cos2i 


^ sin (f' Q + 13 1 ) sin { 2 (;t"o + f' o + (/3 + ^ } \ ) mn 

( B B + 2n" ^ ^ 
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Now substituting this in (230), we hâve 
r/V . 3a«"2(l+a)?ïeosi^ 

^ + ( 1 + .)-»v= s(riT ) — > 

+ Sfg j (1 +a)«»isl jj,. rf) 

Sa^^'^^cosi , ( (l + a)ncosl + 2v • r , A 

2(L + e)(L+^ *+ TT7\év{{l + afn^-é.^ + 


the constants being omitted for the sanae reason as tbey are 
omitted in (222). 

Now /3 is very small compared witb and thus v naay be re- 
placed by n'^\ and tbe squares and bigber powers of — may be 
omitted ; so that after ail réductions (233) becomes 

- on IZrrr7üTTT\^^^^{^o + '{'o + (l^ + ^ )^} 


2(l + e)(l + a)^ 


4?^(l + (?)(! + a) 

^ 3aw'^^cos2i 


3a^>^"cos2i 


2/3.(l + .)(H..)smi 

If we substitute tbis value for yjr in (231) it leads to an identity, 
and tbus it appears that the terms which are herein retained 
cancel eaeh other in the variation of 0 ; we must therefore replace 
yj/ in (231) by its more approsimate value, which is given in 
33) ; and we hâve 


rid 


dt (1 + 6) (1 + 


a)7i\ 


— sini . O/ . cosi . . . 

— ~ sm2{fi + vt) ^zsm{\j/Q + l3t) 


cosi . 

H — ^^sm 


e=i + 




in{2<^.; + ^/.'o+(/3+2^'0^^}|; (235) 


-i 


2(l + <?)(l^-a)^>^ ( 2 ÿi' 


^^,cos2{cl>', + f', + Q3 + n")t} 


COS T POS T 1 

+ -^*eos(i/^'o+^î!)--^«eos{2^()'o + t'o + (/3+2ffl")î^}|; (236) 
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where i is the mean value of 9^ and is the constant introdueed in 
intégration. 

In (234) and (236) the last terms which involve the angle 
+ + + are to be omitted, hecaiise of the small- 

ness of the coeflîcient in which ^ is a factor ; the next preceding 
terms in each however rnnst be retained, becaiise jS, which is a 
veiy small quantity, is in the denominator of the coefficient, 
and this brings it into- importance, although it contains i as a 


factor ; thiis, if we replace 


a 

1 “1- et 


bj its vaine, given iii (223), we 


bave from (234) and (236), 

sin 2 { Q + (^ + 

lsin(V.'o + /30|; (237) 

^ Snf' c — ACsini //v,s 

+ c |-3 -cos2{<^)o+^|^o + (/3 + ^* )^} 

+ a"eosi ^ eos(i/f'o +;QO ( 238 ) 

On comparing these values with (224) and (226), which express 
the sun’s action, it is évident that they produce effects on the 
earth’s axis of precisely the same kind ; so that what bas there 
been said of solar procession and nutation, may here, mutatis 
mutandis, be said of lunar procession and nutation ; but the 
effect of the terms in these latter expressions is mu ch greater 
than that of those in the former, because is much greater 
than n. 




ôn cos IC — 
2(1 + e)^ c 


A , ô?i co^i c 


4^>^(l•-f-^) c ( 
4^''cos2i 


sin2i 


335.] The whole procession and nutation is the sum of the 
two separate effects ; but before we add, we must make a re- 
mark or two on the signs of our quantities. We hâve taken ail 
the angular velocities to be positive ; that is, we bave supposed 
the bodies to revolve from the axis of x towards that of Y in 
Fig. 38 ; and this hypothesis is in accordance with the conven- 
tion of signs which bas been adopted throughout the volume ; 
it is not however necessarily that of the actual motion of the 
earth and moon, of the moon’s line of nodes, and of the apparent 
motion of the sun : let o x be east on the ecliptic, and let o z be 
the normal to the ecliptic towards the north : now ail the bodies 
revolve in their orbits, as well as about their axes, from west to 
east ; so that the signs of n and of n" are to be changed ; that 
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of n' is correct, because thé sun’s motion is apparent only, being 
due to the actual motion of tbe eartb. The line of the naoon’s 
nodes also rétrogrades, that is, goes from east to west, so that 
the sign of /3 is correct. 

Also let £i be the longitude of the moon’s line of nodes at 
the time ; let O and ([ be the longitudes of the sun and moon 
respectively*; then 

£l = O = n't, (î = + (239) 

so that for the whole precession and nutation we hâve 

SCOSI C — A / 

)t 

3cosi c-A C 4?i"^cos2i i . ^ n" . ç. ^ foAcW 

4^ c l(l-fe)sin2i jB 1 + e 3 

3 c— A (^^"^cosi Z ^ n''smi ^^'sinI ^ 3 

\ 1 - ; - ^cos SI - Hyr— rC 0 s 2 (I 5 C 0 s 2 O V; (241) 

271 c \ 1+e P 2(1 + e) 2 3 

the tenus involving and n! arise from the action of the moon 

and sun respectively. 

The second of these équations shews that the earth's axis is 
inclined to the normal of the ecliptic at an angle which is noarly 
constant ; yet that there are small variations of the angle which 
are expressed by the latter terms of (241) ; these terms are 
periodic, and are very small because their coefficients are small ; 
they dépend on the longitude of the moon’s ascending node on 
the ecliptic, on the longitude of the sun, and on the longitude of 
the moon ; they constitute the luni-solar nutation in latitude 
or in obliquity. 

Equation (240) shews that the line of equinoxes has a general 
rétrogradé motion along the ecliptic, with an angular velocity 
Scosic— A, ^"2 

this quantity is called the luni-solar procession of the equinoxes ; 
yet that this rétrogradé motion is not uniform, but is subject to 
slight variations, which are periodic, and are expressed by the 
last three terms of the right-hand member of (240) ; that these 
periodical quantities are very small, because their coefficients 
are small : they likewise dépend on the longitude of the moon s 
line of nodes, and on the longitudes of the sun and the moon ; 
and they constitute the luni-solar nutation in longitude. 

* It will be observed that no distinction has been niade between true 
and mean longitude, true and mean ecliptic, &c. ; our calculations hâve 
not been carried far enough for such accurate positions. 
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The motion therefore of the earth’s axis in space will be well 
represented by the Fig. 36 ; in which o is the centre of the earth 
and is supposed to be fixed, and the radins of the sphere is 
nnity. The axis whose motion is defined by the équations 

0 = 1, = (243) 

may be called the mean axis of the earth, i and 'F t being re- 
spectively the mean obliquity and the mean precession. And 
the axis which is defined by the complété expressions (240) and 
(241) will be the true axis. Let cor = i ; then the circle RS 
will be that along which the mean axis will interseet the surface 
of the sphere ; and if OQ is the mean axis at the time and OP 
is the true axis, the angle P 0 q will be small ; and as t varies o P 
will be sometimes before, and sometimes behind o Q ; and some- 
times nearer to, and sometimes farther from the pôle of the 
ecliptic. Thus, the true axis of the earth will interseet the 
sphere in a wavy line contained between two parallels of lati- 
tude of the sphere at distances from R s, determined by the 
greatest positive and négative values of the periodic terms of 0 
given in (241). 

The motion of the true axis relatively to the mean axis may, 
as to its principal and its most important terms, be exhibited 
in the following way. Suppose the point of intersection of the 
mean axis with the sphere to be an origin, at which two axes 
originate, say of £ and 77 , in the plane touching the sphere ; that 
of rj being a tangent to the parallel along which the mean axis 
moves, and the f-axis being perpendicular to it, and thus being 
a tangent to the meridian through the place of the mean axis. 
Now the most important periodic terms in (240) and (241) are 
those which dépend on the longitude of the moon’s ascending 
node, on account of the smallness of /3, as we hâve before observed; 
let these principal terms in the directions of the two axes of f 
and rj be represented by ^ and 77 , so that 




3 C^A9l'^QOSl i 


c 1 + e 13 
3 c— a?^"^cos2i i 


cos^2. 


c 

\ 9 . ' 


1 + e /S 

_ C-. 


sinii; 




(eosi)^ (cos 2 i)^ c l + ey3 




(244) 


which is the équation to an ellipse whose axes are in the ratio 
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of cosi to cosâi, and of wMdi tliat directed towards the pôle o£ 
tlie ecliptic is tte greatest ; and thus it follows that so far as 
the most important terms affect the motion, the true axis de- 
scribes a small ellipse on the surface of the sphere relatively to 
the mean axis which passes through the centre of the ellipse. 
This ellipse is ealled the Ellipse of Nutation. 

In the preceding image of the motion of the earth’s axis, we 
hâve assumed the earth’s centre to be fixed, and the radius of 
the sphere, to whose surface we hâve referred the motion of the 
axis, has also been assumed to be unity. The earth’s centre how- 
ever is not fixed ; jet the image is a correct représentation of the 
facts, because we refer the motion of the earth’s axis to the 
sidereal vault, of which we may say the radius is so great that, in 
comparison of it, the distance through which the eartff s centre 
moves is infinitésimal. Thus, the mean axis describes a circle 
about the pôle of the ecliptic, the angular radius of which circle 
is 23°27^32''; and the true axis describes a wavy line symmetri- 
cally situated with reference to this circle ; and if the mean axis 
is eonsidered fixed, the true axis describes an ellipse on the 
sidereal vault, the centre of which is the place where it is pierced 
by the mean axis. 

The periodie time in which the mean pôle describes its circle 
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is and the true pôle will describe its ellipse about the mean 


pôle in the same time as that in which the moon’s line of nodes 
describes a complété révolution. 

The value of the annual luni>solar procession is found as 


follows : 


^ 3 COSI c — A / 

^ = — T:; + 




2% 
= 3 COSI 


c 

c— 


l + ^‘ 


:) 


— A 71 f 
C 7l\ 


1 + 




J 71 

(T+^j 2’ 


so that the annual luni-solar procession 


= 3 cos I — - j 1 + } 180°. 

c Th I {l+e)n'^) 

Now if we take the epoch to be lan. 1, 1850*, 1=23'' 27' 3 2'', 


c~A _ 1 1 365*25 

c “ 306 ’ “ 365-25 ’ “ 27*32 ^ ^ 


* See the Meraoir of M. Serret in Vol. V Annales de TObservatoire 
Impérial de Paris,” page 321. 
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and therefore 
also 



3-15764 ; 


cos 23“ 27' 32" = -91735; 


therefore the annual luni-solar precession 


91735 315-764 

102 ^ 36525 


X 180 x 60 x 60", 


= 50"-3828. (245) 

The ohserved value of the luni-solar precession is 50"-37140 ; 
so that our resuit -is very nearly correct, although it is only ap- 
proximate. I may"^ in passing remark, that the coefficients of 
sin ^ and of cos ^ in (240) and (241) respectively, are — 17^'-251, 
and + 9'^-223 ; the former being the largest value of the prin- 
cipal term of the nutation of the equinoxes, and the latter being 
the largest value of the principal term of the nutation of the 
obliquity, Also the mean axis describes a complété cii’cle in the 
heavens in 25724 years. 

336.] Of the problem of precession and nutation an approx- 
imate solution has also been given by M. Poinsot in the Addi- 
tions to the “ Connaissance des Temps” for 1858. The principal 
terms only are found by it ; but it exhibits the problem in such 
an elementary form, and dissects the results of the action of the 
Sun and moon into the several phaenomena so distinctly, that 
it is peculiarly fitted for a didactic treatise. We shall employ 
the symbols of the preceding Articles, and shall make use of 
the couples of the impressed momenta which hâve been therein 
determined. 


We consider ail quantities at the time and investigate the 
efifects which accrue during the infinitésimal time clt. If % is 
the angular velocity of the earth about its rotation-axis, and 
G is the moment of the effective couple, and c is the moment of 
inertia relative to that axis ; then 


G = nQ. 


(246) 


Let L and m be the moments of the impressed couples relative to 
the axes of x and y in the plane of the earth’s equator ; as the 


* On this subject see the Memoir entitlecl “Numerus constans Nuta- 
tionis ex ascensionibus rectis stellæ polaris in Spécula Dorpatensi annis 
1822 ad 1838 observatis deductus,” by 0 . F. Peters, and contained in 
Mémoires de l’Académie Impériale des Sciences de Saint Pétersbourg, 
6® série, première partie, Sciences mathématiques et physiques, Tome III, 
Saint Pétersbourg, 1844.” 
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position of thèse axes in that plane is indeterminate, and as we 
shall consider the effects for only the time di, we maj suppose 
the. axis ôf x to lie along* the line of equinoxes, and the axis of 
y to be perpendicular to it. Thus (213) and (214) become 

- = cos^'s^, - = cosisin^' ~ = — sinisin^> 2 .'^ ; (247) 

T T T 

x' 

-^ = cos(/x + z^^), 

—, = cosisin(|üt + r2J) + isinisin(c#)'o + ^"^)j ^ (248) 

T 

— = — sinisin(fx + i^25) + icosisin((|)'Q + ?^"i^) ; , 


and therefore 


(c — a) sin I cos I (1 — cos 2 n't), 


— — (o— A)sinisin2^'^ ; (250) 

and if we omit the terms in if and m', which involve the angle 
2^'o + ^^o+ {l3 + 2n'^)t, because the coefficient is small and does 
not rise into importance in the subséquent intégration, 

l'=== sinicosi{l~cos2(ju + i;i5)} + i cos 2 1 cos (yj /' q + (261) 

m'=: ^ 2 |sinisin2 (fji + vt) -i- i cosi sm + pt) | ; (252) 

the moments of these couples in the time dt are severally Ldt, 
udt, jldt^ and ^dt\ and besides them we hâve also the couple 
G. Their effects are to be considered. 

The axis of 'hdt is the line of equinoxes, and as the axis of G 
is perpendicular (approximatelj) to the plan^ of the equator, it 
is perpendicular to this line. Consequently the axis of the ré- 
sultant of and G is the diagonal of the rectangle, of which 
the line-representatives meeting at the earth’s centre are the 
adjacent sides : let o G be this diagonal ; and let dX be the angle 
at which it is inclined to the axis of G, d\ being necessaiily in- 
finitésimal because i^dt is infinitésimal and G is finite. And thus 
T. '^dt 


Sn'^ c— A 


sin I cos I (1 — cos 2^' l) dt. 
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As dX lies in thé plane which contains the axes of l and g, 
the axis about whicli the body revolves through. clX is tbe line in 
tbe plane of tbe equator perpendieular to tbe line of equinoxes ; 
fcbis infinitésimal rotation tberefore will not produce an appré- 
ciable change of obliquity, but only a change of position of the 
line of equinoxes ; and if d\lr is that angle, 

d^= 


sini 


, 3-/^'2c-A 

= — -t: — cosi^ t 


cosi{l--cos2n't}dt ; 
siiï2n^t] 


( siTï2n 

V — 


(254) 

(255) 


2u c 

which resuit is the same as (224). 

As the axis of if is the same as that of l, it may be treated in 
the same way relatively to g; thus, if xjr' is the angle of pro- 
cession due to the efiect of ifdf, from (251) we bave 

çQgj ecos2i . ,,, , 

= 2^0^)" ^sm2(M + l-^)+^^sm(^/.o + ^0b (256) 

and replacing /x and v by their values, and omitting small quan- 
tities, this becomes 

S^x'^^cosi c— A ^ 3^/'cosi c— A f . 

' 2n{i+e) o+i' o+(^+^ )^} 


4^^(l^-e) c I 

4^^"cos2I i 


( 257 ) 


which is. precisely the same resuit as (237). The sum of (255) 
and (257) is the total luni-solar precession, and nutation of the 
equinoxes. 

Next let us consider the efîects of m and m'. Since the axis of 
M is in the plane of the equator, and perpendieular to the line 
of equinoxes, the rotation-axis of the résultant of udi and G is 
in the plane perpendieular to the line of equinoxes ; and if dfjL 
is the angle at which the axis of this new couple is inclined to 
that of G, 


dfjL = 


Mdt . 


(258) 


as dfx’lieB in the plane of the axes of G and Mdi^, this shifting of 
the rotation-axis is équivalent to a rotation of the body through 
a small angle dfM about the line of equinoxes; but hereby 0 will 
be diminished by ; so that dfx = —dô; 
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, udt 

de z=i 

G 

C — A . • Ci r.n, 

= sinisiii2^ tdt ; 

%n c 

^ 3^/smic— A ^ , 

0 = 1+ 77 ^cos2^ t, 


(359) 


4^ c 

whicli is the same resuit as (226). 

As thé axis of m' is the same as that of m, it may be combined 
in the same way with G ; and if 0' is the obliquity due to the 
action of 

c—A(, cos 2(/^ + 2 ;z 5) , . ^cos(v//'o + /3z5)) 

+^COSI ^ } 

^ COS 2 { ÿ'o + ^^0 + (/3 + ^'0 ^ } 


e'=i + 


1 + 


2^^ (1 + ^} G \ 
c — A (s 




2n{l + e) c I 2 


+ cos I COS (yj/^Q + /3 z5) | ; (260) 


which is the same resuit as (238). And thus the addition of 
(255) and (257) will give (240) ; aud that of (259) and (260) will 
give (241). But it is of course unnecessary to repeat them. 

An account, with great exactness, of the effects of ail the terms 
in the lunar and solar procession and nutation, will be found 
in the Memoir of M. Poinsot ; but it would be ont of place to 
insert it here. 

337.] It remains for us still to examine the pressure borne by 
the fixed point of the body through which the rotation-axis 
always passes. 

The pressure P, as well as the direction-cosines of its line of 
action, are to be determined by means of équations (24) or (26), 
Art. 275. 

Let us refer the line of pressure to the principal axes fixed in 
the moving body ; let m be the mass of the body, and (æ, ÿ, z) 
the place of its mass-centre at the time t; then from (26), 
Art. 275, 

— {-d CÛn 


P COSX = 2.mx 


— {^dcûn d(ûo) — , 


æ + cogÿ + CO30) + 


— {^dcûo ^dcû.) _ , _ . ^ 

cos/x = M ^û>2(^i^ + a)2y + co3^) + Mcü2ÿ, 

= 2.^z— — + co^z) + ü(jû^z ; ) 


P cos P 


of these équations we hâve the following particular results. 


( 261 ) 
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If the mass-centre is the origin, ^ == J/ = 0 = O ; therefore 
PcosX = :s.mX 3 Pcosfx = rs.my, p cosz; = :s. wz ; (262) 

that is, the pressure at the origin is due to the impressed forces 
only. 

And if the hody is not suhject to the action of any force, then 
P = 0, and there is no pressure at the fixed point. Under these 
circumstances the résultant of the centrifugal forces developed by 
the motion is zéro. 

If no forces act, so that = 2 . mz = 0 ; and con- 

, -, _ . clcû^ Jco.7 . 

sequently L = M = N = 0 ; then, replacing ) 5 by their 

values in (41), Art. 278, we hâve 

PCOSX = M.^(c 02 ^+ <jÜ3^) — m (b + c — a)co2 

P COS/>t = Mÿ( 603 ^ + (c + A— -b) (JÙ2 

PCOSZ; MZ 0Û3^) — M (a + B — c) 6)3 \ ^ 

Also if no forces act, and there is no pressure at the fixed point, 
multiplying (261) severally by ir, y, and adding, we hâve 

(cOi^H-CO2ÿ + CÜ 30 ) 2 ~û) 2 (^ 2 ^^ 2 ^^ 2 ^ _ ^264) 

(û)3y-“C02^)^-f(û)i^ — û)3^)^4'(t02^“' =0; (265) 



• £ = £= i • 

COi 0)2 0)3 ’ 

and replacing 0 )^, 0 ) 2 , 0)3 in (263) by the proportionals given in 
these last équations, we hâve 



AîT^ Bÿ^ cz^ 

B — G “ G— A ”” A — B ’ 


(267) 


which can only be satisfied, if x = y = z = 0; so that when- 
ever the équations (263) are true, the mass-centre is the origin. 



CHAPTEE VIL 


THE MOTION OE A EIGID BODY, OE OF AN INVAEIABLE MATE- 
EIAL SYSTEM, FEEE FEOM ALL OONSTEAINT. 

Section 1. — Motion of a free invarialle System under tlie action of 
instantaneous forces, 

338.] As our inquiry proceeds, our problem becomes more 
general; and the conditions of constraint become fewer. The 
subject of motion is still a rigid body, or a System of particles of 
invariable form ; and tbus ail the internai forces, which enter 
into the équations of motion in the most general problem, in 
this disappear, because they are introduced in pairs neutralizing 
each other. We return therefore to the équations which ai‘e 
given in Chap. III, Art. 73 ; viz., (34) and (35) which are ap- 
plicable to instantaneous forces ; and (37) and (38) which ex- 
press the action of finite accelerating forces. 

In the solution of the problem we shall find it convenient to 
employ the principle of the independence of the motion of trans- 
lation of the mass-centre, and of the rotation about an axis pass- 
ing through it, which has been proved in Section 2 of Chapter 
III- Por we shall thereby résolve into two distinct parts com- 
plicated motion which arises from the action of given forces ; 
we shall consider the forces as they produce either simple trans- 
lation or rotation, and shall investigate their effects ; and the 
whole motion will be the resuit of these two separate motions. 
And the process too is most convenient for the course taken in 
our treatise ; for the motion of a free invaidable System is thus 
resolved into that of simple translation of a particle at its mass- 
centre, and that of rotation about an axis passing through the 
mass-centre considered as a fixed point ; motion of the former 
kind has been completely discussed in Vol. III ; and that of the 
latter, as far as is possible, in the Chapter preceding the présent ; 
and we hâve investigated these as the effects of forces similar to 
those which we hâve now to consider. 

This mode of resolution is most convenient for a dynamical 
reason also: because ail the forces which act on the several 
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partiales of the System may be transferred, each in its own line 
of action, direction, and intensity, to the mass-centre ; and may 
there act on a partiale of mass equal to that of the whole System ; 
and the motion of the mass-centre will be that of the partiale 
under the action of the forces thus transferred ; and because the 
rotation relative to the axis passing throngh the mass-centre, 
which we may suppose to be a fixed point, is the effect of the 
forces, as they act at their several points of application. At no 
point, except the mass-centre, axe these dynamical propositions 
true. And an examination of what has preceded shews the 
reason of this. The eentrifugal forces generated in the motion 
neutralise themselves at the mass-centre ; they produce thereon 
no pressure ; and thus cause no accélération or retardation of it : 
whatever is the pressure at, or the motion of, the mass-centre, 
this is due to the impressed forces, and to them alone. This fact 
has been prosented to us again and again in the course of our 
work. 

Kinematically indeed other modes of estimating motion might 
hâve been taken. In Chapter II it has been proved that what- 
ever is the motion of a body, it always consists of a motion of 
translation of any partiale of it along a definite path, and of a 
motion of rotation about an axis passing through that partiale ; 
and the choice of the particle whose motion of translation is 
considered is arbitrary. And when force acts on the body, the 
effect of it, in combination with the eentrifugal forces developed 
in the motion, will be to change the line of motion and velocity 
of the particle, the rotation-axis of the body passing through 
that particle, and its angular velocity about that axis ; and the 
équations of motion will be formed in a manner which indicates 
these several changes : these we shall hereafter exhibit. Or, 
again, the motion which takes place in an infinitésimal time- 
element always consists of a rotation about the central axis, and 
of a sliding or of a motion of translation along that axis ; and 
the effects of the impressed forces and of the eentrifugal forces 
developed in the motion will be a shifting of the central axis, 
a change of velocity along it, and a change of angular velocity 
about it ; and as the shifting of the central axis may take place 
in the most general way possible, so will it consist of both a 
displacement of translation and of a subséquent rotation about 
one of its points, so that the central axes in the new and the 
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old positioBS do not intersect eacL. other ; and these four sepa- 
rate effeets will be produced by the aeting forces ; tbey will be 
exbibited therefore in tbe équations of motion, wbicb will evi- 
dently be greatly complicated ; and the aeting forces will bave 
to be resolved along lines, the position of which is continually 
changing. 

It is right to say thus much as to other modes of considering 
the motion of a free invariable System ; although we shall for 
the most part confine ourselves to that motion of the mass-centre, 
and of rotation about it, to which om' équations of motion most 
conveniently adapt themselves. 

339.] In this Section I shall consider the action of instan- 
taneous or impulsive forces on a body or invariable System of 
particles, free from ail eonstraint; and with this object I shall 
assume the truth of the theorems proved in Section 2 of Chap. 
III, shewing the independenee of the motion of the whole mass 
colleeted into its mass-centre, and of the rotation of the System 
about an axis passing through that centre. 

Let us take a point fixed in space as the origin, and let coor- 
dinate axes originate at it parallel to the principal axes of the 
body at the instant when the force acts ; in reference to these 
p,xes let (^, ÿ, z) be the place of the mass-centre, and let (æ, y, z) 
be the place of m ; also in reference to the principal central axes 
of the body let y\ /) be the place of m, so that 

y 4-^5 Z — 

Let X, Y, Z be the axial components of the momentum of an 
impulsive force or blow aeting at the point Q in reference 
to the principal central axes, and let it be operated on so as to 
produee an impulse on the mass at the mass-centre of which the 
axial components are x, y, z, and of which the moments of the 
couples about the respective axes of x^y^z are r^z — fy, {"x — fz, 
£y — TJX. Let ail the impulses be operated on in the same way, 
and let 5.x, 5.Y, 5.z be the sum of the momenta aeting on 
at the origin, and let 

2.(»?Z-Cy)= L, 2.(CX-^Z) = M, S.(^r-riX) = N 

be the moments of the couples about the three axes. Let u, v, w 
be the components of the resulting velocity of the mass-centre ; 
then by ( 60 ), Art. 82 , 

5.x 5. Y 5 . Z 

^ ^ ~ 5 ^ ~ . 

'Z.m 5.m « 


( 1 ) 
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Let n be the angular velocity of the body about au axis passing 
throiigh tbe mass-centre due to the action of l, m, it, and let 
Uj, n. 2 , ^3 be its axial components ; then, as the axes are principal 


axes, 


— 3 

A 


M 

n.T = — 3 




m 


Let V be the velocity of m, in reference to the fixed origin and 
axeSj and let v^;, Yy , v^, be its axial components ; then 

v^ = «^ + ^n2~/n3 = ^+— \ 


Yy = v + = -y + 


B 

N/r' 


/ / 

‘W + 'va.—x = w + y 

AB 


c 

LZ^ 

A 

Ma?' 


( 3 ) 


which équations déterminé the velocity and the line of motion 
of m. 


340.] These équations bring us to the same circumstances of 
motion as those exhibited from a kinematical point of view in 
Article 61, (105), and these are ( 1 ) a motion of translation whereby 
every particle of the System describes in dt an equal and parallel 
path the direction-cosines of the line of which are proportional 
to îù, V, w ; and ( 2 ) a rotation about an axis passing through a 
point, which is in this case the mass-centre, the direction-cosines 
of which are proportional to %, ^ 2 , ^ 3 . 

If the motion of the body is reduced to a motion of trans- 
lation along a certain line, and a rotation about the same line 
as its rotation-axis, this line is the central axis ; and when 
the motion has been arranged in this form, ail particles which 
are at the same distance from the central axis move with the 
same velocity, and consequently v is the same and is constant 
for ail. Hence if z) is a point on this locus, 

{u Z {v + = v^ (4) 


where v is constant. This is evidently the équation to a right 
circular cylinder, the équations to the axis of which are 


and 


V 

the radius of a transverse section = - • 

a 


( 6 ) 

Thus the motion is what is technically called a screw, see Art. 50 ; 

F f 
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and tlie radius of the transverse section is equal to the pitch of 
the screw. 

Equations (5) are evidentlj tliose of the central axis of the 
systeruj hein g the line sueh that ail particles on it hâve only 
motion of translation along that line, ail other particles having 
a motion of rotation about the line together with a motion of 
translation along a line parallel to it. 

It will be observed that (3) are subject to the condition 

whîch expresses the fact that the velocity of a particle along the 
rotation-axis is the same as that of the mass-centre along the 
same line ; that is, ail particles hâve an equal velocity of trans- 
lation along Unes parallel to the central axis. 

341.] If the action of the impulsive forces is such as to pro- 
duce a motion of rotation only without any motion of translation, 
then ail the points on that axis are at rest, and we hâve for these 
points the following équations, viz. 

0 % = 0, t “ (8) 

= 0 ; ) 

but these are the équations to the central axis, and may be ex- 
pressed in the form (5). This axis is in this case called the 
spontaneous axis of rotation. It passes through the mass-centre 
when U = V = w = 0, that is when 5.x = 5 . y = 5.z. 

Equations (8) are subject to the condition 

+ = 0 ; 

Hj^s.x + UgS.Y + ^s.z = 0; (9) 

which shews that the line of action of the résultant of the im- 
pressed momenta is perpendicular to the instantaneous rotation- 
axis, that is, to the spontaneous axis. 

If are replace! by their values which are given in 

(2), the condition for the existence of a spontaneous axis becomes 

L5.X M5.Y N5.Z 

1 1 

ABC 

If the motion is due to a single blow applied at the point 
(fî C) whose momentum is Q, of which x, y, z are the axial 
components, then 

L = 7]Z-Cy, M=Cx-£z, K = £y~7]X; 
and (10) becomes 

a(b-c)^yz + b(c-a)77Zx + c(a~b)Cs:y = 0. (11) 
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The condition is evidently satisfied, when the line of the blow is 
parallel to one of the principal axes, say to the axis of . 2 : ; becanse 
in that case x = y = 0 ; also (10) is satisfied becanse 
2 .x = 2 . Y = 0, and N = 0. 

Since the resnlting motion is only one of rotation, and condi- 
tion (9) shews that its axis is perpendicular to the line of the 
impressed momentnm, that is to the plane of the impressed 
couple, the rotation-axis is a principal axis of the momental 
ellipsoid at the point where it is intersected by the plane of the 
couple. The spontaneons axis is the central axis of the System 
at the instant after the blow has been struck. 

These theorems will be applied in subséquent articles. 

342.] The spontaneons axis has the following important pro- 
perty, which shews that the blow has produced the greatest 
effect or worbed to the greatest advantage on the System, becanse 
the conséquent energy or vis viva of the System is greater as to 
rotation in respect of it than it would be of any other rotation- 
axis. 

Let T be the kinetic energy due to the impulsive forces ; then 
2t = 2.m(v^^ + v/ + v/), (12) 

BT =: 2.^(v^^v^ + VyrJVy + v,r7v,); (13) 

and as the variations are to be due to changes only in ^ 2 , and 
which are the same for ail the particles of the System, we hâve 

dYy = xda^—zda^, l (14) 

fZv^ = ^da^ — xd Bg. ; 

Nowthe équations of rotation as given in (35), Art. 73, are 
:g.m{yy,-^zY^) = 2(yz-2Y), \ 

2 .ot(^Vj.— a;v.) = 2 («x— a;z), t (15) 

= 3(æY-^x) ; ) 

and if we multiply these by doj^, dn,^, da^ respectively and add, 
we bave by reason of (14), 

2.m{v„dY^ + -v^dv^ + Y,d^r^)— 2{xdY^ + YdY^ + zdY^). (16) 
Bnt from tbe principle of virtnal velocities tbe équation of 
motion is 

■S.{{'S..—mY^)èæ + {Y — mYy)hy + (z — mY^)bz} = 0, (17) 

and if bx, S y, 8z are replaced by the actual velocities Vj., Vy, Vj,, 
wehave s-mIy^^ + y^+y/) = s(xy^ + yy^ + zy,), (18) 

whence differentiating 

2s.m(Y„dv^+Yj^dYj,+Y,dY^) = :i(xdY^ + Ydyp+zdY^), (19) 

F f a 
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wheiiee substitiiting from (13) and (16) we bave 2 dt = dt, and 
tberefore dt = o, and T is either a maximum or a minimum; 
tbat is, tbe kinetic energj due to tbe impulse is a maximum or a 
minimum when the rotation takes place about tbe spontaneous 
axis. 

And it is evidently a maximum : for if we give to 
incréments cîy^^ of such magnitudes tbat their squares 

are not to be neglected, then tbe rigbt-hand member of (13) 
becomes 

2 2. M (-v^dY^ + v/ZVy + v,d Y,) + 2.m{{dY^Y + (d Y^f + {dY ^^ } ; (20) 

and we sball eventually bave 

:è.m{Y^dY^ + YydY^ + YjY^ + -z.m{{dY^^ + {dYyf + {dY^'^} = 0; (21) 

tbat is, tbe incrément of tbe vis viva for tbe finite variation 
is less tban it is for tbe infinitésimal variation by 

+ {dVyf + {dv^f} ; ( 22 ) 

tbat is, by tbe sum of tbe vires vivae due to tbe velocities lost 
by tbe different partiales of tbe System ; and consequently tbe 
Tis viva determined as above is a maximum. 

Tbe preceding proof of tbis tbeorem is due to Lagrange*; 
and tbe proof tbat tbe vis viva corresponding to tbe spontaneous 
axis is a maximum is due to bis editor, M. Bertrand. Tbe 
tbeorem was originally discovered by Euler fj and restated by 
Lagrange; and altbougb tbe proof given by tbe latter bolds 
true for a material System of invariable form, yet bis mode of 
expression is so obscure, tbat it is almost impossible to under- 
stand bis meaning wben it is applied to a System of variable 
form. Tbe foUowing proof is given by M. Delaunay J, and tbis 
is sufiîeient for ail material Systems. 

343.] Let 2 t be tbe vis viva of tbe System arising from tbe 
angular velocities due to tbe impulsive forces, tben 

2 t = a - f- b CÙ 2 "' “h C 003 ^ . (^^) 

And if l, % are tbe direction-cosines of tbe undetermined axis, 
tbis becomes 2 t = + ; 

__ (L^+M^-fN^)2 

““ a72 + 3^2 + 0^2 5 (24) 

* See Mécanique Analytique, tome I, p. 271, ed. 3, par M. J. Bertrand, 
Paris, 1853, 

t Theoria Motus corporum solidorum, cap. IX, Tbeorema 8 (Art. 637.) 
Grr3q)liiswaldiæ, 1 790. 

X Liouville’s Journal, tome Y, p. 255, 
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and equating to zéro the total differential of tliis, we hâve 

also, ldi + mdm + ndn = 0 ; 

, . L M X 

whence we nave —r = — = — ; 

Kl Bm ou 

and therefore hy means of (6) 

l m n 


so that the vis viva is a maximum or a minimum when the 
rotation-axis through the mass-eentre is parallel to the spon- 
taneoLis axis. 

This theorem may also he inferred from that given in Art. 123, 
in which it is proved that in the motion of a System of material 
partieles, subject to restraints, every change of restraint brings as 
a conséquence loss of vis viva. Hence if a System moves about a 
spontaneous axis, any change of axis being of the nature of a 
restraint will bring with it loss of vis viva ; and consequently 
the vis viva about the spontaneous axis is a maximum. 

344.] The following are cases in which the principles and 
équations of the preceding Articles are applied. 

A body of mass m is struck by a blow whose momentum is Q 
and line of action is parallel to a central principal axis and is in a 
central principal plane. It is required to déterminé the circum- 
stances of motion. 

Let G, see Fig. 39, be the mass-centre, and let the principal 
central axes be the coordinate axes : let c q, be the line of the 
blow, being in the principal plane of (æ?, and parallel to the 
axis ofy, and let it eut the axis of x in c, and lot gc = h. Now 
as X = Z = 0, Y = Q, the condition (11) for a spontaneous axis is 

satisfied. Also = ^2 = 0, 123 = ^ = n, where c = m say, 

c 

and is the principal moment about the axis of ^ : 

^ A 

m 

Thus the équations to the spontaneous axis (8) or (5) are 

!io=-~ = -y, y = 0, s = 0 (37) 

mh h ’ 0 ^ 

which represent a line parallel to the axis of z, and intersecting 

^2 

the axis oi œ iit a distance = from the origin on the négative 
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angular velocity — = — p 


side ; tlie line on in Fig. 39 is this line, and is tHus thé spon- 
taneoiis axis. Let oo = A' ; 

//= ^ 3 and Thli^ = W. (28) 

The line co, which ^ h is perpendicular to the line of blow 
and to the spontaneons axis; it is thüs the shortest distance 
between them, and it passes throngh the mass-centre. In ré- 
férencé to this construction c and o are called respectively centre 
of percussion and centre of spontaneons rotation. Thus the terms 
are analogous to those used in Art. 238. Hence the effect of the 
blow is to cause the bodj to rotate about the line on with the 
_ (^h 
c m]ê 

This resuit is also thus évident. Let two equal and opposite 
momenta Q acting along the axis of ÿ be introduced at the 
origin which is the mass-centre ; one of these will be equal and 
parallel to the momentum of the blow, and will cause the whole 
body to move parallel to the axis of y with the same velocity 

~ } ail particles describing equal and parallel paths ; the other q 

will with the momentum of the blow form a couple about the 
axis of - 0 , whose moment = q/i. Thus if 0 is any point on the 
axis of in the time dt it will describe a line parallel to the axis 

of y, the positive path being ~ dt, and the négative path being 

'ïlfb 

ÛXG0= 

consequently the path = x go) ; consequently if the 

paths are equal to each other, 0 remains at rest, and 

F 

GO = -7-- 

h 

Since hh'^ F, as in Art. 237, it foUows that if c is the centre of 
percussion, 0 is the centre of spontaneons rotation ; and if 0 is 
the centre of percussion, c is the centre of spontaneons rotation. 
Thus the centres of spontaneons rotation and of percussion are 
reciprocal. 

Also, since the product hh' is constant, it follows that the 
smaller 7h is, the greater is //, and vice versa. If = 0, //= 00; 
that is, if the blow is given at the mass-centre, the axis of 


(29) 
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spontaneous rotation is at an infinité distance, so tliat the body 
fias only a motion of translation. If the axis of spontaneous 
rotation passes through the mass-centre, //= 0, and conse- 
quently ^ = oo ; which indicates that the blow must be given at 
an infinité distance from g, or that the impressed force must be 
a couple. 

Let 0 0 = ^=/^ + //; so that 

( 30 ) 

and consequently, corresponding to a variation of ^ is a mini- 
mum, when /i = in which case OG = = GC, and oc = ; 

and this is the shortest possible distance between the centres of 
percussion and of spontaneous rotation. 

In ail these expressions occurs which is a central principal 
radius of gyration; of this there are generally three différent 
values, corresponding to the three central moments of inertia; 
of which the greatest and least are those corresponding to the 
greatest and least moments of inertia, and the mean corresponds 
to the mean moment of inertia. Thus l is the minimum mini- 
morum when i is the least ; and is the maximum minimomm 
when yi is the greatest, 

The velocity of the centre of percussion after the blow 

= + = + ( 31 ) 

345.] The preceding investigation leads to this resuit : when 
a body is rotating freely about an axis parallel to one of its cen- 
tral principal axes and lying in one of its central principal planes, 
the whole momentum of the body may be considered to be due 
to a single blow impressed on it in a line parallel to the central 
principal axis which is perpendicular to the former principal 
plane, and l 3 dng in the principal plane which is perpendicular to 
the former principal axis. And consequently, if the body at that 
instant met with a fixed obstacle at the point where the blow 
acted, the whole momentum would be taken from the body, and 
the body would be brought to rest, the fixed obstacle being 
struck with a momentum equal to that which was originally 
imparted to the body. Now, in référencé to the given rotation- 
axis considered as a spontaneous axis, the centre of percussion 
would be the position of the fixed obstacle, and the momentum 
of the blow which it would reçoive would evidently be q. Is, 
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however, thé point c thus determined the position of the fixed 
obstacle against wbich the body m would impinge with the 
greatest momentnm? Let us eonsider this question. 

Suppose the body to impinge on an obstacle fixed at whose 
distance fxom g = i», see Fig. 40, and suppose the momentum 
which the obstacle receives to be P ; let o' be the point recipro- 
cal to c' ; that is, o' is the spontaneous centre of rotation, when 
c' is the centre of percussion ; and thus 

Go'= (32) 

At the instant of impact of the body on c', Q, is the whole mo- 
mentum of the body, and its line of action is c Q ; let us suppose 
it to be resolved into two parts P and p', acting at c' and o' with 
lines of action parallel to c q ; then, by the laws of composition 


of parallel forces, 

Q = P + P'; 

(33) 


Q X o'c = P X o'p' ) 
QXCc' = P'xoVjl 

(34) 

so that 

Tê-^-hœ 

(35) 


, X^ — llX 

(36) 

As o' is reciprocal to c', p' produces 

no momentum at c'; so 


that P is the only part of q which affects the obstacle at c'. 


If = = 

fl 


-GO, P = 0; that is, an obstacle placed 

at the spontaneous centre receives no blow. 

If = 0, P = q ; that is, an obstacle placed at the mass- 
centre receives a blow equal to the whole momentum. 

If 0 ? = /^, P = q ; that is, an obstacle placed at the centre of 
percussion receives a blow equal to the whole momentum. 

Thus, a body strikes with the same momentum at its mass- 
centre and at its centre of percussion; but with this différ- 
ence ; when it strikes an obstacle placed at its centre of percus- 
sion, it is brought to rest ; when it strikes an obstacle placed at 
its mass-centre, its angular veloeity continues what it was before 
impact. 

If a? = oc, P = 0, p'= q ; and Go'= 0, so that the body strikes 
at its mass-centre with a momentum p'= q. 

If X is négative, and less than ^ or Ti\ p is still positive ; but 
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if 02 is negatively greater tlian 1 i\ p is négative. In tkis case, c' 
falls on the négative side of o, and tke body strikes an obstacle 
in a direction contrary to tkat for ail points on tke rigkt-kand 
side of O ; and tkus tke obstacle must be placed on tke opposite 
side of tke line o g c. 


346.] To détermine tke position of tke obstacle, wken tke 
momentum of tke blow witk wkick tke body strikes it is a max- 
imum or minimum, we must take tke a?-differential of (35) and 
equate it to zéro. Tkus, 

(l^ __ ^ —hx^ — 2k^æ + hk'^ _ ^ 

dx~^ (F+^p = “ 

= + (37) 

and ckanges sign from + to — for tke upper sign, and from 
— to + for tke lower sign. Hence we kave two critical values 
of P, wkick are respectively a maximum and a minimum : let 
tkese be t and t', wkere T is tke maximum corresponding to 


- lif + -f k^^f^ ; in wkick case 


T = Q 




2// 




wkick is manifestly greater tkan Q. 

And corresponding to x = — //— + 

2 // ■“ 


T =-Q 




wkick is evidently négative, and acts in a direction opposite to 
tkat of T ; and tkus satisfying tke criteria of a minimum, it is 
indeed tke greatest négative value. 

Tke former resuit is apparently paradoxical ; for as T is greater 
tkan Q, tke momentum of tke blow witk wkick tke obstacle is 
struck is greater tkan tkat of tke wkole moving body ; a mo- 
mentum tkerefore is extracted from tke body greater tkan tkat 
wkick it kas. '.Tke explanation of tke seeming paradox is, tkat 
an opposite momentum, viz. t', kas been generated ; and t + t' = q ; 
so tkat tke sum of tke two resulting momenta is equal to tke 
wkole momentum of tke body; and tke principle of tke con- 
servation of momentum still rules tkis case : more kowever will 
be said on tkis subject kereafter. 

347.] Let tke points of application of T and ï' be R and see 
Fig. 41 ; tkese are ealled tke centres of greatest percussion ; tkey 
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are evidently reciprocal to each. otKer, as centres ot percussion 
and of spontaneous rotation. Also, since 

+ (40) 

OR = OIl'= 

= (goxoc)‘^; (41) 

so that thé two centres of maximum percussion are equally dis- 
tant from the spontaneous centre; and the distance is a mean 
proportional between the distances of the mass-centre and of 
tbe centre of percussion from that same centre. This property 
gives an easy geometrical construction for the détermination 
of the centres. Also this distance is equal to the radius of 
gyration of the body about the spontaneous axis ; because h is 
the radius of gyration about the axis through the mass-centre 
parallel to the spontaneous axis. 

If ^ = Oj that is, if the original blow Q, is given at the mass- 
centre, so that the spontaneous centre is at an infinité distance, 
and the body has only a motion of translation, then 

P 

dx + 

if 0? = 0, and changes sign from + to — ; and the greatest 
value of P is q ; that is, the greatest blow which the body is 
capable of giving is that at its mass-centre. 

348,] If the body is originally put into motion by a couple 
whose moment is N, so that the body has only a motion of rota- 
tion about an axis passing through its mass-centre, then in (35), 
q = 0, /^ = 00, and = k ; so that 


T. _ 


(44) 


if 


û3=±T;; aod P has two corresponding values, which 


(45) 

are 


respeetively positive and négative; each of which = — ; and 

fC 

their lines of action are équidistant from the mass-centre, the 
distance being equal to the central radius of gyration. 

Thus, if a sphere of radius a rotâtes about a vertical diameter, 
the greatest blow will be given on an obstacle at a distance 
= a (.4)^ from the centre of the sphere. 



349-] CENTRES OE GREATEST PERCUSSION. 


443 


If a circular plate of radius a revolves about au axis tbrough 
its centre perpendicular to its plane, it will strike an obstacle in 
its plane witb tbe greatest effect wben tbat obstacle is at a dis- 
tance = ( . 5)^* from the centre. 

If n is tbe angular velocity of tbe body, N = mlc^ù.\ and 
tberefore from (44), 

New tbe velocity of a point in tbe body at a distance = os from 
tbe rotation-axis tbrougb tbe mass-centre is cix ; and since 
momentum is equal to tbe product of tbe mass and the velocity, 

a mass = moving witb tbe velocity witb wbicb tbe 

fC^ -f- x~‘ 

body impinges on tbe obstacle at its point of impact would pro- 
duce a blow of equal momentum. And since, wben ^ tbis 


mass = ~ I it follows, tbat wben tbe body impinges on tbe ob- 
stacle witb tbe greatest effect, tbe momentum of tbe blow is tbe 
same as tbat of a particle of balf tbe mass of the body, moving 
directly witb a velocity equal to tbat of tbe corresponding centre 
of maximum percussion. 

A similar resuit is true for tbe centre of maximum percussion 
corresponding to x = — le, 

349.] Tbe subject from tbis point of view requires more con- 
sidération. For suppose tbe body to impinge against, not a 
fixed obstacle, but a finite moveable mass m\ tben tbe velocities 
after impact, botb of tbe body and of m', dépend on tbe mass of 
and on tbe mass wbicb, moving witb tbe velocity of impact, 
would bave the same momentum as tbe blow P due to tbe 
moving body. 

In tbe general expressions for P and p' given in (35) and 
(36), let 0, be replaeed by its value mh' a given in (30) ; and let 
us inquire what masses moving witb tbe velocities at tbe points 
of impact of P and p' respectively, will produce the momenta 
P and p'; let M and m' be tbe masses required ; tben, since tbe 
velocities of tbe points of impact are respectively 

. JA. 

{/if ’\‘X)a and (7/ ) a, 


M {¥ + x)a =z q 


1A’\-Jbx 


(47) 


I 
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M (// + x)ù. = niTi’ a -p 


hh' + hx 


similarly mx^ ^ 

tliese équations assign the fractions of which, moving with 
tlie velocities of the body at c' and o', would produce momenta 
equal to P and p' respectively. 

In reference to tbese values, let it be observed, tbat 

(1) m + m'= m; so tbat tbe sum of tbe two masses is equal 
to tbat of tbe wbole moving body. 

(2) Ma? = m'— : so tbat tbe two masses statically equilibrate 

os 

about G, tbe mass-eentre of tbe body ; and tbus m and m' bave 
tbe same mass-eentre as w-. 

And tbus tbe masses, wbicb, placed at two reciprocal centres, 
may equivalently replace a body so far as impact at tbese centres 
is concerned, are equal to tbe wbole body, and are to eacb otber 
inversely as tbe distances from tbe mass-eentre. 

(3) M^2-f m' -2 = ; so tbat tbe moment of inertia of tbe 

X 

two masses relative to tbe central principal axis, wbicb is per- 
pendicular to tbe line of blow, is equal to tbat of tbe body ; and 
consequently tbe moment of tbe two relative to tbe spontaneous 
axis is equal to tbat of tbe body relative to tbe same axis. 

In ail tbese respects, tben, a rigid inflexible straigbt bar, wbose 

^2 

mass must be neglected, of any lengtb = ^ -j- A , ^itb masses 

X 

equal to M and m' at its two ends, will equivalently replace a 
body ; it will bave tbe same mass, tbe same mass-eentre, and 
tbe same moment of inertia ; and wben it is cbarged witb tbe 
same momentum of impulsion, it will bave tbe same spontaneous 
axis, and tbe same percussion at a corresponding point. 

From (49) it appears, tbat m = m only wben = 0 ; tbe 
mass-eentre tberefore is tbe only point at wbicb tbe momentum 
of tbe blow is tbe same as tbat of tbe wbole body. 

If ^ M = —j-~ 3 wbicb is only a fraction of m, Now we 

bave already sbewn tbat P = Q, botb wben tbe point of impact 
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is at the centre of percussion and at thé mass-centre ; in the 

latter case the momentum is due to the mass m, moving with 

O ^yh Jif 

the velocity — ; in the former it is due to the mass -y- , moving 

Tïb y L 

with a velocity — 7 -/ ; that is, in the former case we hâve a 

smaller mass and a greater velocity. Although the effects will 
he the same when the impact takes place against a fixed obstacle, 
yet they will not he the same when the objeet impinged iipon is 
a moveable finite mass, say Thus, if m' is at rest, when the 
body strikes it, and its elastieity is then, if v' is the velocity 
of m' after impact, we hâve, from Vol. III^ Art. 263, the follow» 
ing values : 

If the mass-centre is the point of impact, 


y^ <iO-+e) 


(51) 


And if the centre of percussion is the point of impact, 

v'=: (52) 

and therefore is greater in the latter case than in the former. 

350.] Let us however investigate the position of when the 
velocity communicated to it at rest by the impact of the body 
is a maximum. 

Let the distance of m' from the mass-centre = x ; then P, the 
momentum of impact, is given by (35), and the mass correspond- 
ing to the momentum of the blow is given by (49) ; so that by 
(9), Art. 263, Vol. III, 


V'=: 


Q(l-|-g)/^(// + ^) 


(53) 


(^n -h m') -f m' 

Of this quantity let the oj-differential be taken and equated to 
zéro ; thence we hâve 

m ' 
m'- 


a,2 + 2;/æ-(l + = 0; 


(54) 


a: + Â'=±^/i'^ + (l + (55) 

SO that, as in the case of greatest percussion against a fixed 
obstacle, two points give critical eflFects ; to one of which corre- 
sponds a positive, and to the other a négative maximum : these 
points are équidistant from the spontaneous centre ; and the 
distance of each from that centre 
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tMs distance dépends on the mass of the particle impinged 
upon, and is less tlie greater m' is. The points determined will 
coïncide with the centres ofgreatest percussion only when 
which is a resuit in accordance with the fact, that a fixed ob- 
stacle is nothing else than a particle or body of infinité mass. 
Thus we hâve arrived at two new points ; which, however, are 
not reciproeal to each other, as the centres of greatest percussion 
are. 

Also, corresponding to the values of ce, given in (55), 

which are the greatest values of the velocity with which the par- 
ticle m' can be projected affcer impact by the body. 

When the body impinges on m' at rest at a distance x from 
the mass-centre, the velocity of is given in (53) ; if v is 
the velocity of the impinging point of the body after collision, 
then, by (8), Art. 263, Vol. III, 




(57) 


and the momentum at that point after collision 
_ (m—emf) P + Q 
+ + + 

If we take the oj-differential of (57) and equate it to zéro, the 
point will be determined at which the body must impinge on m', 
and continue to proceed with the greatest velocity. 

Thus, if a body, which bas been put into motion by a blow whose 
momentum is q, impinges on a particle m! at a distance = x 
from its mass-centre, under the circumstances of the preceding 
Articles so that the momentum of a blow given against a fixed 


obstacle at the point = 


JhX 


then after impact on m' the 


momentum is given by (58). Now as the point at which p', see 
équation (36), acts is the point reciproeal to that at which P acts, 
so p' will not affect the momentum given by (58), and conse- 
quently the spontaneous axis is not altered by the collision. 
But, if n' is the angular velocity about the spontaneous axis after 
the collision, 
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^ (m + mf) + m' ûs^ k^ + m^ 

If w! = oo, then the momentum of the blow wbielx tbe body is 
capable of at a distance = x from tbe mass-centre after impact 

Jc^ + Jix 

= -es-, (60) 

that is, is e times the momentum before impact, and acts in an 
opposite direction. And 

Jb'x-\-x'^ 

(61) 


~ e 


n. 


In this case, if n' = —en; and the efîect of the impact 

is to change the direction of the angular velocity about the spon- 
taneous axis, and to diminish it in the ratio of e : 1. 

351.] Suppose however that, when the body impinges on 
the fixed obstacle at a distance = x from the mass-centre, the 
point of impact is brought to rest, and has no further motion ; 
that is, suppose that in the preeeding Article m' = oo and 
e = 0 ; then the momentum of the body is reduced to a quantity 
p', whose value is given in (42), and which acts at a distance 

= from the mass-centre. Let us consider the effect of 


this. 

Since p' 

the velocity of the mass-centre 




= (say) ; 


and the angular velocity about an axis passing through the mass- 
centre, which is also the angular velocity about the spontaneous 
axis which passes through the fixed point, 

= — -4 — ^ = d (say). (63) 

If X A, v! = 0, and n' = 0 : in this case the fixed obstacle is at 
the centre of percussion, and the body is brought entirely to 
rest. 

From these values however of %' and d^ some interesting 
questions arise : we can détermine the values of æ?, which will 
render d a maximum ; or will give it a given value ; say, will 
make it equal to the original velocity of the mass-centre, 
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and in an opposite direction. Similar values too may be found 
for n'. 

Let us first take 'u! ; if u' is a maximum, then 

^ + ± + 

wbicb give tbe two centres of greatest percussion. In référencé 
to tbis property M. Poinsot bas ealled these points tbe centres of 
greatest reflexion. One will be a centre of reflexion in a direction 
opposite to that in wbicb tbe mass-centre was moving previously 
to tbe impact ; and tbe otber will be tbe centre of reflexion in 
tbe same direction. 

For if we take tbe upper sign, 

(64) 

wbicb is evidently négative ; and tberefore tbe mass-centre of 
tbe body moves after tbe impact in a direction contrary to tbat 
of its former motion ; and tbus bas undergone a true reflexion. 

If we take tbe lower sign, 

= £{// + ( 7/2 ( 65 ) 

in wbicb case tbe mass-centre of tbe body moves in tbe same 
direction as before tbe impact, and witb an increased velocity. 

If tbe velocity of tbe mass-centre after tbe impact is tbe same 
as it was before tbe impact, but in an opposite direction ; tben, 
from (62), q _ _ _q . 

m ~ 

*=î±l(*’-8i>)‘; (66) 

% 

tbese two points bave been ealled by Poinsot centres of perfect 
reflexion, Tbey are bowever only possible wben is not less 
tban 8^^ ; tbat is, only wben tbe original blow Q bas been given 
at a greater distance from tbe mass-centre tban tbe limits tbus 
assigned. 

352.] Next let us consider tbe value of n', given in (63) ; a' bas a 
maximum value wben tbe i»-difierential of it = 0 ; in wbicb case 
X h ± (67) 
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whicli are two values always real, one being positive and tke 
other négative. These points are situated at equal distances 
from the original centre of percussion ; and tlie distance is equal 
to the radius of gyration of the hody about an axis passing 
through the centre of percussion, and parallel to the spontane- 
ous axis. These points hâve been named by Poinsot centres of 
greatest conversion. On comparing the values of œ which assign 
these centres with those which assign the centres of greatest 
reflexion, it is évident that these bear the same relation to the 
centre of percussion as those do to the spontaneous centre. So 
that the centres of greatest conversion in a body become the 
centres of greatest reflexion, and vice versa, if the centre of per- 
cussion and the spontaneous centre are interchanged. 

If in the value for n' given in (63) we substitute for x the 
value given in (67) with the upper sign, 

( 68 ) 

which is négative, and thus indicates that for this centre of con- 
version the angular velocity of the body is in a direction the 
contrary of what it was before the impact. 

If we take the lower sign in (67), 

+ (69) 

which is positive ; and this shews that the direction of the an- 
gular velocity for this centre of greatest conversion is the same 
as that of the body before impact. 

If the angular velocity of the body after impact is the same as 
before impact, but in an opposite direction, then n' = ~ n ; and 
Q h — . 

* = (70) 

which gives possible values only, provided that is not less 
than 8/^^. These two points hâve been called by Poinsot centres 
of perfect conversion. 

If the angular velocity after impact is to hâve a given value ; 
say, if the angular velocity after impact = times the angular 
velocity before impact, it is only necessary to equate the value of 
n' given in (63) to n n, and the resulting quadratic équation will 
give the positions of the corresponding points of impact, and will, 
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hj tlie nature of its roots, also assign the limits of possibility of 
the problem. 

I may in conclusion observe, that in the Memoir by M. Poinsot 
a geometrical construction is given whereby the several centres 
may be determined. 


853.] Let us now consider a problem of the same kind, though 
somewhat less spécial, in which the condition (10), Art. 341, 
necessary for the existence of a spontaneous axis, is also satisfied ; 
that, namely, in which the line of action of the impulsive blow is 
parallel to a central principal axis, although it does not, as in the 
problem just discussed, lie in a central principal plane. 

Let the hne of the blow be parallel to the central principal 
axis of 0 ; and let the point of impact be in the principal 

plane of (^2?, y) ; let q = the momentum of the blow ; and let ail 
these circumstances be delineated in Fig. 42 ; wherein g, the 
mass-centre, is the origin, go?, Gy, Gz are the three central prin- 
cipal axes, relative to which the moments of inertia of the body 
are a, b, c respectively, and the corresponding radii of gyration 
are severally a, h, c. Let c be the point (a?^, y^ in the plane 
whereat the blow, whose moment is q, strikes the body; 
the point c will be called the centre of impulsion. Now, in this 

x = y = 0; z = q; (71) 


case, 


ni — 


-Mo 


Z = Q; 


n, = 0. 


(72) 


Let the mass of the body = m, and let x, y, z be the current 
coordinates of the spontaneous axis; then its équations, which 
are given in (8), Art. 341, become 

5+-XJ3'.+ ~««. = 0; (ra) 


which axe the équations to a line in, the plane of (oo, y). Let a 
and B he replaced respectively hy their équivalents ma?' and mW, 
then the équation to the spontaneous axis in the plane of {x, y) 
becomes 


xj^ 

W 




+ 1 = 0 J 


(74) 


which is the line eb in Fig. 42 : thus the body by reason of the 
blow q begins to revolve about a line which is in the central 
principal plane perpendicular to the line of blow. 
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Let c G be produced, and eut tbe spontaneous axis in the point 
O ; of whicb let tbe coordinates be ; tben 






i'o=-:;2 




, 2 ’ 


(75) 


"^0 "T ,70 d- 

wbicb give tbe coordinates of o in terms of tbose of 0. 

Since x^ y and x^^^ are symmetrically involved in (74), it 
follows tbat tbe points to wbicb tbey correspond are tbus far 
at least reeiprocal. And as c is called tbe centre of impulsion, 
O is called tbe spontaneous centre. Tbus, if o is tbe centre of 
impulsion, c is tbe spontaneous centre tbrougb wbicb tbe spon- 
taneous axis passes ; and vice versa. 

Let h and 7/ be tbe distances of c and of o respectively from 
G: tben 


7^2 == x^^y^. 


læ 




a^Xr! 


2 ’ 


and 


0 +^%' 

2 2 , ;,2 2 
éx^-\-¥y^ = 


(76) 

(77) 

354.] Let us interpret tbese results by means of tbe central 
momental ellipsoid. Tbe équation to tbat ellipsoid is 
Af2+Br?2 + cC2 = /x, 

wbere jut is undetermined. Let a, b, c be replaced hj 

me^ respectively ; and, for tbe sake of simplification, let ; 

tben tbe équation becomes 

and tbus tbe trace of this on tbe plane of (Xj y) is tbe ellipse 

+ (78) 

wbicb we will call tbe central ellipse. Tbe and tbe rj- 
principal semi-axes of tbis ellipse are evidently b and a respect- 
ively; and tbe moments of inertia about tbese axes are a and b ; 
wbicb are respectively equal to mc^ and mb‘^ ; so tbat 


A = ma^ 


M . 


B = mb"^ ; 


ü. 


and consequently tbe moments of inertia are inversely propor- 
tional to tbe square of tbe corresponding radii vectores of tbe 
ellipse. If K is tbe moment of inertia about a radius vector / of 
this ellipse, „ ^^ 2^2 

^ ~ 72 ~ Ijs. 
eg 3 


(79) 
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Let ?]) be tbe point p where this ellipse is intersected hj 
tbe line G c ; see Fig. 43 ; and let tbe radius vector GP=r ; tben 


^0 yo ^ 


and consequently from (76), 

= ^2 + 772 = ^ 2 ; (80) 

GCXG 0 = GP 2 ; (81) 

and tbus, if tbe central ellipse is described, tbe spontaneous 
centre wbicb is relative to a given centre of impulsion ean be 
determined immediately. Of tbis tbeorem, (28), Art. 344, is 
evidently a particular case. 

Henee, if c is a focus of tbe ellipse, tbe spontaneous axis is tbe 
fartber directrix. 

Again, draw tbe diameter g d wbicb is conjugale to G P ; its 


équation is 


§2 + ^2 - ^ > 


(82) 


and tbe spontaneous axis is evidently parallel to tbis line. Tbus, 
if tbrougb 0 we draw 0 s parallel to G n, or to tbe tangent of tbe 
central ellipse at P, o s is tbe spontaneous axis. 

Similarly, if tbrougb c tbe Une c T is drawn parallel to G D and 
os, CT is tbe spontaneous axis relative to o as a centre of im- 
pulsion. 

If c is at P, 0 is at p"'; and c T and 0 s are tangents to tbe 
central ellipse at P and p' respectively. In tbis case P p' is tbe 
sbortest possible distance along tbe bne c g 0, between tbe centre 
of impulsion and tbe spontaneous centre. Tbus of ail minima 
distances between tbese centres, a a' is tbe least and b b' is tbe 
greatest. 

355.] Tbe spontaneous axis and spontaneous centre, wbicb 
are relative to a given centre of impulsion, give rise to many 
interesting tbeorems. 

( 1 ) Tbe équation to tbe spontaneous axis, in reference to a 
given centre of impulsion y^), being 

^ ^ 

it is évident tbat, if a sériés of spontaneous axes pass tbrougb 
tbe same point (cg\j y'^), ail tbe corresponding centres of impul- 
sion lie along tbe straigbt line 

y+'%®=i- (83) 
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This line is parallel to gd, which. is conjngate to tlie diameter 
G OP' of ttie central ellipse : and thns ail thé centres lie along the 
line CT, which is the spontaneous axis relative to o as a centre 
of impulsion. 

Similarly, of centres of impulsion lying in the line os, the 
corresponding spontaneous axes pass through the point c. 

Thus, wherever in o s the centre of impulsion is, the place of 
c is the same ; and wherever in c T the centre of impulsion is, the 
place of o is the same. 

(2) Let us suppose the centre of impulsion to move on a given 
curve ; then the spontaneous axis will envelope another curve, of 
which the équation may be found. 

Thus suppose the centre of impulsion to move on the cirele 

= ( 84 ) 

then the équation to the spontaneous axis is 


^^0 , 1 . 


let these be differentiated, on the supposition that oSq and 
vary ; then the envelope of the last is 


_ 1 . 


( 86 ) 


which is the équation to an ellipse, coaxial and concentric with 
the central ellipse. 

(3) Or, again, the curve may be given, ail the tangents to 
which are to be spontaneous axes ; and it may be required to 
déterminé the locus of the corresponding centres of impulsion. 

Thus, if the spontaneous axes ail touch the circle = 

the locus of the corresponding centres of impulsion is the ellipse 

0 ^ _ 1 


Indeed these reciprocal properties give rise to a complété System 
of duality, to a great- extent similar to that of polar lines and 
their reciprocals. This however is not the occasion for a farther 
development of it. 

(4) Or, again, since the coordinates to the centre of impul- 
sion and to the spontaneous centre are related by the équations 
(75), if the locus of one centre is given, that of the other can be 
found. 


Thus, suppose the centre of impulsion to move along the 
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ellit)se — + — = 1, then tlie locus of the spontaneous centre 
is also the same ellipse. 

If the centre of impulsion moves along- a straight line, then 
the locus of the spontaneous centre is an ellipse. Let the équa- 
tion to the straight line he put into the form 


where and are any constants. Then the locus of the 


spontaneous centres is 

52 +^ + ir + -^-0’ (88) 

which is evidently an ellipse similar, and similarly situated, to 
tüe central ellipse ; wliose centre is at ( - y ? - and which 

passes through the origin. The form of the ec[iiation to the 
straight line which I hâve taken shews that the line is the spon- 
taneous axis to a centre of impulsion situated at 

356.] Let thus much suffice for the circumstances of the 
spontaneous axis of the hody in its relation to the centre of 
impulsion ; and let us investigate other incidents of its motion 
at the first instant. 

Let n be the angular velocity about the spontaneous axes; 
then, from (72), 

. « ^ 


if P is the length of the perpendicular from the mass-centre on 
the spontaneous axis. 

The velocity of the mass-centre is evidently — . 

m 

Also, since the length of the perpendicular from c 
the spontaneous axis ^ ^ ^ 2 g 2 

(«V+^V)^ ’ 

therefore the velocity at the centre of impulsion at the first 
instant after the blow 

m\b^ ^ 

357.] If the hody impinges against a fixed obstacle, or indeed 
against any mass at its centre of impulsion c in the plane of the 
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I 




■g 


! 

I 






central principal axes of cg and y, the moxnentum of tlie blow 
will be Q : let us inquire what will be the momentum at any 
other point of impact in the same plane, saj at n, which is 
{Xy y), with a view to a farther inquiry of the position of the 
point when the momentum is a maximum. 

Let c be as heretofore y^), and let n be (^, ^), Fig*. 44; 
and let the momentum of the blow given at n be P ; lot o' be 
the spontaneous centre relative to n, and let o'u be its spon- 
taneous axis. Join ne, and produce it to meet o'^u in xJ. Ré- 
solve 0, into two parallel forces, P and p', aeting at u and n, with 
Unes of action parallel to that of Q ; so that by the laws of com- 
position of parallel forces, 


P + p' = Q, 

(92) 

P X UE = QXUe, 

(93) 

P'X UE = QX CE. 

(94) 


As o^u is the spontaneous axis relative to u as centre of impul- 
sion, whatever in o'u is the point at which a blow is given, ii 
remains at rest; so that p'impressed at u produces no cHbet on 
R ; and consequently P is the whole effect at R ; and P is dotorm- 
ined by (93): we hâve therefore to find UR and üc. 

The équations to uo^'and en are respectively 




+1 = 


O, 


and if u is (£ rj), 

TJC ___ ^0 ^ + i^yy^ + ^ 


P = Q 


oJ^xogq + h^yyQ + 
+ à^y^ -f <3^^ 



(95) 

(96) 


which is the momentum of the blow with which the l)ody would 
strike any obstacle at the point (x, y) in the central principal 
plane of {x, y). 

358,] Certain particular values of P deserve mention. P = 0, 
if u^xXq + Pyy^ + a^ô^ = 0 ; (97) 

that is, when the obstacle is at any point on the spontancouB axis. 

And P = Q, when 

+ b^y^ — u^XqX — b^y^y = 0 ; (98) 

that is, when the obstacle is at any point on the ellix)SO, similar 
and similarly placed to the central ellipse, of which the line ac 
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is a diameter, and of whieh, of course, the centre is at the middle 
point of GC. The points g and c are on this ellipse ; and con- 
sequently at both these points P = Q. 

The case also in which P has a given value, saj nci, deserves 
considération ; of course it gives a locus of centres of percussion^ 
which is generally an ellipse ; and in certain cases becomes a 
point ; and in certain other cases is imaginaiy. The subject 
however does not offer any particular difficulty ; and the student 
can easily work it out for himself. 

Also, if the -body were originally put into motion by the 
blow Q at G, so that it has a motion of translation only, then 


= = 0, and 


P= Q- 


Let us also investigate the value of p', and consider certain 
particular values of it : from (92) or (94), 

Hence p'= 0, when 

xXq — = 0 ; 

that is, when the point of impact is on the ellipse given in (98), 
in which case P = Q. Hence p'= 0, if the obstacle is at the 
mass-centre or at the centre of impulsion. 

Also p'= Q, when 

that is, when the obstacle is at a point on the spontaneous axis, 
in which case P = 0. 

We might also investigate the locus of the place of the obstacle 
when p'=^Q,, say; but as the problem présents no particular 
difficulty, the reader may work it out for himself. 

If the centre of impulsion is at the mass-centre, = 0 ; 

359.] But at what points is P a maximum ? In this case 

Æ) = (!&) = 0. 

A J T- 1 

And hence we hâve 

x^{a^x^ + 5y + aH^) - 2x(a:^xx^ + + aH^) = 0, | . 

^o{a^x^■!rl>^f+a^'^)—2ÿ{a^xx^+¥ÿÿ^-lraH'^)=zQ■,] ^ 

which give — z= ; (103) 
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whence it follows that the place of the obstaele, when P lias a 
ciitical value, is on the line gc. If we substitute in either of 
(102) from (103), we hâve 

(a^ X qX — x^ = 0, (1 04i) 

(a^os^ + = 0 ; (105) 

which are quadratic équations in terms of x and y respectivel^^ ; 
and thus give two positions of a point of impact for wliiclr T 
has a critical value. Let these be called centres of greatesb 
percussion ; and let r be their distance from tbe mass-centi'C ; 
then = x^+y^; also = x^-\-y^\ and 

T ^ 

h ~ 

so that (102) give 

{a^x^Jrh^y^y^Jr^aH^hr-^ami^ = 0 ; (107) 

therefore, substituting from (77), 

r2 + 2//f-i//= 0; (108) 

r= -//±(;/2 + /^//)l; (109) 

thus the two centres of greatest percussion are equally dis- 
tant from the spontaneous centre o. Let v and V be tliesc 
centres ; Fig. 45 ; then 

ov = ov'= (oGxoc)^; (llO) 

and the distance is a mean proportional between the distances of 
the centre of impulsion and of the mass-centre from the spon- 
taneous centre. 


Let T and t' be the corresponding momenta : 
the above substitutions in (96), 

then makini^ 

rÂ-\-Â¥ 

(111) 


tberef.™ f'+ ; 

h 

(112) 

'^~2 h' 

(113) 


of whickT, which acts at the centre v, is positive, and is g*reatex* 
than Q ; t', which acts at the centre v', is négative, and tliiis m 
gives a blow against an obstacle at V in a direction opposite to that 
in which it strikes the obstacle at v; and thus, as the obstacle at 
V must be on the upper or positive side of the plane of (a?,y), that 
at v'" must be on the lower or négative side. On applying tire 


^0 Jo 


(106) 
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criteria for a maximum or minimum to these values of P, viz., T 
and t', it will be found that T is a maximum^, and that t' is a 
minimum ; but as t' is négative, it is a négative maximum, so 
tbat botb centres may be called centres of greatest percussion. 

If tbe point of application of tbe blow q, by wbich the 
body is originally put into motion, is tbe mass-centre, so tbat 
0, and tbe body bas only motion of translation ; tben, 

ftom(S9). 

^ ^aV+ay+o“j>’ ' ' 

and tbe maximum value corresponds to ^ = 0, ^ = 0 ; in wbicb 
case P = q ; and thus tbe mass-centre is tbe centre of greatest 


percussion. 

If P = 5, then 

n 


+ 


wbicb represents an ellipse concentric, coaxial, and similar to 
tbe central ellipse ; and tberefore tbe intensity of a blow against 
an obstacle is tbe same for ail points on tbis ellipse. If n = 2, 
tbe ellipse is tbe central ellipse. 

360.] Again, if tbe body is put into motion by a couple wbose 
axis is perpendicular to tbe axis of z, so that tbe spontaneous axis 
passes tbrougb tbe mass-centre, and tbe body bas only rotation 
about tbat axis wbicb is in tbe plane of (^, y), tbe momentum of a 
blow P at tbe point in tbe plane of may be determined 
in tbe following manner, wbicb is independent of the preceding 
process : 

Let L and M be tbe components of tbe moment of tbe împressed 
couple about tbe axes of x and y respectively ; tben we bave 
x = Y = z = 0; \ 

„-r,. ( 116 ) 


and tbe équation to tbe spontaneous axis is, see (8), Art. 341, 

ÿ-f = 0. (117) 

Since tbe point of application of P is (^,y), the équation to 
tbe corresponding spontaneous axis is 

a^x^-\-P‘y'r\-{-a^W‘ = 0; (118) 

tbe perpendicular distance on wbicb from tbe point {x^y) 

(a^x^ + 
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360.] 


Let ns suppose tte couple o£ impulsion, of whicli tlie axial com- 
ponents are l and M, to be replaced hj a couple wbose forces 
are P at (^,^), and — P at tbe point of intersection of the spon- 
taneous axis with the perpendicular on it from (æ?, ; then 

the moment of that couple 

■\-W‘ ^ 


= P ■ 


( 120 ) 


( 121 ) 


and the x- and the y-direction-cosines of its axis are 
b^y —a^x 

{a^ x"^ + (a^ x^ + h^y^Ÿ 

And (120) is to be equal to the couple of which L and M are 
the axial components ; hence 

P + + = 'Lb^y—'KaP‘X] 




( 122 ) 


This quantity might also be deduced from the general expression 
of P, given in (96). For when the body is put into motion by a 
couple, that couple is équivalent to a force = 0 acting at an 
infinité distance ; so that in the numerator = 00 , and 

consequently must be omitted ; and thus 

but moment of the couple about the axis of = L, 

and— Qi2?o= - -.-«------.«--yzziM; 

^ + b^^y^ + 

Now since —P acts at a point on the spontaneous axis which 
corresponds to the centre (^,y), —P produces no effect at [x^y) ; 
so that P, which is given in (122), is the momentum of the 
whole blow given by the body on the obstacle. 

When P thus determined is a maximum, 

/^Pn /JPn 

whence we hâve 

‘--M.{a^x^-\-b^y^-\‘aH^) = 2a? (ni^y — \ 

L(aV + ^V + ^"^'') = 2y (l%-mæ2^) ;) 

.*. La? + My = 0 ; 

a^x^ ’\-b^y’^ == 


(123) 

(124) 

(125) 
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TI 1 US 5 tte point (cGy y) wliicli gives the greatest percussion, is 
in tlie central ellipse, at the points in which the plane of the 
couple of impulsion passing through the mass-centre intersects 
it. And the greatest value of p 


~ - ^ ’ 


(126) 


the two signs corresponding to the two extremities of the 
diameter of the central ellipse, which coincides with the plane 
of the couple passing through the mass-centre ; at which points 
the two values of P are equal, but as they hâve opposite signs, 
thej act in opposite directions. 

361.] In continuation of Art. 359 let us investigate the nature 
of the blow, when the bodj strikes against a moveable mass at 
the point [30^y\ 

Let 'P be the perpendicular distance from {x^y) to the spon- 
taneous axis ; so that 

____ a^Xç^x-^W‘y^y’\-a^W‘ ^ 

and let n be the angular velocity of the body about the spon- 
taneous axis due to the blow of impulsion ; then, from (89), 

maH^ 




and consequently if v is the velocity of the point (æ?, y) which is 
due to the blow of impulsion. 




__ Q a^XQX + ¥‘y^y-\-aH'^ 


(129) 


m 

Hence, if P is the momentum of the blow which the body is 
capable of at the point {x^ y). 


__ xXq 4 - V^yy^ + 


Let M be the mass which, moving with thé velocity «?, would 
produce on the obstacle at (^,y) a blowof this momentum ; then 

^ a^x^ + b^y^ -{-a^b^ ^ ^ 

Also, let m' be the mass of a partiel e which, moving with the 
velocity of the spontaneous centre {x\y') corresponding to {x^y\ 
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would produce against an obstacle placed there a blow whose 
momentum is equal to tbat of the body. Then 

__ + 

by reason of (75). And tbus niasses are assigned, wliich are 
fractions of and which, moving with tbe veloeities of any 
point and of its corresponding spontaneous centre, would bave 
momenta equal to tbose of the blows which the body would give 
to obstacles placed at those points. 

362.] The values of these masses thus determined may be 
conveniently put into another form ; let r and / be the distances 
of M and m' from the mass- centre; and let h be the radius 
vector of the central ellipse which coincides with the line join- 
ing M and m': then, as the places of m and m' are reciprocal as a 
centre of impulsion and a spontaneous centre, r'/= ; and 

from (77), . 252 ^ 

-f = — j- ; so that 


m — > 5 m = 3 \ 

( a33^ 

+ ~ r^ + b^ ■ 

In reference to these masses let it be observed, that 

( 1 ) ; so that the sum of the two is equal to that 
of the whole moving body. 

(2) Mr = m'/; so that the mass-centre of m and coincides 
with that of m. 

(3) M (^ 2 +^^) + M'(Æ?'^-}-y'2) so that the radius of 

gyration of the masses about any axis passing through their 
mass-centre and perpendicular to the line joining them is equal 
to the radius vector of the central ellipse which coincides with 
that line. 

In these respects therefore the body may be equivalently 
replaced by a straight, inflexible, and immaterial bar, having 
masses m and m' at its two ends, which are determined by ecpia- 
tions (133) : this bar will not only at its two ends, but at any 
point in its length, strike an obstacle with a blow of the same 
momentum as the body. 
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From (131) it appears, that m = only wKen a? = ^ = O ; 
tliat isj thé mass-eentre is the only point at which the body will 
strike an obstacle as if it were a mass eqnal to its own mass ; 
and in tbis case P = Q,. 

If tbe centre of percussion is the point of impact, P = q ; but 


ma?h^ __ // 

“ ~ Wi^ ’ 


(134) 


and from (91), 


V = 


Q }t-\- 7l 


so that the momentum is produeed by a mass smaller than 
moving with a greater velocity. Althoug'h therefore against a 
fixed obstacle the momentum of the blow P is the same, whether 
the obstacle be at the mass-eentre or at the centre of percussion ; 
yet against a particle of finite mass, say the effects will be 
different. These we proceed to investigate ; and we shall déter- 
miné both the velocity of m' after impact from the body, as well 
as the velocity of the impinging point of the body after impact 
on 


363.] Let V and V be the velocities of the body and of m' 
after collision at the point {p, y) ; let ^ = the elasticity ; and 
let us suppose to be at rest when the impact takes place ; 
then, from Art. 263, Vol. III, 

— (^^^^0 + %yo H- ^^^^) — 

{ l + e)Ci(,a^xx^ + V^) _ 

{^fïi + m^) + ¥y^ ^ ' 

If we equate to zéro the cc- and y-differentials of v', the point 
will be determined at which m' must be struck so that it may 
move after collision with the greatest velocity : this process gives 

£= y . 

^0 yo’ 

which shews that the point of greatest percussion is in the line 
joining the mass-eentre and the centre of impulsion. If r is 
the distance of the required point from the mass-eentre, then, 
as in Article 359, 

r = -;/+ M'(l + . (138) 

Thus there are two points at which a body impinging on a 
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particle m' will cause it to move after collision with. a maximum 
velocity; ttese points are équidistant from the spontaneons 
centre which corresponds to the centre of impulsion, and that 
on the positive side of the spontaneous centre lies farther from it 
than the mass-centre. These two points are the centres of great- 
est percussion when = 00 ; that is, when the mass of the par- 
ticle against which the bodj impinges is infinitelj great, and is 


thus équivalent to a fixed obstacle. 

And corresponding to these distances, 

+ (IM) 

of which values one is positive and the other is neg'ative : tlic 
former shews that the particle wiU move with a velocity 
whose direction is the same as that of q, ; the latter, which cor- 
responds to the point of percussion on the side of the spontaneons 
axis away from the mass-centre, gives a velocity of m'" in the 
opposite direction. 

In a similar way may the point be determined, at wliich, if 
the body impinges on the velocity of the point of impact 
after collision will he a maximum ; for if we take the co- and 
pai'tial differentials of (135), and equate them to zéro, the points 
wilL be determined by means of these two équations. 


364.] New at the instant when the body bas impinged against 
a fixed obstacle at the point (a?, y\ that point of the body is at 
rest; yet there remains the momentum p', which is given in 
(100), whose point of application is u, see Fig. 44; as u however 
is a point in o's, which is the spontaneous axis relative to il 
as a centre of impulsion at which P acts, p' produces no efrect» 
on n ; and thus the motion of the body at that instant is duo to 
the force p' only applied at u ; and consequently the spontaneous 
axis passes through n. u, which must now be considerod as a 
centre of impulsion, is, from Art. 357, 

- ^0 a?) - (a? - a;») -x^y)—aH^{y —7/0) \ . riAn\ 

-h ^ a^æ^ + b^y^ — a^xxQ — ^ v ^ / 

the spontaneous axis corresponding to which is 

+ + — = O. (141) 

Now the momentum of the hlow of impulsion, namely v', is 
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given in (100) ; and eonsequently if u' ~ the velocity of thé 
mass-centre, 

And if g' = the angular velocity ahout the spontaneous axis 
through B due to p', and if = the perpendicular distance from 
the centre of gravity on that line, 

mÿd= p', , (143) 

f 

= { «2 (a? _ a?(,) -y (a^^y -^0*) } ^ + i ^ -.^o) + ® (^o y -^o I ^• 
If the point {x,ÿ) lies on the line joining the mass-centre and the 
original centre of impulsion, these expressions hecome mueh 
simplified ; becanse, in that case, 

thus the équation to the spontaneous axis through 11 hecomes 
é (iB-iSo) 1+ (y-yo) n = + V^f-â^«ix^-V‘ijy^ ; (144) 

aP'é-^rV^f-a^xXf,- V^yy^ _ . 

{«^(a;-^o)^-l-^^(y-yo)^}l’ ^ ^ 

, _ Q {^"(•^-^o)^+^*(y-,yo)"}i . . 

^ m + ’ 1 ' / 

a particular case of tMs last simplification is that in which 
the obstacle is placed at a centre of greatest percussion ; see 
Art. 359. 

Questions exactly analogous to those which I hâve alluded to 
in Art. 359 arise ont of the preceding values of %' and n', and 
give points which may he ealled points of greatest reflexion and 
of greatest conversion. 

365.] Thus as to ?/; the prohlem may hc to déterminé the 
place of a fixed obstacle, or of a particlo of given mass, so that 
it may be a maximum ; or the place of a fixed obstacle; so that 
it may hâve a given value ; say, be equal to the original value of 
the velocity of the mass-centre but in an opposite direction ; or 
to find the place of the obstacle, so that n' may be equal to 0. 

As to critical values of 'id I would observe, that 


by reason of (9S 
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so that whatever values of x and y give critical values for P, also 
give critical values for p' and for v! : these values hâve been 
already investigated in Arh 359, and give what are therein called 
centres of greatest percussion ; these centres then are also centres 
of greatest reflexion. Also, since there are two such centres, we 
hâve also two critical values of 

m ^ ^ 

Q k'+[h'^ + kh')^ I ^ ^ 

m 

The latter of these is positive, and is evidently greater than ? 

which is the original value of the veloeity of the mass-centre : 
this is paradoxical : it seems contrary to the fîrst principles of 
mechanics that a body should strike against a fixed obstacle, and 
after impact rebound with the veloeity of the mass-centre greater 
than that veloeity before impact. But consider this in référencé 
to Pig. 45 ; V and V in it are the centres ôf greatest percussion, 
and consequently of greatest reflexion ; and corresponds to the 
point v' so that when the obstacle is placed at that point, and 
the body impinges against it, the veloeity of o after the impact 
is greater than before. The body moves by the blow Q, which is 
given at c, from below to above the paper ; and rotâtes about 
the axis o s ; if however it impinges against the obstacle at v', 
that angular veloeity be cornes modified, and o s, which was at rest 
before the impact, moves in the direction CQ, and the veloeity 
of G is increased. We must not however hence infer that the 
momentum of the body is increased ; for that would be contrary 
to the principles of mechanics ; but some of the momentum, 
which is due to the angular veloeity, by means of the obstacle 
becomes momentum of translation ; and hence it is that the 
veloeity of the mass-centre is after impact greater than it was 
before. Thus, a bail from a rifled gun, having veloeity both of 
translation of its mass-centre and of rotation about an axis 
through that centre, may hâve its veloeity of translation in- 
creased by meeting with an obstacle, and thus may be carried 
farther than if it never met with such an obstacle, This is one 
of the peculiar and surprising facts of ricochet practice. 


366.] If 


— ^ J the veloeity of the mass-centre will be 

m 
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after impact thé same as it was before but in an opposite direc- 
tion; tben 

+ + = 0; (148) 

■vÆicb is the équation to an ellipse similar to the central ellipse, 
and similarly situât ed ; tbe points wbieb give this value of vf are 
called points of perfect réflexion ; and tbe ellipse (148) is called 
tbe ellipse of perfect reflexion. 

Again, as to ci ; it is a function of œ and y, and tbe values 
of tbose quantifies may be found wbieb will give to o! a critical 
value. Also, tbose may be found wbieb will assign a point on 
whicb, wben tbe body impinges, tbe angular velocity after im- 
pact will bave a given value ; say, be equal to tbat before impact, 
and in an opposite direction. Points wbieb give tbese values to 

are called respectively, points of maximum conversion, points 
of given conversion, and points of perfect conversion. 

Tbus, if n' = 0, p' = 0 ; and 

= 0 ; 

so tbat for ail points on tbe ellipse given by (98), P = q, p' = o, 
n' =0, n' = 0 ; tbat is, if tbe obstacle is on that ellipse, tbe 
body impinges on it witb a momentum equal to that of original 
impulsion ; tbe mass-centre of tbe body is brougbt to rest, and 
tberc is also no angular velocity; in fact the body is brougbt to rest. 

If n' = — ~ , see (89), so that the angular ve- 

locity after the impact is equal to, but of contrary direction to, 
i.hîit before impact, tben, if wc take the particular case given in 
(146), wc bave 

¥lr ’ 1 '/ 

whicb gives an équation of tbe fourth degree in tenus of x and 
y; ail points on the eurve oxpresscd by whicb are points of 
perfect conversion. 

To déterminé the points for whicb n' has a critical value, the 
X- and y-partial diffcrentials of (143) or of (146) must bo equated 
to zéro : in the general case liowevor they lead i.o results so much 
complicated that it is useless to insert thern. 

367.] In tbe preceding Articles, see Art. 349, (49) and (50), 
and Art. 362, (133), it bas l)eon sbown, ibat a body may be 
equivnlently rej)]aeed l)y two pari.icles of (lelinii.o and determinate 
masses ai- tbe ends of an immatcrial rigid and straigbt bar, so 
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far as the effeets of momentiim eommunicated to thé hody I>3' 
blow, and tbe effects of impact of the bod.y on a fixed 
are concerned. This property is of considérable nse in tlic solu- 
tion of another problem : A body of g*iven mass moving' with a 
given velocity impinges on a given body at a given poîiib? it 
reqnired to détermine the motion of the bodies at the 
after impact. 

I will assume the line of motion of the moving mass t.o^ 
in a central principal plane and to be parallel to a principal^ 
axis of the body on whieh it impinges. Let m be the xnnss of 
the latter body, m' = the impinging mass, of which let the v<do- 
city at the point of impact be ; let the line of motion of w l 
in the central principal plane of (ijo, y), and be parallel to idic* 
axis of^; let c, see Fig. 46, the point of impact, be in tlxe axis 
of at a distance from the mass-centre o : and let Ir hc' 
the radius of gyration of the body about the axis wTiîch i.s 
perpendicular to the lino of action of the blow. Let o Le thc' 

]c^ 

spontaneous centre reciprocal to c ; so that OG = — - USToxe ïu 

Art. 362 we hâve shewn, that so far as concerns blows givexx hj' 
it, the body m may be replaced equivalently by two masscH 
M and m', whieh are therein assigned, of which the former is 
placed at c, and the latter at o ; and that as o is a centra re- 
ciprocal to c, the mass m' placed at o neither affects iior is 
affected by the blow given at c; so that as far as the momcnxtuim 
of a blow at c is concerned, the effect of the body will be the bu nu» 
as that of the mass m placed there ; ail this is explaincd in 
Art. 362. The problem then which is proposed for sohit.ion is 
this ; m' moving with a velocity impinges on M at rost : it is 
required to déterminé the motion of m and m! after colliBÎon. 
The principles of Art. 263, Vol. III, are sufficient for idu» 
purpose, and may be applied as follows : 

Let V = the velocity of u after impact ; v'= the veloeitiy of 

after impact ; and let e = the elasticity, Then, since 


M = 


m 

¥Tx^' 


ni' + x^)v' ^ 
^ ”” {oji + m') P + m ' ’ 
f _ + x^) — e m W ^ 

+ m') Ic^ q- m' x^ ' 
H h 


( 350 ) 

(151) 

(152) 
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thus tlie momentum of m after impact = m v 

and tMs is the momentum of the body at the point c, and is that 
which bas hitherto been denoted by Q. 

The momentum imparted to tbe body decreases as x increases ; 
and vanishes wben a? = co ; and tbe greatest value is tbat wbicb 
corresponds to = 0. 

If tbe bodies are perfectly inelastic, (? = 0 ; in wbicb case tbe 
momentum imparted to tbe body 

mm' k‘^v' 

[m + m') Tê 4 - m' 

Suppose now tbat m' and v' are variables, witb tbe condition 
of tbeir product being constant ; tbat is, tbe momentum of tbe 
impinging bail is constant, altbougb its mass and velocity vary ; 

m'v' = ; ( 15 ^) 



and suppose moreover tbat, wbatever is tbe distance from G at 
wbicb w! impinges, the momentum imparted to tbe body is 
tbe same ; say, = \ tben, 

V '^Vo^’o . 

“ mk?' -{-m' (Ji? + x^)' 

and consequently m' [k'^ + x^) is constant, = ^^7 5 




m 




(156) 


in wbicb équations m' and v' are expressed as fonctions of x, and 
are tbus determinable for any distance from the mass-centre of 
the point of impact. 

Thus, if a bammer is to be constructed and used, so tbat tbe 
same quantity of momentum is to be imparted to a body whose 
mass is m, wbatever is tbe distance of tbe point of impact from 
tbe mass-centre, tbe momentum of tbe blow of tbe bammer 
being always tbe same, tben tbe mass of tbe bammer and the 
velocity of tbe blow are given by (156) and (157). 

368.] The following are examples in wbicb tbese principles are 
furtber applied. 

Ex. 1. Two uniform rods a b and bc, baving a joint at B, 
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368.] 


are placed in the same straight line, ab is struck at a hy a 
blow wbose momentum is Q, in a line perpendicular to a b, 
it is required to détermine tke subséquent motion of a b 


and B c. 

Let m and be the masses, and 2a and 2a' the lengths 
of the rods ; and let g and a' be their respective mass-centres. 
Let V and v' be the velocities of translation of the mass-centres, 
and n and n' the angular velocities : let x be the reaction at b, 
which is at right angles to the rods. Let o and o' be the instan- 
taneous centres, and let g 0 = x, g' o' = x'. 

= V, x'ü'= v', (a—x)n = (a' x') n' ; also 


mY = Q + X, 


maâ 

-^ = Q-x; 


m' y' == X, 
m'a' Cl 


(158) 


Cl 

d! 


m' + 2m> 


am 


3æ 


m' + 2m * 

= 2, if = ^^^and a =z a' ; 


Displacement of A __ (a + x) a ^2(m-^ m') _ . _ a 

Displacement of c {a—x')ci~~ m 

Ex, 2. Three uniform and equal thin rods a b, ne, CD are 
arranged as three sides of a square having joints at b and c ; the 
end a is struck in the plane of the rods and at right angles to 
A B by a blow whose momentum is Q. It is required to compare 
the angular velocities of a b and c D, and the displacements of 
A and D. 

Let m be the mass, and 2a the length of each rod ; lot G 
and g' be the mass-centres of a b and c d respectively, g 0 = 
g'o^= x'\ and let t and t' be the reactions at b and c respectively. 

Then (1) as to AB, 


mY : 


Q + T, 


maci 


• = q~T; 


w, / 

2 ( 




ao.s 

■3'/^ 


(v + 


aci 


\ , 




(159) 


ax — V. 


(2) as to B c, 

T— t' = m (Æ — a?) Cl — m («q-a?') n', 

the disi^lacements of B and c being equal and in. the same 
direction. 
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(3) as to C D, 

mV = t'j 


maa 


= T . 


a' x' = v' = 
^=3’ 


aa 


( 160 ) 


'înï.^l-V 

m 2 


an 
'6 

(3x—a)ù—2aù^_^ 

6 

17^ n' 1 

x = 


(a ^x) a = (a-i- x') a' ; 


21 n 7^ 

Displacement of a _ (a + x) a __ 

Displacement of D {a—x^)û! 

If B c were a thin string* whose mass might be negleeted, then 


: T: 




X = 


a' __ 1 ^ 

Displacement of a 


, a 

^ = 5-3 
O 


Displacement of d 


= 7. 


Ex. 3. An tiniform rod, moving parallel to itself witli a 
velocity v, impinges on a smooth plane which is perpendicular 
to tbe line of motion of the rod, tbe rod being inclined at an 
angle to the line of motion. Déterminé the initial circum- 
stances. 

Let m be the mass and 2a the length of the rod ; then if n is 
the initial angular velocity, v^ the initial velocity of the mass- 
centre, Bq momentum of the impact, and a the angle between 
the rod and the normal to the plane, the c( [nations of motion are 

_ 

mY = Bo + mVo ; ----- = ai\Q sin a; a sin a n, whcnce n,EQ 

O 

and Yq may be found. 

369.] Ex. 4. A heavy spherical billiard bail on a roiigh hori- 
zontal table is struck by a eue at a given point with a blow of 
given intensity in a given direction ; it is rccinired to determino 
the resulting motion of the bail. 

Let a = the radius, m = the mass of the bail ; Q = the mo- 
mentum. of the blow ; a = the angle at which its line of action 
is inclined to the plane of the table. 

Let the horizontal plane which passes throng-li the centre of 
the bail and is parallel to that of the table be the |)lano ; 

and let the line in it parallel to the vertical plane which con- 
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tains the line of Q be the axis of æ ; let h — tbe liorizontal dis- 
tance from tbe centre of the bail to the vertical plane which 
contains the line of blow ; and let h be the perpendicnlar distance 
on the line of blow from the point where li meets the vertical 
plane containing that line. 

Let B cos /3 and b sin /3 be the components parallel to the 
axes of X and y respectively of the friction against the table 
which is brought into action by the blow; let Hg, ^3 be the 
resulting angular velocities about axes through the centre of the 
bail which are parallel to the coordinate axes ; and let 
be the resulting expressed velocities of the centre of the bail, 
parallel to the coordinate axes. Then the équations of transla- 
tion parallel to the axes of x and y are 

uUq = Q, cos a— T cos /3, 1 
m.Vq = —I’ sin ^ ; 3 

and if a is tbe moment of inertia of the bail about an axis 
through its centre, 

sin a— aB sin/3, 

AHg = Q^ + ^BCOS 

An 3 = — cos a. 

If R = the pressure of the bail on the table, due to the blow, 

R = Q sin a ; 

since the line of action of R passes through the centre of the bal], 
it produces no effect on or 

Thus the axial components of the velocity of the point of 
contact of the bail with the plane are < 2 ^ 2 , con- 

sequently, if ^2 ^ ^ + + a 

as 13 is the angle at which the initial path of the point of contact 
is inclined to the axis of x, 

cos 13 __ sin /3 __ 1 . 

— VQ + aa^ ^ 

and since the friction acts as a retarding force along the line of 
motion of the point of contact, its line of action is thus de- 
termined ; and the friction is known in terms of the pressure R, 
so that the four unknown quantifies are involved in 

four independent équations, and may be determined without 
dijfficulty ; and thus the initial motion of the bail will be de- 
termined. Applications of these results will be made hereafter. 
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370.] Ex. 5. A body m rests on a prop and is struek by a 
blow wbose momentnm is Q, tbe line of motion of the blow 
being* in a central principal plane, and parallel to one central 
principal axis ; and tbe line of reaction of the prop being in 
the same principal plane, and parallel to the line of the blow. 

Let OGE be a central principal axis of the body whose mass 
is and mass-eentre is G. Let c be the prop and n the 
point of application of the blow whose momentum is Q, and of 
which QE, is the line of action ; this line of motion being in the 
central principal plane ûûQcZ\ see Fig. 47. It is évident that if 
n coincides with c, that is, if the blow is given at the prop, the 
momentum of the pressure borne by the prop = q, ; supiDose how- 
ever that the point of impact of the blow is n, where on = .r ; let 
P = the momentum borne by c, and let p' be that applied at o, 
which is the spontaneous centre reciprocal to c, both these being 
due to Q ; then the pressure p' does not affect the pressure at c, 
which is a point reciprocal to 0 , so that P is the whole pressure 
on the prop. 

Let GC = 7^; and consequently go= then as P and p' 
are the components of q,, Q, = p— p'; 

and = q J ; 

-Y lise 

which assigns the pressure borne by the prop. If p = q ; 

that is, the blow is applied at the prop, and tho pressure 
borne by the prop is equal to the momentum of the blow. If 

^ = — -J ^ that is, if the blow is struek at 0 , the spontaneous 
centre relative to c, p = 0. 

P increases as x increases, and P is greater than q when x is 
greater than h : it follows therefore that by means of an inter- 
vening body m, a blow of given momentum can produce a pres- 
sure of any intensity on a given prop. If ^= 00 , p=: 00 . 

If however the blow is caused by a hammer of mass and 
impinging with a velocity v' on a point whose distance from the 
mass-centre is x\ then, from (154), 

^ [m + m')k^ m ' ’ 



(163) 
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and therefore 


P = 


m m' Té^v' (/c^ + /iæ) 


(164) 


^ { (m -f m') /c^ + 03 ^ } 

If in this expression m' and v' hâve, for a distance a?, tlie vaines 
found for them in (156) and (157), tlien the momentnm of the 
blow of the bammer is always tbe same, and the momentnm 
borne by the prop is given by (162), and may consequently be 
of any magnitude whatever. 

P is a maximum in (164) when 




(165) 


where go = // = 


B 


which gives two points équidistant from o. 


Thus if m = m' ; and h = /^'= 

Similarly may the points of impact be determined, so that the 
momentum of the pressure borne by the obstacle may be of a 
given value. 

I cannot conclude this subjeet, in which I hâve borrowed 
largely from the Memoirs of Poinsot, contained in Vols. II and 
IV of the second sériés of Liouville’s Journal, without alluding 
to a remark which he makes of the process by which the cir- 
cumstances of motion of a rigid System baving a fixed axis or a 
fixed point may be deduced from those of a similar free System. 
He considers a fixed point to be a particle of a certain definite 
mass, introduces this mass and its incidents into ail the équa- 
tions of motion, and in the final results makes this mass infinité ; 
and this particle of infinité mass he considers to be a fixed 
point ; on which, of course, as to translation, a finite force has 
no effect ; but for an axis passing through that fbe 

moment of inertia of the body is finite, and consequently the 
impressed couples will produce their own rotatory efleets. 


Section 2. — Motmi of a free invariable System uncler the action of 
finite accelerating forces. 

371.] We now corne to the most general case of absolute 
motion of a body, or of any System or Systems of material parti- 
cles under the action of finite forces. Many processes hâve 
been devised for the purpose, and several of them are especially 
adapted to particular classes of problems. AU however are 
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founded npon tlie principle of D’Alembert ; and tlieir eq^uations 
of motion are derived from, or are identical with, tliose six 
équations in whicîi we hâve expressed that theorem. I propose 
to apply these to the solution of problems of motion in prefer- 
ence to other and derived processes ; because we sball bereby 
maintain an uniformity of process and of principle, and because 
tbe circumstances of tbe problems will be resol ved into tbeir 
most simple éléments. We sball indeed take tbe forms wbicb 
tbese équations admit of, in virtue of tbe tbeorems proved in 
Section 2 of Cbap. III; we sball consider tbe motion of trans- 
lation of tbe mass-centre, by assuming ail tbe forces to act on a 
particle, wbose mass is equal to tbe wbole mass of tbe moving 
System, plaeed tberein; and in our inquiry into tbe rotation 
of tbe System, we sball assume tbe mass-centre to be a fixed 
point, and tbe body or material System to rotate about an axis 
passing tbrougb tbat point. Tbus tbe motion of tbe System in 
tbe first place dépends on tbe two folio wing groups of équations : 




~ ’ 

^) = 0 
dt'^’ ’ 

df^J ’ 


( 166 ) 



( 167 ) 


If M is the mass of tbe wbole moving System, (J’, y, z) is tbe 
place of tbe mass-centre at tbe time and if {x\ y\ /) is tbe 
place of m relafcively to a System of coordinate axes originating 
at tbe mass-centre, and parallel to tbe original System of axes ; 
tben, by tbe tbeorems of Section 2, Cbap. III, tbese take tbe 
forms 



2.mY, 


h 




( 168 ) 
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2.mJ/(x-g)-a;'(z-^)j = 0, - (169) 

By reason of the former of tkese last two grou^DS, the motion of 
translation of the body is rednced to that of a single material 
partiele whose mass is m ; and to this motion ail that has been 
said in Vol. III is applicable. The second gronp reduces the 
motion of rotation to that of a body rotating about an axis 
passing through a fixed point of it ; and consequently to this 
motion ail that has been said in the preceding Chapter is 
applicable. The problem therefore requires two processes in 
combination, each of which has been separately discussed ; and 
little else remains than to illustrate the combination by means 
of particular examples. Indeed I hâve already anticipated the 
process in the investigation of the phaenomena of terrestrial 
procession and nutation in the preceding Chapter ; because we 
hâve assumed the centre of the earth to be fixed, whereas it 
has a motion of translation in space. 

In investigating the motion of rotation of the body about the 
point which is assumed to be fixed, we may use the simplifica- 
tions and substitutions of the last and preceding Chapters. 
Thus, if (üy, cüg are the angular velocities at the time t about 
any three coordinate axes originating at the fixed point, (169) 
become (54), of Art. 156 ; which however it is unnecessary to 
repeat in this place as we shall employ simplified forms of them. 
We shall investigate the angular velocities of the body at the 
time t relatively to the three principal axes of the body ; and the 
équations for determining these are 

A^ + (C-B)<a2«3= t, ^ 

B^^ + (a-c)û)3COi = M, - (170) 

c-^ + (b-a)coiC02 = n; J 

because hereby (theoretically at least) the angular velocity of 
the body, and the position of the instantaneous rotation-axis 
relatively to the principal axes, may be determined at the time 
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t ; and thence we may détermine, as in the preceding Chapter, 
tiie motion of tlie body in referenee to fixed axes, by means of 
the tbree connecting angles d, <p, ‘yjf. 

And if tbe position of the rotation-axis which passes through 
the mass-centre of the body is invariable relatively to the body, 
then the rotation is determined by the simple équation, 
dùi moment of impressed forces 
dt moment of inertia ^ 

In the solution of mechanical problems, the theorems of vis 
viva, and of conservation of areas, may frequently be applied, to 
the saving of considérable trouble ; not indeed because they 
contain any truth besides those involved explicitly or implicitly 
in the équations of motion, but because they are first intégrais 
of these équations. In a didactic treatise, however, as clearness of 
conception and accuracy of expression are of paramount import- 
ance ; and as these will be obtained when the circumstances of a 
problem are resolved into their simplest éléments ; so in the 
following problems, the équations of motion are generally given 
in their original forms, and for the complété solution of a pro- 
blem two successive intégrations are required. In some cases 
the équations of areas and the équation of vis viva will be given 
directly: and the latter will frequently présent itself in the 
derived form which has been proved in Art. 113 ; viz., the vis 
viva of the System is equal to the sum of the vis viva of the 
whole System condensed into its mass-centre, and of the vis viva 
of the several partiales relative to the mass-centre. 

372.] The following are problems on the motion of rigid 
bodies. 

Ex. 1, A heavy homogeneous sphere rolls down a rough in- 
clined plane ; it is required to détermine the motion. 

We suppose the sphere to be placed at rest on the plane, and to 
roll down it so that the point of contact describes a straight line 
perpendicular to the line of intersection of the inclined and hori- 
zontal planes. Let Fig. 48 represent a section of the sphere and 
plane at the time made by a vertical plane passing through 
c the centre of the sphere. Let a be the point of the sphere 
which was originally in contact with the plane at the point 0 ; 
let a be the radius of the sphere; op = acp = 6), M = the 
mass of the sphere, P = the friction of rolling, n = the pressure of 
the sphere on the plane, a = the angle of élévation of the plane. 
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Now c evidently moves along’ a straight line parallel to th.e 
plane ; so that for its motion of translation we hâve 
d^s 

M ^ = Mysina— F ; 


and if c is eonsidered fixed, the sphere evidently rotâtes about a 
horizontal axis parallel to the plane ; and if k is the radius of 
gyration of the sphere relative to this axis, 




and since tlie plane is perfectly rough, so that the sphere does 

not slide, ds = add : also ; 

5 

d‘^d 


d^s d^d 5 


which assigns the motion ; also R = My cos a, F = 


2M(7sina 


If the plane were perfectly smooth, the impressed velocity- 
increment along the plane would be y sin a ; so that the rongh- 
ness of the plane which causes the rolHng diminishes the action 
of gravity along the plane by two-sevenths of its full value. 

If the rolling body were a eircular cylinder with its axis hori- 

zontal, then k'^= and 

d'^s 2 . 

df' - 

SO that the roughness of the plane would diminish the action of 
gravity along the plane by one-third of its full value. 

Ex. 2. A hollow spherical shell is filled with fluid and rolls 
down a rough inclined plane ; détermine its motion. 

Let M and m' be the masses of the shell and fluid respectively ; 
and let le and ¥ be the radii of gyration of them respectively 
about a diameter ; let a and a! be the radii of the exterior and 
interior surfaces of the shell ; then, employing the same nota- 
tion as in Ex. 1, we hâve 
d^s 

+ = (M + M')^sina — F. 


As the spherical shell rotâtes in its descent down the plane, the 
fluid has only motion of translation; so that the équation of 


rotation is 




dr^ 


'Sa : 
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. • . { (m + m') H- ^ = (m + m') c^g sin a. 

If the interior were solid, and rigidly joined to the shell, the 
équation of motion would be 

^ 2 ^ 

+ + + ^ = (M + M')<22^sina. 

Thns if B and b" are tbe spaees through whieh the centre moves 

dnring tbe time t in tbese two cases respectively, then 
s __ (M4-M^)â5^ + MF 

so tbat a greater space is described by tbe spbere wbicb bas tbe 
fiuid than by tbat wbicb bas tbe solid in its interior. 

If tbe densities of tbe solid and tbe fluid are tbe same, replac- 

ing h and ¥ by tbeir values, 

_ 7^5 

Ex, 3. A beavy rigbt circular cylinder is composed of two 

substances, wbose volumes are equal, and wbose densities are p 
and p'; tbese substances are arranged in two different forms ; in 
one case, tbat wbose density is p oecupies tbe central part of tbe 
wbeel, and tbe otber is placed as a ring around it ; in tbe second 
case, tbe places of tbe substances are intercbanged ; t and f are 
the times in wbicb tbe cylinders roll down a given rougb in- 
clined plane from rest ; shew tbat 

?{2:?î^^;:5p + 7p':5p' + 7p. 

Ex. 4. A homogeneous beavy spbere rolls down witbin a fîxed 
rougb spberical bowl ; it is required to détermine tbe motion. 

Let tbe circumstances be as represented in Eig. 49, wbere h is 
tbe radius of the bowl, a is the radius and m is tbe mass of tbe 
rolling spbere ; and let us suppose the sphère to bave boen placed 
at rest in tbe bowl. Let ocQ = (/>, Q,pa = d, nco = a ; thon as 
tbe spbere rolls and does not slide, «d = ; let o) be tbe 

angular velocity of the spbere at tbe time />, so tbat 
d.MVA (l(ô + é) h--a(l(\) 

In référencé to om and oc as coordinate axes, let {x^y) be the 
place of P at the time t ; so tbat 

y = l — — cosc/), œ = sin <*/) ; 

then tbe équation of vis viva is 

{(It? ch? ^ / 


m 
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whenee we hâve 

10 ^, . 

= — (cos 0- cos a); 

from which ^ may be expressed in terms of t by means of elliptic 
functions. 

If R is the pressure of the sphere against the bowl, 

,d(b^ 17cosé — 10 cosa 

E = m(b — a) +mÿcos<p = mg ^ ; 


so that the pressure at the lowest point = mg ^ i 

the pressure vanishes when 17 cos = 10 cos a. 

If F is the friction at the point of contact at the time 

.d^<l) . ^ 2mgQm(j:> 

F = m^b^-^a) ~ + mgsin^ = ^ ; 


as this = 0, when </> = 0, there is no friction at the lowest point 
of the bowl. 


If the bail rolls over only a small arc at the lowest part so 
that a and 0 are always small, then replacing cos cf) and cos a 

by 1 — ^ and 1 — — respectively, we hâve 


(a2_(^2)^ l7(b-a)) 


(f) = a cos 



"t: 


thus the bail cornes to rest at points whose angular distance is 
a on both sides of o, the lowest point of the bowl ; and the 

periodic time = tt | ^ consequently the oscillations are 

performed isochronously with those of a simple pendulum whose 
7 

length is ^ (b — a). 

O 


Ex. 5. A heavy uniform beam of length 2 a and mass m slides 
do wn between a smooth vertical wall and a smooth horizontal plane, 
the beam moving in a vertical plane. Détermine the motion. 

Let the intersection of the horizontal and vertical planes and 
of the plane of motion of the beam be the origin, and let be 
the place of the centre of gravity of the beam and 6 its inclina- 
tion to the horizontal plane at the time t ; so that a? = a cos 0, 
y =. a sin 0. 
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Hence thé équation of vis viva is 

+ P -jr^) — 2 mga (sin a — sm &), 


fdx^ à'ii^ 


^ cW cW- 

if a is the inclination of the beam, wben at rest, to the horizontal 
plane ; 


4a^ cl 6^ 


2g a (sin a — sin Ô), 


whereby ô may be expressed in terms of t by means of elliptic 
functions. 

If X and y are the pressures against the vertical wall and the 
horizontal plane respeetively, 


cPx 


X = m-T7:r = — 


Smg cosO 


' (It 


cl^g 


4 

mg 

■4 


(2 sin a — 3 sin d) : 


Y = + = — {l--6sinasin0 + 9 (sin 0)^}, 


^ sin a, the beam leaves the vertical wall but 

O 


Hence, when sin ô 
does not leave the horizontal plane ; the pressure on which is a max- 


imum, and is 


mg (cos a)^ 


4 


Thus the subséquent circumstances 


of motion become ehanged, the beam has a constant horizontal velo- 

(jity = (sina)^ 3 and also an angular velocity = , 

about a horizontal axis passing through the centre of gravity ; 
finally the beam becomes horizontal and lies in the plane. 

Ex. 6. A heavy homogeneous sphere rolls down the rough face 
of a wedge ; the wedge rests on a smooth horizontal plane, along 
which it slides by reason of the pressure of the sphere ; it is re- 
quired to détermine the motions of the sphere and of the wedge. 

The circumstances of motion at the time t are delineated in 
Eig. 50. m = the mass of the bail, m = the mass of the wedge ; 
a — the radius of the bail, a = the angle of the wedge ; Q, the apex 
of the wedge, 0 the place of q when ^ = 0 ; 0' the point on the 
wedge which was in contact with the point a of the sphere, when 
= 0 ; at which time let us suppose ail to be at rest ; a c P = ^, 
the angle through which the sphere has revolved in the time t. 

Let O be the origin, and let the horizontal and vertical lines 
through it be the axes of x and^; oq = iî?'; and let (^, y) and 
le) be the places of the centre of gravity of the sphere at the 
times t '=^t^ and z? = 0 respeetively. 
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Then tke équation of vis viva is 
^ ^ 2a^ dO^) 




5 ^^^3 cU^ 


/■7r'2 

+ U% = 2m^(^-y}. 


Also, as no external force acts parallel to the axis of a?, the centre 
of gravity of the two moving bodies moves in a vertical straight 
line, so that m = 0. 

.Also from the geometry, 

X = cosa, y = i—aOsina; 

M 




Whence 


M-f-m 


- a û cos a. 


7m^+ {4 + 10 (sin a)^}M^+{2+5 (sin a)^} dû^ _ 2^^sina 
5(M + m)^ di^^ a 

and thus and thence x and y, may be determined. in terms of t. 
Also from above 

(m + M)(^i7 — 7^) sina — M (y— y^)cosa = 0 ; 

which shews that the path described by the centre of the sphere 
is a straight line. 

Ex. 7. A heavy beam o see Eig. 51, turns about a hinge at 
O, and its end P rests on a smooth inclined plane or wedge, 
which slides along a smooth horizontal plane which passes 
through O : it is required to détermine the motion of the beam 
and of the inclined plane. 

Let m and m be the masses of the beam and wedge respectively ; 
2a = the length of the beam, a = the angle of inclination of 
the plane to the horizon ; POQ = d, Then, from the 

geometry, v^e hâve, 

iî? sin a = 2a sin {a — 6). 

Now the équation of vis viva is 

4 æ ^ dd^ clx^ / • n * 


where Oq is the value of 0, when the System is at rest ; and, re- 
placing ^ by its value in terms of , we hâve 


: m 


^cos(a— <7(9^ 'ïïig f . . . .. 

3 = 


whence 6 may be expressed in terms of t by means of elliptic 
functions. 

Ex. 8. A heavy body whose bounding surface is a circulai* 
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cylinder, but wbose centre of gravity is not in the axis of tbe 
surface, rolls on a rough horizontal plane : it is required to dé- 
terminé its motion. 

Let M = the mass of the body; and let Fig. 52 represent the 
circumstances at the time t ; in which g is the centre of gravity, 
c is the point of intersection of the axis of the cylinder by a 
vertical plane passing through the centre of gravity G ; oas is the 
horizontal plane ; o, the origin, is the point where the cylinder 
touches the plane when it is in equilibrium, A being the cor- 
responding point of the cylinder. Let ca = cg = c, acp = 6, 
so that OP = < 2 ^ ; and let k be the radius of gyration of the body 
relative to its rotation-axis through G ; let G be {ce, ; then from 
the geometry we hâve, 

X = aB^esir^.6^ y ■=1 a cos 
The équation of vis viva is 


^ =2mc^(cos^-cosa}, 

if ^ = a, when the body is at rest. Hence we hâve 

d 6^ 

2accos6 + c^+ = 2c^(cosi9~cosa) ; (172) 

which gives the angular velocity of the body about a horizontal 
axis ; and whence Q may be expressed in terms of t by means of 
an elliptic fonction. 

If however the angle through which the body rocks is always 
small, so that a and d are always so small that ail powers of them 
above the second may be neglected, and that the second powers 
may be neglected when they are added to finite quantities ; then 
we may replace (172) by its approximate équation, . 

J û2 




so that the body oscillâtes or rocks through an angle 2 a ; and 
the time of an oscillation 




This resuit applies to a problem which is physically of considér- 
able importance. In making observations with the pendulum, 
the mode of suspension which is found most convenient for the 
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détermination of tire distance between tKe centres of suspension 
and oscillation is that of knife edges, resting on horizontal plates 
of agate or of some other hard material. Although the knife 
edges are made of steel, and brought to as fine an edge as pos- 
sible, yet they are not mathematical straight Unes, but approxi- 
mate to cylinders, which we may, without sensible error, suppose 
to be circular, and of a very small radius; in which case the 
pendulum is suspended by a horizontal cylinder which rests and 
rolls on two parallel horizontal bars which are perpendicular to 
the axis, and of which a diagram is given in Fig. 53. Here 
the centre of gravity of the rolling body is below the horizontal 
plane, so that c is greater than a ; then, if T is the time of an 


oscillation. 


"I 




aj 


2 1 â- 

} ’ 


but if the pendulum is suspended by an exact edge, the time of 


oscillation 


= -Tri 




t og 




thus the effeet of the want of aceuracy in the edge diminishes 
the time of vibration in the ratio of 

to + 

Ex. 9. If we suppose the rocking body to be homogeneous, 
and to be bounded by a cylindrical surface whose section per- 
pendicular to the generating Unes is semicircular, as in Fig. 54 ; 
then^ if P 


CA = CG = <? = 
and the time of oscillation 




P 




(9 TT— 16 


8^ 

If the rocking body is a homogeneous hemisphere, the time of 
an oscillation 

= ‘ 


Ex. 10. A thin heavy homogeneous bar is suspended from a 
horizontal beam by two fine inelastic strings of equal length 
attached to its extremities so tbat the bar in its position of rest 
is horizontal. The bar is displaced (1) in the direction of its 
length ; (2) in a direction perpendicular to its length ; (3) by a 
twist about a vertical axis passing through its centre : the strings 
in each case remaining tant : required to déterminé the motions, 
the displacements being infinitésimal. 

I i 2 , 
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Let 2 æ be tbe lengtb and m tbe mass of tbe bar, and c the 
lengtb of each string of suspension. Let the centre of gravity 
of the bar in its position of rest be the origin, and let its line be 
the axis of x. Let (æ?, z) be the place of the centre of gravity 
at the time and let T be the tension of each string at that 
time. 

(1) As the bar moves in only a vertical plane, let ({> be the 
angle between each string and the vertical at the time t : then 
by the geometry a? = <? sin y = 0, z = c (1 — cos^) : and the 
équations of motion are 


— 2Tsin(^ ; ^-^=0; 


de- 


m = — w-y + 2 tcos<|). 


d^^ . 


d^^ O / . X 

= 2^(cos(^)-eosa), 

where a is the greatest value of <!>> As a and cj) are both small, 
we may replace them by their approximate values, and thus 
obtain 


whence 


df^ 

de 

<!> 


e*‘-- 


asm j 


and therefore, taking approximate values, 


m = casin{-) t-, y=0; ^ sm (^) - J : 

so that X and ^ are periodic functions of ^ ; of which the period 


/ c \ 

is , and of which the amplitudes are respectively <?a, 



(2) Let the bar receive a latéral displacement, and let -v//- be 
the angle between each string and the vertical at the time t : 
then by the geometry x =0, y — asin^, - 2 ? = c(l—cos\j/): and 
the équations of motion are 


7?l 


deæ 


dt 


7=0; 


m 


d^-y 

de 


— 2ïsin-^ ; 


m 


de 


— my + 2Tcos\l/; 


whence if /S is the greatest value of i//-, and /3 and xJ/ are both 
small and \j/ ^ /3, when ^ = 0, 
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f = l3cos(-^) i\ 

and taking approximate values as keretofore, 

^ = 0; j = c^cos(|-)N; ^="-|!|sm(fy||'; 

so that y and z are periodic functions of of wkich the period is . 

2 TT f — J 5 being tke same as that in the preceding case : and of 

, ^ 

which the amplitudes are respeetively c /3 and • 

If then the epoeh is the same in these cases, and the results 
are simultaneous and their résultant taken, then 

y^ 


= 1 ; 


of which the former is the équation to an ellipse : so that the 
centre of gravity of the bar moves in a curve, the projection of 
which on the plane of {x^ y) is an ellipse ; and the greatest height 


to which the centre of gravity rises is (a^ + /3^), this being its 

- i 

place when t = ( 2 ^ 4 - l) 7 r(— j 3 where is 0 or any integer. 


If the epoch in the two cases is not the same, the projected 
path is still an ellipse, but neither of its principal axes will be 
parallel to the line of the bar. 

( 3 ) Let the bar receive a twist about a vertical line passiug 
through its centre of gravity, whereby an angular velocity n is 
given to it ; and let Q be the angles through which the bar bas 
moved in the time t\ and let z be the height of the centre of 
gravity above its original place of rest at that time. Then by 
the geometry 

(æ— âîcosd)^ + â:^(sin0)^ + ((?— = (? ; 

{o — zY = 2Æ^ + 2âJ^cos0. 

Also by the équation of vis viva, ■ 


”(55 + 3iF) = 




3 

(a^(sin0)^ a^\dô^ 

I {c-zf slW' 


— 2wyz, 


«2 rs2 
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hj means of wliicK équations d and ^ may be found in terms 
of t* 

The last équation shews that the bar cornes to rest whenever 
Z = — 

... 

Let this quantity = Â ; so that the équation of vis viva becomes 

If T is the tension of each string at the time we hâve from 
the general équations of motion 

cl^z ^ c^z 

m-TTô- = ; 


dt^ 

aym 

3 


a-cv-ü %lia. 6 

’^T 17 S- = r- {^cz-z-y cosh 


sin^ 


•t; 


by either of which équations T may be determined. If the 
former be multiplied by clz, and the latter by dO^ and the results 
added, t disappears, and the intégral is the équation of vis viva, 
as given above. 

As B and z eannot generally be determined in terms of I 
wiU take some particular cases. If so that the bar cornes 

to rest in the horizontal plane of the fixed beam, 

-3(«sin0)2 + (c-^)2(l + 6cos0). 

(U‘^ - àg{c-z)sv!iO {Z{aûnef + {c~zyy 

mgclc — z) ‘{■(c—zY (l4-6cos0) 

T- - {3(Æsin(9)2 + (^?~^)2}2 

Therefore T = 0, if 2 ; = c ; so that the tension vanishes when the 

bar cornes to rest. And if -s; = 0, t = ; that is, the initial 

tension of the string is seven times its tension in the position of 
rest. 

If 7 ^ = (? = 2æ, so that the bar cornes to rest after turning 
through an angle of 180*’ ; the initial tension of the string is 
also seven times that of the tension when at rest. 

Again, if the displacement of the bar is small, so that 9 and -s? 
are always small, 2cz = and the équation of vis viva becomes 
dô^ Zg y%eh , 
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whick gives a periodic function, the extreme values o£ Ô being 
± (“^) J periodic time being 2tt * 


If we take tbis resuit in combination witb tbose of tbe iirst 
two cases, and suppose ail to be simultaneous, as tbe principle of 
tbe superposition of small motions autborises, tbe centre of 
gravity of tbe bar describes a small ellipse of wbicb tbe centre 
is tbe centre of gravity of tbe bar wben at rest ; and tbe bar 
oscillâtes about a vertical axis passing tbroug’b its centre, its 
periodic time being to tbe periodic time of centre of gravity in 
tbe ellipse as 3^' to 1 . 

Ex. 11 . A fine string is coiled round a beavy cylindrical 
wbeel ; one end of tbe string is fixed, and tbe wbeel descends, 
unwinding tbe string: it is required to déterminé tbe motion 
of tbe wbeel. 

Let M = tbe mass of tbe wbeel ; t = tbe tension of tbe 
string at tbe time t; a =: tbe radius ; op = œ, see Fig. 55 ; 
ô = tbe angle tbrougb wbicb tbe wbeel bas revolved from its 
position of rest ; k = tbe radius of gyration of tbe wbeel. Tben 
tbe équations of motion are 
ePeo 


„cPô 


also dx =■ add; 

(æ2 + F) 

dH _ ^ 

" “ 3 ’ 


so tbat 




and since Jc^ = 


we bave 


W' 


3 = 


• + -g- , 


SO tbat tbe space described in a given time is two-tbirds of tbat 
wbicb would be described by tbe wbeel falling freely. 

Tbe équation of vis viva is 

{dx^^ j^de^l 

from wbicb tbe preceding results may evidently be derived. 

Ex. 12. To déterminé tbe motion of a System of pulleys and 
weigbts, eacb of wbicb bangs by a separate string, as in Fig. 56. 

Tbe System consists of a fixed pulley wbose centre is c, and 
of a sériés of pulleys wbose centres at tbe time t are 03 ^, 03 , c.j, ... ; 
we will assume ail tbese pulleys to be equal, a to be tbe radius, 
k to be tbe radius of gyration, and m to be tbe mass of eacb ; 
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let M be tbe mass of tbe weigM whicb acts round tbe fixed 
pulley, and m' the mass of tbat which. is attached to the last 
moving pulley. Let T be tbie tension of the string by which M 
acts on the fixed pulley, and Tg, Tg, ... be the tensions of the 
strings which severally pass from the fixed pulley to the first 
moving pulley, from the first moving x^^^Uey to the second 
moving pulley, and so on ; and let Tg, Tg, ... be the tensions 
of the strings which are fastened severally to Aj , A3, A3, . . . ; let x 
be the distance of m, and let x-^^^ x^^ , , , be the distances of 
Cj, C2, C3, ... fcom the horizontal line A^Ag, ... at the time t ; let 
^(9, ^^2, ... be the angles through which the fixed and the 

several moving pulleys respectively rotate in the time dt\ and, 
to fix our thoughts, let us suppose m' to descend, so that ^1, ^^2» 
iCg, ... increase as t increases ; and let us suppose ^23 ••• to 
increase as t increases. Then we hâve the following sériés of 
équations of motion ; 


m{g 


m.{g 


~W 

d^x-^ 

~W 

d^x^ 

dt^ 


df^ 

df^ 


)=T, 

■) = T2 + T2-T3, 


3 ^«—1 Tjj, 

) = + 


\ 




( 175 ) 


mk^ 

d^O 

a 

dt'^ 

mk^ 

d'^e^ 

a 

df^ 

mk^ 

dH^ 

a 

dt^ 



r (1^/6) 


mh^ 

a cU^ 
mk^ cl^Qn 
a dt^ 


= T' -T,, 


/ 


We hâve also the two following sériés of conditions ; ( 177 ), be- 
cause the pulleys are rough and the cords roll round them and 
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wlience, eliminating Tj, Tj, . . . T„ , and replacing % , «g , ... in terxns 
of according to the values given in (179), we hâve 

+ = + (181) 

and this détermines the place of m' at the time t, From this 
value may he deduced, hy means of (l'7'9), the places of m 
and of the centre of every pulley at any time. 

If = 1, the System is that of a single fixed and of a single 
moving pulley ; and we hâve 

jM' + — + 4m V + — 2M}y. 

If we equate to zéro the right-hand member of (181) we hâve 
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the condition of statieal equilibrium of tke System of weiglits 
and pulleysj when tlie weights of the pulleys are taken account of. 

373.] In the course of the preceding problems some circum- 
stances of motion hâve incidentally arisen which reqiiire fuller 
and more spécial considération. 

The first is the case of initial circumstances, whether the 
general circumstances can be determined or not ; that is, tensions 
and stresses may be determined initially, although the values of 
them at the time t cannot be found in finite intégral terms. As 
these quantifies are functions of second time-differential coeffi- 
cients of coordinateSj the process will generally be, to obtain values 
of these quantifies from the geometrieal connexions of the System, 
and to substitute these in the équations of motion, taking the 
initial values of them. The process will be best understood by 
means of examples ; such as Ex. 10 of the preceding Article. 
The following are other examples in illustration : 

Ex. 1. A heavy homogeneous bar is suspended horizontally by 
two thin strings of equal length attached to its ends, and fast- 
ened to a horizontal beam ; one string is eut, flnd the change 
which takes place in the tension of the other in conséquence. 

Let m be the mass and 2 a the length of the bar ; let c be the 
length of each string, and a the angle which each makes with 
the vertical in the position of rest ; so that if T is the tension in 
that position 2Tcosa = At the time t after one string is 
eut let (/) be the angle between the uncut string and the vertical ; 
Q the angle between the bar and the horizontal, and (z, ce) the 
coordinates of the centre of gravity of the bar in référencé to its 
initial place. Then the geometrieal conditions are 

æ + a= acos ô + e sin </), z-{-c = a sin ô -i-c cos <p. 

Let time-differential coefficients be denoted by accents, as in 

Art. 126, and initial values by small subscript cyphers. Then 

differentiating these équations twice, and bearing in mind that 

initially e = 0, =z a, 6'= 0, 

we hâve ,, . „ ,, 

^0 =^c cos a<pQ , Zq = adçf —c sinatpQ . 

Now the équations of motion at the time û are 

m cc''= — T sin (p, m = mg — T eos 

ô"=. Ta cos(^ + (5f)). 


3 



373-] 


INITIAL STRESSES. 


491 


= — Tq sin a, mz^' = mg — ^^ cos a, 
ma^ ^ ,, 

Oç^ = Tq eos a, 

O 

wlience eliminating x^^'' , 6 q \ (^q" we hâve 

7)1 g cos a 
~ 1 + 3 (cos a)^ 

If a = Oj so that the beam is initially suspended by vertical 
stringSj 7ng 

that is the tension is diminished by one-half, by the cutting of 
the string; 

TqÎs a maximiTm, when 3(cosa)^ = 1. 

Ex. 2. An elliptical plate is suspended horizontally by three 
strings fastened to a fixed point above it, one string being 
attached to a focus, and the others to the ends of the opposite 
latus rectum: the string attached to the focus being eut, find 
the initial tension of the two other strings. 

Let O be the fixed point, c the centre of the plate, so that oc 
is vertical ; s the focus and l, the extremities of the opposite 
latus rectum to which the strings are attached ; h the other 
focus so that ll' is biseeted in h. 

Let OL = ol' = c ; LOH = l'oh = y3, so that OH = c eos /3. 
Let HOC = a. Now the tensions T along the lines ol and ol' 
may be compounded into a single force R along oh, being such 
that R = 2t cos /3. Then the problem becomes similar to that 
of the preceding example, and employing like symbols we bave 

c cos ^ cos --c cos (B sin a 

mx^^ = — Rq sin a, mzçf' ^ wg-— Ro cos a ; 
ma^ ^ ,, 

=RûÆ^cosa; 


whence 


_ mg cos a 
l+4e^(cosaf ’ 


^^cosa 

2 cos ^ { 1 + 4(?“(cos aY } * 

Ex. 3. A heavy homogeneous sphere rests on a rough hori- 
zontal plane, and is suddenly divided by a vertical cleavage into 
two hemispheres ; which at once begin to fall. Détermine the 
pressure of eaeh on the plane. 
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Let one of tlie falling hemisplieres be represented in tbe an- 
nexed figure, baving moved tbrough tbe angle 6. LetAPbethe 
diameter of tbe cleavage plane wbicb was originally vertical, o 
being tbe point at wbicb P rested on tbe plane. Let m be tbe 
mass and a tbe radius of tbe bemispbere ; let P c q = (9, and let 
G be tbe centre of gravity of tbe bemispbere, so tbat 


Also OQ = tbe are pq = æ 
time t ; so tbat 



Let (^, y) be tbe place of g at tbe 

a?=:â:^ + <?cos^; y a--- c sin ô, 

Difierentiating tbese expressions 
twice, and bearing in mind tbat 
initially ^ := 0, ^'=0, 

as tbe équations of motion at tbe 
time t are 

m = P, my'' = — + R, 

= R(?cos sin 6)^ 


■0 - + 


wbence hy élimination. 


mPd^^ = EqC — Pq^ï ; 
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so tbat tbe pressure on tbe plane is initially diminisbed by tbe 
motion. 

Ex. 4. If tbe spbere is divided into n equal sectorial wedg*es, 
ail baving a vertical diameter acp as a common edge, and being 
placed on a rougb horizontal plane, ail are simultaneously set 
free, tbe change of pressure on tbe plane is determined as 
follows : 

Using tbe same notation as in tbe preceding example, and 
taking one sectorial wedge to be tbe moving body, if m is tbe 
mass of tbe spbere, , 


c = 


T^sin - , F = «2 ) l ^2 

16 n (5 IOtt 71 ) ’ 


M 

m = - ] 
n 
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and consequently, if Bq is the whole pi’essure on the plane, 


Bo= My 




+ (? 


MyU- 


a^ + ?c^ + 


6-4 


whence, substituting for k^ and c^, the change of pressure on the 
plane ean be determined. 

If îi = 00 , then 


c 


3 ira 

T6~’ 


Eo = My 





45712 ) 

1636) 


374.] The next class of examples which require further and 
spécial considération is the g’eneral case of the rocking, or titubation 
as it has been called, of a heavy body bounded by a cylindrical 
surface, resting on another rough cylindrical surface, the axes of 
the two surfaces being parallel and horizontal, when the npper 
body which rests on the lower surface is slightly displaced from 
its position of equilibrium. 

Fig. 57, which represents a section of the two surfaces by a 
vertical plane perpendicular to the axes of the cylinders, shews 
the circumstances at the time t. 

G- is the centre of gravity ôf the upper body, whose mass 
= m ; and when the upper body is at rest on the lower, a is at 
the point o, and the line a a, which is the normal of the npper 
surface at a, is vertical, and is in the same straight line with o c, 
which is the normal to the lower surface at o. Let the upper 
body be slightly displaced by rolling^ not sliding, on the lower ; 
so that the arcs ap and op are equaL Let c' and c be the 
centres of curvatui-e of the upper and lower surfaces at a and o 
respectively. The normals to the two surfaces at P are evidently 
in the same straight line ; and since ap and oP are infinitésimal, 
c'a = c'p, and c o = CP. Let e = the normal pressure of the 
two surfaces on each other, and let P = the friction of rolling ; 
also let k = the radius of gyration of the moving body relative 
to an axis through g parallel to the axes of the cylinders. 

Let o be the origin, (a?, y) the place of G at the time t ; 
00 = CP = P ; c'a = c'p = p'; c'g = (?, OOP = (9, ac'p = 
consequently pÔ = p' and 

d + 6' = e. 

P 
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The équations of motion of m are 

m — E sm ^ — F cos 


m 


cl^ 

cU^ 


= E eos 0 + F sin <9 — 


mlê ^^ = —Ef? sin ^'+ F (p' — c)eos 0'; 

du 


(182) 


(183) 


and the geometrical équations of condition are 

a? = (p + pQ sin d — c sin (d + d'), | 
y = — p + (p4-p') cos d — d?cos (d + d'). ) 

As the displacement which we are considering is very small, I 

do 

shall assume d, d' and to he so small that ail powers of them 

dtf 

ahove the first may be neglected. Under these suppositions, the 
preceding give 

dt'^ C' ■ P 
d^-y 


= {-(p+py+<^i^) 


(184) 


and substituting these values in the first two of (182), we hâve 


E = 


{p+p')p ^^d^O ^ 


df^ 


2 ’ 


■^ = mg0^m—^{p 


(185) 

(186) 


d^^O 


which déterminé E and F in terms of . If we substitute 

these values in the last of (182), and omit terms involving 
powers of d higher than the first, we bave 




(187) 


which is the équation of rotation of the upper body about its 
rotation-axis through G, 

^2 Q 

Since the coefficient of is positive, the form of the intégral 

of this équation will dépend on the sign of the coefficient of d. 

(1) If p'^ is greater than c(p + p^); then the intégral of 
(187) takes the exponential form, and d will continually increase 
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as t increases ; so that the body moves farther away from its 
original position of rest, that position l^eing one of nnstable 
eqnilibrium. The geometrical meaning of this criterion is 

— is less than - + i • 

AG PP 

(2) If z= c (p + p'), that is, if 

and the body either remains at rest in its new position, or rotâtes 
with a constant angular veloeity. The original eqnilibrium in 
this case is neutral. 

(3) If p'^ is less than <?(p + p'), (187) is the équation of har- 
monie motion ; in which case the body rocks or titubâtes ; and 
the time of an oscillation 

^^ sp+(p'-c)^}i(p+pyi 
ÿi{c{p + p')~p'^}i 

In this case, the original equilibrium is stable ; and we hâve 

— greater than i -f- . 

AG^ PP 

The geometrical criteria for the stability, neutrality, and insta- 
bility of equilibrium, are the same as those found from statical 
considérations in Art. 142, Vol. III. 

The process and the results of this Article are equally true 
whatever are the signs and values of p, p', and c. Thus, if p is 
négative, the lower surface has its concavity upwards, and the 
problem is that of a body with a convex surface rolling on a 
concave surface. If p' is négative, we hâve a body with a con- 
cave surface rolling on a convex surface. If p = oo, the lower 
surface is plane, and a body with a convex surface rolls upon it. 
If p'= 00 , the upper surface is plane, and the body with a plane 
surface rolls on a convex surface. 

375.] Another principle, which requires spécial considération, 
is that of small oscillations. 

When a System of material particles, subject to mutual con- 
nections or restraints, is slightly disturbed from a position of 
stable equilibrium, certain forces are brought into action, which 
tend to restore the System to its original place of rest. We hâve 
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had examples of such forces in the preceding Ai-ticle ; and in 
Examples 4, 8 , 9 , 10 , of Art. 372. Now the équations of connec- 
tion of the several particles enable ns to express the coordinates 
of tlie places of these particles at the time t in their disturbed 
State as fanctions of new variables 6, (jb, i//-, . . ,, which are, ail and 
each, as well as their first zî-differentials, infinitesimals when the 
displacement of the System is infinitésimal, and are equal to zéro 
when the System is in its place of stable equilibrium ; and the 
number of these variables is of course that which is sufficient to 
détermine the places of the particles, subject as they are to their 
mutual connections. If then we substitute these variables for 
the old variables in the équations of motion, we thereby obtain 
new differential équations which correctly represent the circum- 
stances of motion in terms of the new variables. These équa- 
tions are of the second order, and contain no term independent 
of the variables 0, rj/, because they must be satisfied when 
the System is in its position of stable equilibrium ; that is, when 
^ = (^ = 'v/a=... = 0: and since the displacement of the System 
is, by our assumption, small, these variables and their first difier- 
entials are small ; if therefore our object is to acquire a general 
idea of the motion, that is, to obtain the principal terms of the 
motion, we must in the first place neglect ail powers of the 
variables and of their z^-difîerentials higher than the first. With 
this object in view the fonctions of the variables which enter into 
the équations must be expanded in ascending powers of the 
Variable ; and the squares, and ail higher powers of them, are to 
be omitted ; thus the differential équations will be linear, of 
the second order, of constant coefficients, and devoid of second 
members ; and their intégrais will be of the following forms : 

0 = Aj^cos(r^^ — aj) + A2Cos(r^i^ — a2)+ 

(f) = BiC0s(ri2J~aJ + B2C0s(r22^ — 
yj/ = CiCOs(»i!!-ai) + C2Cos(r2Î;-a2)+ 


wliere r-^, are the roots of a certain algebraical équation of 
an order equal to the number of the variables; a^, Ag, Uj, 
Uj, ... are constants depending on the initial or other circum- 
stances of the System; and b^, ..., Cj, Cg, ... are other con- 
stants, which are fonctions of A^, A 2 , ..., ... , and are 

determinable by means of the given differential équations. 
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If n is the number of the variables (9, , eaeb of the 

équations in (189) is the sum of n terms, whieb are circular 
fanctions of t ; eaeh term hj itself representing a small oscil- 
lation of the same natui*e as that of the simple pendulum ; the 
times of oscillation corresponding to each term being different, 

and being severally — , and each variable generally con- 

O'i ^2 

taining a term of each period. Thus the motion of the system, 
slightly disturbed from its position of stable equilibrium, consists 
of simple oscillations of its several component particles, both the 
amplitudes and the periodic times being in general dijSPerent for 
the several oscillations. As these oscillations coexist, and as 
each variable is the sum of many, the principle of their com- 
bination is commonly called the law of the coexistence of small 
oscillations. 

If the quantities 9\, ^ 3 , ... are commensurable, the System 

of particles will periodically pass through the same state ; for 
suppose [JL to be the greatest common measure of 9\y r.j, y so that 

fl = ^2 = ; 

where /Iq, /c^, k^y ... are whole numbers which hâve no common 
measure ; then if T is the time in which the system passes from 
a given state to the same state again, ... must ail 

be multijdes of 27r; and as ... hâve no common factor, 

the least value of T which will satisfy this condition is 



this therefore is the time in which the system of particles passes 
through ail its forms from one state to the same state again. 

If /X = 0 , this time is infinité ; that is, if the quantities 

^ 2 , ... hâve no common measure, the System of particles is 
not periodic ; and the state in which the particles may be at a 
given time is never taken by the particles again. 

376.] Since eaeh of these small motions takes effect separately, 
and independently of other similar motions ; and since the whole 
efiect is the sum of these separate and partial effects ; the law 
of co-existence of small oscillations is a particular case of the so- 
called principle of superposition of small motions. This prin- 
ciple may be explained in the following way. 

PRICE, VOL. IV. ick 
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Suppose that for certain initial values of tbe variables and 

their ^-differentials, say, 

0=0^, ^ = </>!. f = 

- 0 ' 

— Vl , 


^ =<#>!> 


dt 

the motion is represented by the intégrais, 

0 = 03 ^, ^ = ^ 1 , = 

and suppose tbat for another System of values, say 


û = û 


2î 


rlO 

(U 




0 = <1)2, 

d(l> 

(U 


‘ ^2 î • • • ’ 


(191) 


(19S 


(193) 


the motion is represented by the intégrais, 

0=0^, <^>=*2> f = (194.) 

and so on for 7i Systems : then for the Systems of values which 
are the sums of ail these values, viz. 


6 := $1 + + . . . , 
(U 
dt 


d<p 


<^>1 + <^2 + • • • J 


= d/ + d/ + ..., 


= V^l + ^>^2 + • 
dyj/ 


dt 




the motion is represented by the sum of the partial intégrais ; viz., 

^ 4- ©2 ■!■••• J \ 

^ = 4»^+ ^2 + r (195) 

xjf = ^1 + ^2+... ; ) 

for these values will satisfy the differential équations of motion 
by reason of their linearity ; and they reduce themselves to the 
several initial values when t = 0; tbus tbey satisfy ail the con- 
ditions of the problem. 

The preceding processes are only applicable when we confine 
ourselves to small motions and to first approximations. If a 
more exact détermination is required, we must return to the 
original équations of motion in tbeir complété forms, and sub- 
stitute in terms of the second degree relatively to the variables 
those values which we hâve found in terms of to a first ap- 
proximation ; and then, neglecting ail the terms of a degree 
higher tban the second, we shall hâve new équations which will 
differ from the first only by the addition of a new member, 
which is a known function of t. Values of d, (p,... will be deter- 
mined from these to an approximation higher than the former. 
And if an approximation is required still more exact, we must 
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introduce the second values of the variables in the original 
équations, and pursue a process similar to the former. 

377.] The following examples are illustrative of the process. 

Ex. 1. I will first take the simple case of a conical pendulum, 
that is, of a heavy parti de constrained to move on the inside of 
a smooth spherical surface ; this problem is the same as tbat 
which has been considered in Arts. 440 and 441, Vol. III. 

Let us refer the position of the moving particle to the point 
of suspension of the pendulum as the origin, and to two vertical 
planes passing through that point, and perpendicular to each 
other, as the planes of (x, z) and (^, z), the axis of z being 
taken vertically downwards. Let us moreover suppose the rod 
of the pendulum^, whose length = ly initially to be in the plane 
of (a?, z)y and to be inclined at an angle = a to the ^-axis ; and 
the bob to be projected with a velocity = u perpendicularly to 
the plane of z)\ let the line of the pendulum at the time t 
be projected on the planes of {x, z) and z) \ and let the 
angles between these projections and the ; 2 ^-axis be respectively 
6 and \// : now I shall assume that the oscillations of the pen- 
dulum are always small, and I shall consequently consider d and 
the variables which déterminé its position, to be so small 
that powers of them higher than the second are to be neglected. 
The initial values of 6 and are respectively a and 0 ; and of 

^ and ^ are 0 and ^ ; then the équations of motion are 
(U ati 


l-gl=-s0. 




l 

l 



0 = acos(fp; f = 

Let (^, y) be the projection on the horizontal plane of (x^y) of 
the place of the bob of the pendulum at the time t ; so that 
X ■=^ l sin 6 y ^ l sin \\r 

z=z le = l\^ 




\ei y = X tan <p ; then 

tan c/) = 



K k 
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so that (j), wliicli détermines the plane of oscillation of the pen- 
dulum at the time t, does not vary directly with t, and eon- 
sequently the pendulum does not revolve nniformly. Also 

(196) 

which represents an ellipse ; so that the boh of the pendulum 
describes a path whose projection on the plane of is an 

ellipse. AU these results are in accordance with those of 
Art. 441 J Vol. III. 

Ex. 2. A System of n heavy rods o , . . . , of given lengths 

2a^/Za^, is formed by means of smooth joints at their 

extremities a^, a^, ...j as in Eig. 58, and is suspended by the 
extremity o from a fixed point. Déterminé the small oscillations 
of the System, when the motions of ail are in the same vertical 
plane, say of {os, y), 

Let the angles which the rods respectively make with the 
vertical oy he 6^, 6 ^, and let (^^yi), (^ 25 ^ 2 )? be the places 
of their centres of gravi ty at the time t; let w. 3 , ... be 

the masses of the rods, and their radii of gyration rela- 

tive to axes passing through their centres of gravity, and per- 
pendicular to the plane of (oc, y). Let x^, x^, Yg, ... be re- 

spectively the horizontal and vertical eomponents of the actions 
of the joints at a^^ , Ag, ... ; then denoting time-differentiations by 
accents, the complété équations of motion are 

{a^- + sin e^ + 2a^ (x^ cos 6^^ - sin 0^) ; (197) 

-Xi +X 2 , + 1 

m., $,/'= { {x^ + X,) cos 0 ^ - (y^ + y^) sin 0.,} ;) ^ ^ 


= - X 2 + X 3 , m^yf = m^g - y^-\- Y 3 , 




= ^3 { (-^2 + ^3) eos ~ (y^ -f y3) sin ( 9 . 


M.f (199) 

3 ; i f 


■ ~X„ 




but the variable coordinates are subjeet to the following’ ec[uations ; 

2â:jsm d, +asiii0„, ) 

^ ( 201 ) 


X, 


^2 = 2^!:;^eosd;^ + a2eos0 ; [ 

*3 = 2 sin + 2 «2 sin 02 + ^3 sin 03 I 

= 2 eos 0^ + 2 «2 cos 9 .^ + eos 6 .^ ■ 3 


x„ — 2aj sin0;^+ ... + 2a„_j sin0„_j + a„sin0„, 
.= 2A!ieos0j+ .,, + 2a„_jCOs0„_j +a„eos0 


( 202 ) 


“’l (203) 

)»• ' 
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From these we hâve, omitting squares and higher powers 

^2 = 2a-j^0i +a.2 02 } ) ^'> 04 ^ 


and snbstituting these several values in the first two of each of 
the preeeding groups (198), (199), we shall hâve équa- 

tions involving the second 2 f-differentials of the ^’s only ; from 
these we ean eliminate the x’s and . the y’s, and therehy obtain a 
sériés of équations in terms of the û's and their second ^î-differ- 
entials only. 

Ex. 3. As an oscillating compound j)endulum is a problem of 
considérable interest, I will take a particular case of two equal 
l)ars, so that = m .2 = m, say: 



4 ? CL w 

then - — 6^' = ~ y sin ^ (x^ cos 6^ — sin <9^) ; (205) 

ô 

m = w (J 

ma ^ ^ ^ ^ 

~ ^2 = ^2 — sm 6 2 ; j 

CG^ = 2a sin 6-^ + a sin ^ 2 , ) 
y^-=i%a cos 6^ + a cos ô.^ ; ) 

whence, omitting small quantities of higher powers, 

Xo'= 2ad-^'' + a 

mg + ma (2 6^ ^ 2 ') 5 

and eliminating x^, y^^ , U hâve 

3C + |02"+|â2 = O; ) 

whence eliminating ^ 2 , we hâve 

ZgcPQ, 27 g^ _ 
a dt'^ 28 

Now as the roots of the charaeteristic of this équation are 
ail impossible, if we dénoté them by ±(— ±(~)-^ 2 , the 
solution of (209) is 

6 -^ = El cos /?]) 4- Fl cos (^ 2 ?^ + yi), 


(206) 

(207) 


(208) 

(209) 


( 210 ) 
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wliere e^, are four constants introduced in intégration, 

whicli are to \>e determined from initial or otlier circum stances. 

If we had eliminated <9^ from (208), we should hâve found a 
linear differential équation of the fourth. order of the same form 
and coefficients as (209) in terms of ^25 and integrating we should 
hâve 0 ^ ^ E 2 cos {7\t + jSg) + P 2 cos ( 7 * 2 1 + y^), ( 211 ) 

where Eg, E 25 ^ 2 ? 72 constants introduced in intégration, and 
which dépend on initial or other circumstanees. Thus the varia- 
bles which détermine the position of the bars consist of two 
eircular functions, of which the periodic times are respectively 

^ - and — ; and since r, and hâve no common measure, what 
^*1 ^2 

îs the position of the beams at any time never recurs ; but if 9\ 
and 7*2 tiad been such as to hâve a common measure n, a given 

position of the beams will always recur at intervals ^ • 

Ex. 4. An uniform heavy rod of . length 2a is suspended at 
one end from a fixed point by means of a string of length /, 
whose weight may be neglected. The rod is slightly displaced 
from its position of equiübrium ; it is required to détermine 
its small oscillations. 

Let the point of suspension be taken for the origin ; and let 
the horizontal plane through it be the plane of (a?, j/), and let the 
^--axis be taken positively downwards. Let m = the mass of 
the rod ; and at the time Het T = the tension of the string, 
(«, y, z) be the place of the extremity of the string, {x\ y\ /) the 
place of the centre of gravity of the rod; (f, rj, () the place 
of any élément dm of the rod, the distance of which from the 
upper extremity = s. Then the équations of motion of the centre 
of gravity of the rod are 


m 


d^^x' 

dt^- 


æ 



d^y 



\ 




(212) 


but since the displacement of the string and beam is always 
small, a?, y, x', y' are always small, and approximately, z= l, 
2 .^ = l+a; eonsequently for the preceding équations we hâve 
their approximate values 
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d'^x' X d^if y 

The équation of moments relative to the iî?-axis is 

but approximatelj, 


T = w.g. 


c=/+^ 


-(éa + Sl) . 


^=0; î? + C=^ + «; 

so that we hâve 

Ç'ia l^S id'^y (l^[y—y\§'\ , 

-}, ”2ri3s + -V^;S'''=”*"' 

Similarly the équation of moments relative to the y-axis is 

«^-(4« + 30^=3y^'. (215) 

These two équations together with the first two of (213) are 
sufïicient to détermine the motion. 

Eliminating y' between the second of (213) and (214), we hâve 
d^y , ^^Zlcl^y , l^^R\ 


dt'^ ^ al ^ dt 




Now the four roots of the characteristic of this équation are 
evidently impossible; let them be + ( — )^^*i 3 ± ( — )“^25 
the solution of (216) is 

y = E;^ cos — «i) + El cos (^ 2 1— tto) ; 
where e^^, oqs ^2 constants depending on the initial or 
other circumstaiices of the beam and string. The other variables 
hâve the following values : 

y' = e/ cos {7\ t — a-^ + f/ cos (^2 1 — a.^), 
a? = E 2 cos (r^,^ — i^i) + 1’2 (^ 2 ^ 

£g' = E 2 ' cos ('7\ t — + 1^2 (^2 ^ 2 ) '•> 

and each of these variables involves the same two circulai* func- 

tions, of which the periodic times are respectively — and — > 

^'1 ^2 

although the amplitudes of vibration and the commencement of 
the periodic times are different for each. AU the undetermined 
variables can be found in terms of the initial circumstances of 
the rod and string. 

Ex. 5. A body which has one point in it fixed is in motion 
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about an instantaneous axis, the angle of inclination of wliich to 
a stable principal axis of the body at the fixed point is always 
small ; it is required to déterminé the motion when the body 
makes small oscillations about its mean position. 

Let the principal axis of the body with whieh the instantane- 
ous always nearly eoincides be the ^-axis, about which the 
na ornent is c ; so that oùi and (^2 are always small quantities, 
tbe products and powers of which above the second we shall 
omit in our approximations. Also is nearly constant : we 
shall take n to represent its mean value, and shall replace 6)3 
by n in small terms. As the motion of the instantaneous axis 
is small, L, m, n are also supposed to be small. Under these cir- 
cumstances Euler’ s équations are 


cl Où-, f . 

A-^^ + (c-B)»C02 = L, ' 

cl ùùo / N 

+ (a-c) nco^=:M, V 


( 217 ) 


Let us refer the motion to the axes of (^, y, 0), fixed in space by 
means of the direction-eosines given in Art. 2. Let the mean 
position of the f-prineipal axis be the 0-axis, so that the angle 
between the z- and the f-axis is always small ; consequently 
C3, which is the cosine of the angle eontained between these axes, 
is always nearly equal to 1, and may be replaced b}^ 1 in small 
terms. Hence also it follows, that are always small 

quantities. And since 

0 )^ = «3 "1 + ^3 "2 + <^3 ^35 

we may replace by 0)3, that is, by in small terms. Now 
replacing and û)^ by theii* values given in ( 83 ) and ( 84 ), 
Art. 57 , we bave 

COj = ü-^ 6)3. -f- ^2 CO^ -f- COg 



+ « 3 » 


(Ih^ 


= K^2-«2M-ÿ +(«lC2 


\dc^ 

+a,n 


^3 


cU » dt + ^ 
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now C3 = 1 in small terms, and its variation is so small that 
ninst be omitted ; 

• • “1 ~ +«3». ( 218 ) 


Similarly, 


fla^ 

--^+hn. 


(219) 


Let ns substitute these values in (217) ; and we bave, omit- 
ting the siibscript 3, 


(V^h , . (la \ 

(l'^a , \ ot ^ ) 

— + (a + B — — — c)â5 = M. 


( 220 ) 


L and M, whieb are the moments of tbe impressed couples wbose 
axes are tbe and ?7-axis respectively, must be expressed in 
terms of a and l ; as tbese bowever are small quantities, and 
as L and m botb vanisb in tbe state of equilibrium wben 
« = i = 0, tbey are of tbe following forms ; 

L = 7; 

M = qa + c/t 

so tbat finally tbe differential équations in terms of a and h are 
of tbe forms 


y b, ) 


( 221 ) 


cPh (la . 

— + a — |-/3"<3! + /3 ~h = 0, 


(U 


« + y-5 = 0; 


( 222 ) 


wbich are two simultaneous differential équations * of tbe second 
order, and are intégrable by tbe processes explained in Vol. II. 
Hereby a and b will be expressed in terms of t ; and as tbey are 
tbe eosines of tbe angles contained between tbe fixed ;?-axis and 
tbe moving axes of ^ and 77 respectively, so will tbey détermine 
the position of tbe three principal axes of tbe body at tbe time i \ 
and (218) and (219) will give to-j^ and oog in terms of i ; and as 
CO3 = so will also CO be known ; and tbe position of tbe instan- 
taneous rotation-axis will be given. 

378.] The équations (220) may be conveniently applied to tbe 


* These équations are the saine in/orw as those given in “An Elemen- . 
tary Treatise on the Dynamics of a System of Rigid Bodies,^’ by E. J. 
Routh, M.A., Cambridge, 1860; équations a, p. 174. It is indeed to a 
study of that treatise that I owé the thought of transforniing generally 
the first two of Euler’s équations into (222J as their équivalents. 
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problem of the motion of a heavj body having* a point fixed, at 
wbieh two of the principal moments are equab say, a = b, and 
the third principal, moment c is greater than a, the centre of 
gravity being in the c-axis, at a distance li from the fixed point ; 
and the angle between the c-axis and the vertical being always 
small. 

Let the fixed point be the origin, and let the vertical line 
passing throngh it be the .^-axis : and let h be the distance of the 
centre of gravity along the ^-axis from the origin : then 
i,=.mgîih\ z=z ^ mgli(L\ N=0; 

and (220) become 


\ O r N 7 77 

A + (2a — c) 71 — +n'‘ (c — K)b = m gli 6, 

^ -(2A-c)?^ — +^2^c-A)â5 = mglia\ 


(223) 


of which the form is 


(l-h da _ 


2 a ^ + ;â^a = 0 : 
at 


(TM 

df^ 

wlieiice eliminating h, we hâve 

Iti + 2(2a2 + /3-)^+/3*a = 0. 

Now the characteristic of this equatioa is 

/^ + 2(2aH^")^2 + /3^ =0. 
Solving this, we hâve 

r = + (_)-i {a + (a^ + /3^)n 


= + (-)^[ 


2a— C ^ (c^7i- — 4A7}zg/i)^'i 

~“2V ® - 2r”^ s ’ 

and thns we hâve three cases : 

( 1 ) If is greater than 4A7ïïgli\ that is, if 

n . , 4Amgh 

is greater than — 3 

the four values of r are impossible ; let them be 

± ( — )^»i. ±[—)^'rt\ 

then the solution of (225) is 

a = Cl sin t + y^ + sin {r.J + ; 


(224) 

(225) 

(226) 

(227) 

(228) 


(229) 
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where 


yiJ y2 


are four constants, wHcli are to te deter- 


mined by the initial or other circumstances of the top. In tbis 
case the motion is stable, and the top makes oscillations about its 
mean place. Thus the stability of the motion dépends on the 
inequality (228), which shews that the angular velocity of the 
top about its own axis must be greater than a certain assigned 
quantity. 

(2) If = ^Kmgli ; then r = + ( — )^ a ; and 

a = + + ; (230) 

where € 2 , and y are constants depending on the initial cir- 
cumstanees. This resuit shews generally, that a has periodical 
values ; but that, as 4- t increases with the time, its maximum 
values increase ; and thus the motion of the top is still oscil- 
latory, but in an increasing or decreasing orbit, according as C 2 is 
positive or négative. 

(3) If is less than 4^A.mgIi^ then 




27 




2a- 


2a 


= ± { ± p + (~-)^'or} ; 

a = Ci<?p^sin ((r 2 Ç + yj) + C 26 “^<sin(orif 4 -y 2 ) ; (231) 

where 7 x 5 y 2 constants to be determined by the 

initial circumstances. This form shews that a increases without 
limit as t increases without limit ; but a is the cosine of an angle, 
is always small, and cannot exceed 1 ; consequently this form 
soon ceases to represent the motion of the top. 

If a is eliminated from (224), we shall bave an équation in 
b of the same form and with the same coefficients as (225) ; 
hence the solution will be of the same form as that of <2, but the 
constants of intégration will be different. 

This problem is the same as that already solved in Arts. 
31 3-327, where further élucidation has been given. It is also 
that of the motion of a top which rotâtes, with its axis nearly 
perpendicular, about a fixed peg. 

379.] Another subject, which has arisen in the course of the 
preceding examples, requires a few words of explanation. We 
hâve frequently met with a résistance or a force arising from 
friction ; and we hâve assumed the force to act in a dix’ection 
contrary to that of the motion : we hâve spoken too of a friction 
of Tolling as distinct from a friction of slidmg. This distinction, 
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as well as the dynamical effeets of the two kinds, we proceed to 
explain more fully ; and we must begin with certain laws whicb 
bave been experimentally observed; for although tbese are a 
^niori reasonable, yet tbey dépend upon the physical constitution 
of matter ; and our theoretieal knowledge of molecular physies 
isj as yetj too uneertaiu, so that any proof derived from tbat 
source should supersede proof drawn from observation and ex- 
periment. 

Friction of sliding bas been considered statically in Sec- 
tion 10, Chapter III, of Vol. III, and the three laws therein 
stated are sufficient for the dynamical effeets which we hâve now 
to consider. I shall take the case of a heavy body placed on a 
rough inclined plane, or on a rough curved surface, and sliding 
on it, so that its velocity is retarded by friction. 

From the laws just alluded to it appears, (1) that, so long as 
the pressure is the same, the friction is independent of the area of 
the surfaces in contact ; (2) that the friction varies as the normal 
pressure exerted by the heavy body against the surface on which 
it moves. It also appears that the body does not begin to move 
unless the inclination of the plane, or if it is on a curved surface, 
of the tangent plane of the point at which it is placed, is equal 
to or exceeds a certain angle called “the angle of repose,’’ and 
that, if p, = the coefficient of friction, this angle = tan“^ /x. It 
appears also from law III of the section above cited, that the 
friction is independent of the velocity of sliding. I propose now 
to apply these laws to some problems. 

Ex. 1. A particle is placed on a rough inclined plane, the angle 
of inclination of which to the horizon is greater than the angle of 
repose ; it is required to détermine the motion. 

Let a = the angle of inclination of the plane ; m = the mass 
of the particle ; R = the normal pressure on the plane ; e = the 
retarding force of friction ; fx = the coefficient of friction. Let 
X = the distance along the plane through which the particle 
has moved in the time t ; then 

R = wycosa, F = /xR; 

(Px , 

• == = my {sina — /x cosa} ; 

from which équation the motion may be determined. 

Ex. 2. A particle slides down within a rough circulai’ cylinder 
whose axis is horizontal : déterminé the équation of motion. 
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Let 6 = the angulai- distance from tlie lowest point at the 
time i ; then the équation of motion is evidently 

— a {sinô — ^cosô} ; 

(I < 9 ^ 

^ ^ = 2^ {cosa — cos^ +/x(siiia~siii0)} ; 

where a is the value of when the particle is at rest. 

380.] In these cases the friction has been that of sliding 
only ; and although the inclination of the plane has, in the latter 
example, been less than the angle of repose, jet, hy reason of 
the previously acquired momentum, the particle has still con- 
tinued to move. In cases however of bodies moving in contact 
with rough surfaces there ma, y be friction of rolling as well as 
friction of sliding*. If a cube is plaeed on an incline d plane 
whose inclination to the horizon is less than 45°, the cube will 
not fall over, and will slide down if the angle of repose is less 
than that of the inclination of the plane. If however a heavy 
sphere is plaeed on a rough inclined plane it will always roll ; it 
will moreover slide as well as roll if the angle of inclination of 
the plane is greater than its angle of repose. Now, if the sphere 
relis only, the proeess taken in Ex. 1, Ai*t. 372, détermines the 
motion ; whereas, if it slides as well as rolls, other terms are 
required in the équations. 

We may form a tolerably précisé notion of the friction of rolling 
by imagining a heavy cylinder or wheel rolling on a horizontal 
plane. By reason of the compressibility of the matter in con- 
tact, the cylinder and the plane mutually penetrate each other ; 
and hence arise reactions, acting on the cylinder in a direction 
contrary to that in which it is moving, and which act as obstacles 
to its rolling. The friction of rolling is measnred by the hori- 
zontal force which it is necessary to apply to the axis of the wheel 
to main tain an imiform veloeity of translation of the cylinder. 
Experiments were made in this subject by Coulomb ; and he 
discovered the folio wing law : the force of rolling friction for a 
heavy cylinder and a given plane varies directly as the pressure, 
and inversely as the radius of the cylinder. Thus, if n = the 
pressure of the cylinder on the plane, r = the radius of the 
cylinder, r = the rolling friction, 

K 

P = - J 

r 


(232) 


510 EOLLING AND SLIDING- FRICTION. [ 38 1 . 

where 1 ; is a constantj called the eoelBcieiit of rolling friction, 
whicli dépends on the nature of the surfaces in contact. 

ïtolling friction as a retarding force is mucli less than sliding 
friction, and may be neglected when tbe latter acts. 

In mecbanical problems the difficulty frequently is to déter- 
miné whetber a body will slide and roll, or only roll : now let 
F = the friction, and n = the normal pressure ; then if the 
ratio of F to e, wbich is equal to is equal to, or greater than, 
tan a, the body only rolls ; in which case a geometrical condition 
will exist, which may take the form of a relation between the 
space of translation described by the centre of gravity and that 
due to the rotation about the instantaneous axis passing through 
the centre of gravity: the use of this relation is évident in 
the examples of Art. 372. If however the ratio of F to E is 
less than tan a, the body will slide as well as roll, and the geo- 
pietrical relation just alluded to eeases to hold good. The 
method of solution then to be applied will be évident from the 
folio wing examples : 

381,] Ex. 1 . Let us take the following simple case. An 
angular velocity n is given to a heavy sphere about a horizontal 
axis, which is free from ail constraint, and the sphere is placed 
on a rough horizontal plane, and ail restraint is removed. It is 
required to déterminé the subséquent motion of the sphere. 

So soon as the sphere is brought into contact with the plane, 
inasmuch as the centre of the sphere is not in motion at that 
instant, a slipping arises between the sphere and the plane, its 
line being at right angles to the horizontal axis of rotation of 
the sphere ; by this slipping a friction is caused and energy is 
withdrawn from the sphere, but the centre of the sphere moves 
with a horizontal velocity along a line parallel to the line of the 
sliding friction, so that the initial kinetic energy of the sphere 
becomes broken up into ( 1 ) the kinetic energy of translation of 
the mass of tbe sphere collected at its centre ; ( 2 ) the kinetic 
energy of rotation of the sphere about the horizontal rotation- 
axis ; (3) the kinetic energy which has been withdrawn by the 
friction ; this is évident also from the following équation of 
kinetic energy, This slipping continues until the horizontal 
velocity of the mass-centre and the rotation about the horizontal 
axis are so related, that if v dénotés the former and co the an- 
gular velocity of the latter, a being the radius of the sphere, 
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V =. a (jù, and ttie friction of sliding then ceases ; but as tbe plane 
is rough a friction of rolling cornes into action, in which however 
if no kinetic energy is witbdrawn, the sphere continues to roll 
witb uniform velocities of translation and of rotation. H en ce 
tliese two parts of the motion require distinct considération ; the 
former being that in which sliding friction opérâtes, and the 
latter that in which there is only rolling friction. 

I-îaving regard to the laws of sliding friction which are given 
in Art. 118, Vol. III, and especially to I and III, the équations 
in the former part of the motion are as folio ws : e being the 
pressure on the plane, and r being friction ; 

w.g\ r = 

Let X be the horizontal distance through which the centre of 
the sphere has movod in the tirne t ; let n be the initial angular 
velocity of the sphere ; and o) the angular velocity at the time t ; 
so that if (IQ is the angle through which the sphere revolves in 
ilt^ dô = c^dt, The effect of r is to increase x and to diminish 6 ; 

d.^x 

= fxmg; 


2a^ dH 

• Y = -rtJE = ^fj.a9ug, 

Th us the force aeting on the sphere is of uniform accélération. 
The équation of kinetic energy is 


m 


dx^ 


^ _ + 2 P ^ — Æ?) = 


2md^ 


(233) 


the right-hand 


5 

being the initial kinetic energy, and the left- 
liand member being the energy at the time t, tho first two terms 
being kinetic, and the last being that which is withdrawn by 
sliding friction and transmuted into some other form. So long 
as there is sliding friction adQ is greater than dx, and so accord- 
ing to the above initial conditions is greater than x. 


Also from the équations we hâve 


dx 


dt 

de 

di 


7 = ; 




fxgf^ 

... 




•4-n : 




5 ixgP 


+ n/ ; 


2a ' A<a 

which, give the distance through which the centre of the sphere 
moves in a given time and also the angle through which it 
has revolved. 
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Now as soon as æ has so far increased and the angular velocit}" 
lias so far decreased, that dæ = ad B, sliding friction ceases^ and 
rolling friction cornes into operation, and the relation cloo ^ ad ô 
holds true throughont the subséquent motion. If is the 
veloeity of the mass-eentre, and % is the angular velocity at that 
instant, and is the excess of the distance through which the 
initial point of contact in the sphere has travelled over that 
through which the point of contact has moved, then from the 
preceding équations, 


2a^ , 


10 




Thus the velocities of translation of the mass-centre, and of 
rotation about a horizontal axis through it are assigned at the 
instant when sliding friction ceases. Also wheniZa? = ad B, 


iaa 


which assigns the time w^hen sliding friction ceases. 

If is the rolling friction, the équations of motion become 
d'^œ 

2^2 d^B 


m - 


5 dt 


= «Pi 


dc(r dB'^ 

dt 5 


dt^ ^ 5 


and as dx ■■ 


adO^ and ^ are constant, and the sphere rolls 


dt dt 
with a constant angular velocity. 

Ex. 2. A heavy sphere moves down a rough inclined plane, 
whose angle of inclination to the horizon is greater than that of 
repose ; it is required to déterminé the motion. 

Let a = the angle of inclination ; \x = the coefficient of sliding 
friction ; P = the sliding friction ; n = the normal pressure 5 the 
équations of motion are as follows : 

n = mgQQ^a ; P = /xE = jj^mgeosa ; 
d^ s . 

= m^sina — P = » 2 ^(sin a — /x cos a), 

2a^d^-e 

t= = a fjimg cosa ; 

these being the équations so long as sliding friction continues, 
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and giving results similar to those of th.e preceding example. 
Thus the sliding ceases and the sphere only rolls wken ds ad 6 1 
in whick case 2 

tan a ; 


consequently tke spkere will slide and roll, or will roll only, 

according as tan a is greater or not greater tkan ^ • 

À) 

Ex. 3. If tke body moving down tke plane is a circular cylin- 
der of radins = witk its axis korizontal ; tken 


S fjL = tan a ; 

and tke body will slide and roll, or roll only, according as a is 
greater or not greater tkan tan~^ 3 /u. 

Ex. 4. A keavy body wkose bonnding surface is a circular 
cylinder, but wkose centre of gravity is not in tke axis of tke 
surface, makes small titubations on a rough korizontal plane. 
Déterminé tke limits of tke angle of titubation so tkat it may 
not slide on the plane. 

Take tke figure and symbols of Ex. 8, Art. 372 ; and let [jl = 
tke coefficient of sliding friction between tke rocking body and 
tke plane. Tken, as tke angle tkrougk wkick tke body rocks 
is small, powers of 6 kigker tkan the second may be neglected. 
Hence we kave ^ 2 ^ ^^ 2 ^ 


^ ^ (a--c) 6 

and consequently, if tke body roUs and does not slide, 0 must 


not be greater tkan 


c{a — o) 


382.] Tke following examples of motion of rigid bodies, free 
and eonstrained, involve varions modes of application of preced- 
ing principles, and are inserted in illustration, as well as because 
many of tkem are in tkemselves of considérable interest. 

A keavy komogeneous solid ellipsoid is struck by a blow 
wkose momentum is q, in a line parallel to one of its principal 
axes, and subsequently moves freely under tke action of its 
weight ; it is required to déterminé tke motion. 

Let M = tke mass of tke ellipsoid ; and let tke équation to 
PMCE, VOL. IV. L 1 
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thé bounding surface relative to the centre as orîgin, and its 
three principal axes as coordinate axes, be 

^ ^ — 1 
^2 + ^ 2 - f - ^2 - ^ 

and let us suppose the line of blow to be parallel to the z-üxis, 
and to intersect the plane of (a?, y) in the point (^oî^o)* 

The centre of gravity, which is the centre of the ellipsoid, 
will move as if it were a particle of mass = m ; and consequently 
its path is a parabola ; and if v is the initial velocity, 

V = — ; 

M 

and its initial line is that of the blow. Thus ail the éléments 
of its path are known. 

The ellipsoid also rotâtes under the action of Q, as if the 
centre were a fixed point. Consequently, if a and B are the 
principal moments of inertia of the solid ellipsoid about the x- 
and y-axes respectively, the initial instantaneous axis through 
the centre is, see (73), Art. 353, 


and if n is the initial angular velocity, see (72), Art. 353, 

the combined effect of these two motions is indeed a rotation 
about an initial spontaneous axis, whose équation relative to the 
moving elUpsoid is ^ ^ m . i ^ 0 r236i 

Sinee the initial rotation-axis, given by (234), is not a prin- 
cipal axis of the body it is not a permanent axis ; consequently 
it continually moves both in the body and in space ; that deter- 
mined above being only its initial position. Its motion will 
be determined by Euler’s three équations, simplified by the con- 
dition, that momenta are impressed only at the origin ; so that 
we hâve d<ü. , 

+ L (237) 

C~3^(B.^A)û>ia)2=0;J 

the initial values of co^, cog, «3 being respectively ? — .Si^, 
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and 0, These équations however hâve been so fully discussed in 
the preceding Chapter tbat it is unneeessary to say more on tbe 
subject. 

If eitlier Xq or = O, tbe initial instantaneous axis is a prin- 
cipal axisj and therefore is a permanent axis ; and tbe ellipsoid 
during its motion in space uniformly revolves about tbis axis. 
TbuSj if = Oj tbe line of tbe blow Q is in tbe plane of (y, z) 
and is parallel to tbe -e-axis, and tbe ^’-axis is tbe instantaneous 
rotation-axisj wbicb is also tbe permanent rotation-axis ; and tbe 
permanent angular velocity of tbe body about it 


383.] A rigbt cône is placed witb its slant side on a perfectly 
rougb inclined plane, and rolls on it by tbe action of its weigbt ; 
it is required to déterminé its motion. 

Let 2 a == tbe vertical angle of tbe cône ; m = its mass ; a =its 
beigbt ; and let /3 = tbe inclination of tbe plane to tbe horizon. 

The forces acting on tbe cône are, its weigbt, tbe rolling 
friction of the cône on tbe inclined plane, and tbe normal 
reaction of tbe plane. As the plane is perfectly rougb, and tbe 
cône rolls on its convex surface without sliding, tbe place of tbe 
vertex of the cône is aiways tbe same, and tbe motion is tbat 
of a rotating body wbicb bas a fixed point in its axis. We 
sball therefore investigate it by means of Euler s three équa- 
tions. Now the line of contact of tbe cône witb tbe plane 
is evidently always tbe instantaneous rotation-axis ; and as tbe 
force of rolling friction, as well as tbe normal reaction of tbe 
plane, acts tbrougb tbis line, they produce relatively to it no 
angular velocity : it will be convenient to dérivé from Euler s 
équations tbe équation of rotation relative to tbis line. 

Let G be the principal moment of inertia of tbe cône relative 
to its own axis ; and let A be tbat relative to an axis perpen- 
dicular to tbe axis of the cône and passing tbrougb tbe vertex ; 
so tbat Euler’ s équations are 

A-^ + (C-a)«2Û)3 = L, \ 


â/(Ûn , X 

d CÛo 


dt 


N. 


( 238 ) 


X 1 % 
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Let ns suppose the a?“axis, to which a corresponds, to be initially 
in tbe inclined plane, and ô to be the angle througb whicb this 
axis, and consequently tbe cône, rotâtes in tbe time t. Let où be 
tbe instantaneous angular velocity at the time t ; then, relative 
to the three principal axes of the body, the direction-cosines of 
the instantaneous axis are evidently sin a cos sin a sin 0, and 
cos a ; so that 

= û) sin a cos 6)2 = 6) sin a sin 0)3 = 0) cos a ; (239) 

and if U is the moment of the impressed forces relative to the 
instantaneous rotation-axis, 

G = L sin acos 0 + Msinasin ^ + Ncosa. (240) 

de 


Now, substituting these values in (240), we hâve 

{A(sina)^ + c(cosa)^}^^ = G. 

Let be the angle at the time t contained between the line of 
contact of the cône with the plane, and a straight line on the 
plane perpendicular to a horizontal line. Then, as the cône rolls 
on the plane, evidently 

z=i ai^Jiade ; (242) 

and as the weight, which acts at the centre of gravity of the 
cône, is the only force which impresses angular velocity on the 
body relative to the instantaneous rotation-axis, and tends to 
increase 3 ^ 

G = — sin a sin jS sin (jb. (243) 

3 M 

Also A (sin a)^ 4- C (cos a)^ = { 6 + (tan a)^} (sin a)^ ; 


so that 


aY 4- C (cos af = { 6 + (tan a)^} (sin a)^ 

d^é ^ (cos sin /3 . , 

^ dt^ ^ (sin a)^{6 4- (tan a)^} ’ 


which équation détermines the motion. 

If <^ = when the cône is at rest, then, integrating (244), 
we hâve 

(cos aY sin B , , , . /r.As'x 

<lï) = + 

If the cône makes small oscillations on the plane, the time of an 
oseiUation _ ( «(sina)^ {6 + (tana)^} 

^ 1 5^(cos aY sin j3 ) 

If the cône is fixed by its vertex to a point in a rough perpen- 



384-1 


MOTION 0 ¥ A TOP ON A SMOOTH PLANE. 


617 


dicular wall, and rolls on the wall, then the above équations 
détermine the motion, when /3 = 90°. 

384.] Détermine the motion of a top whose apex moves on a 
smooth horizontal plane. 

The motion of a top has already corne twice into considéra- 
tion ; viz., in Arts. 318-327, where we hâve generally investi- 
gated the motion of a heavy rigid body with a point fixed, 
and having two equal principal moments of inertia relative to 
that point ; and also again in Art. 378, where the small motions 
of it about a mean position hâve been investigated in illustra- 
tion of the general law of small oscillations. In both these cases 
the apex of the top has been assumed to be a fixed point ; and 
this condition is approximately satisfied when the top moves on 
a perfeetly rough plane. If however the plane is smooth, the 
apex moves in the plane ; and we propose now to investigate its 
motion, and the motion of the top. 

I shall assume the centre of gravity to be in the geometrical 
axis of the top, and at a distance equal to h from the apex or peg 
of the top. And I shall also use the same symbols in the same 
significance as in Art. 318, except that the origin of the several 
axes to which the rotation is referred wiU be taken at the centre 
of gravity. 

As the plane is perfeetly smooth, the only forces acting on 
the body are the vertical reaction of the plane = e (say), and 
the weight of the top ; so that if (^, C) îs the place of the 
centre of gravity relative to a System of axes fixed in space, of 
which that of f is vertical, and those of ^ and rj are in the given 
plane, then ^ 


0 , 


m 


dH 


(246) 


from the first two of which it is plain that in horizontal motion 
the centre of gravity either remains at rest or moves uniformly 
in a rectilineal path, the éléments of which dépend on the 
initial impulsion. 

Also, since ^ = A cos 6, 

( d^.Acosô ) 


E 


(247) 


Next let us consider the motion of the top relative to the 
centre of gravity. The only force which produces a moment 
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about tbat point is tlie pressure of tbe plane at the apex, of 
wKicli tlie value is giveu in (247) ; and we bave, as in Art. 318, 
L = sin Q cos <jf), \ 

M = — sin Q sin > (248) 

K = 0. ) 

•Now A = B ; and consequently tbe tbîxd of Euler’s équations, by 
reason of tbe third of (248), gives 

6)3 = a constant = n (say) ; (249) 

and tbus tbe first two of Euler^s équations are 


d 


A— ^ + = n>5sin0eos0, 

Ü/U 


A-yjp — (c — a)^ 60 i = — E/^sin0sin(|). 

CLo 


(250) 


Let us suppose tbe wbole initial angular velocity of tbe body to 
be about tbe axis of tbe top, and to be n\ so tbat initially 

= CO2 = 0, and consequently ^ ^ = 0; and let us sup- 

pose tbe initial values of d to be 0q , and of (p and xj/ to be zéro. 
From (250) we bave, as in Art. 318, 

~ B/^sin(9 {coj^cos^ — û>2sin(ÿ>} 


7 • 

= nÀsmO-^ 
at 

Jd( 


= ^^^sin0^|^-7.cos0(g)'-/5sin0^|; 


Â^Q') 


dQ ^ 

A (û)i^ + cog^) — 2nihg (eos ~ cos 0)^mA^ (sin ; 
tberefore 

{A + mP(sinOf}(^^') -f A(sin<9f = 2^>^y(cos(9o-“COS0). (251) 

Also, multiplying tbe first of (250) by sin cp, and tbe second by 
cos (pj adding, and integrating, as in Art. 318, we bave 


A(sin0)‘ 


dxj/ ^ 
dt 


c^^(cos 0o~cos B)\ 


(252) 


and eliminating ^ by means of (251) and (252), we bave 


dt'=^ + 


{ A^ -h ^ A (sin 0)^ } ^ sin 


-..(253) 


{ cos ^0 — cos 0 } ^ { 2 m >5 ^A(sin dy — 71^ (cos Bq — cos 6 ) } ^ 

In tbese équations tbe following results are implied, Since tbe 
left-band member of (251) is necessarily positive, tbe rigbt-band 
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member is also positive ; so that d is never less ^ 1 ba.^ ^ : tbus 

the angle at wMch the axis of the top is inclined to the vertical 
is never less than its initial vaine, and 6 increases until it reacbes 
a value, say ô^at wbieb the second radical in the denominator of 
d d 

(253) vanishes ; then — = 0, and the inclination of the axis to 

the vertical is a maximum; is always less than tt, because 
the expression which détermines it is positive when 9 = 9^, and 
is négative when 0 = tt : also the time in which the value of 9 
passes from 9^ to 9-^ is finite, as we hâve proved in Ai-t. 319. 
Thus the axis of the top makes isochronal oscillations in a 
vertical plane, as that plane revolves about the vertical axis of -3^. 
That vertical plane however does not revolve uniformly ; in 

other words, its precessional velocity, which = ^ is not con- 


stant ; (252) shews this. 

According as n is positive or négative, so is the procession 
direct or rétrogradé ; that is, the line of intersection of the 
équatorial plane of the top with the horizontal plane revolves in 
the same direction as the top rotâtes. 

And the variations of the precessional velocity are periodic, 
having the same period as those of the inclination of the axis to 
the vertical ; now the precessional velocity vanishes when 0 , 

and becomes a maximum when 9 = 9-^\ and continues to make 
these periodical oscillations. This is explained at greater length 
in Art. 320. Thus, if the centre of gravity of the top does not 
move, the apex of the top describes on the horizontal plane the 
curve delineated in Fig. 35, where the radius of the interior and 
exterior circles are resj)ectively h sin 9q , and h sin 9j^ ; and where 
the arcs of the path respectively touch the exterior circle when 

is a maximum ; and meet the interior at right angles when 

It is évident, by the principle of vis viva, that the angular 
velocity of the top is a maximum when 9 := 9^, and is a mini- 
mum when 9 =. 9 Q. 

If n is very large, so that 9^ is very little greater than <9^, 
the values of 9 are confined within very small limits. In this 
case we can, as in Art. 322, integrate (253) approximately, and 
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obtain results wHcIl give an accnrate représentation of the motion 
of the top. 

385.] On the motion of a heavy homogeneous spherical bail, 
(an ivory hilliard bail,) on a rongh horizontal table. 

I shall take M to be the mass of the sphere, a to be its radius, 
and A to he the moment of inertia about a diameter ; so that 
5a = 2â5-M. 

I shall suppose the bail to be put into motion initially by 
means of a blow, of whieh the intensity, line of action, and 
point of application are known ; ail these circumstances being 
given in billiards by the stroke of the eue. Thus, the initial 
velocity of translation of the centre of gravity, and the angular 
velocity relative to the initial rotation -axis, will be known. 
During the subséquent motion, the bail will both roll and slide, 
so that retarding forces of rolling and sliding friction will be in 
action on it. That of sliding friction aets at the point of con- 
tact of the bail with the table, and in the line along which the 
point of contact slides on the table. That of rolling friction 
acts in the line along which at the time the centre of gravity is 
moving. This latter friction however is, in ordinary cases, only 
a very small fraction of the former, and may consequently be 
neglected. As by the roughness of the table the sHding motion 
of the bail is diminished much more rapidly than the rolling 
motion, so the sliding motion soon ceases, and the bail only rolls. 
The foUowing équations will détermine with accuracy the time 
and the place at which this cessation of sliding takes place. 

Let the plane in which the centre of the bail moves be that 
of {x^ ; this plane is consequently parallel to that of the table, 

and is horizontal ; let y) be the place of the centre of the bail 
at the time t ; so that at that time (a?,^, —d) is the place of the 
point of contact. Let r be the force of sliding friction which 
acts at the point of contact, and let ^ be the angle at which its 
line of action is inclined to the axis of a?. Let e (= My) be the 
pressure of the baU on the plane, and let ja = the coeflâcient of 
sliding friction; so that r = /xE=/x,My. 

The équations of motion of the centre of gravity are 

^ ^ -Fcos^, ^ ^ 

-My-|-E=:0. 


(254) 
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Let Tis consider the rotation in reference to a system of axes 
originating at the centre of gravity, and paraUel to the fixed 
axes of {w, y, z) ; then we hâve 


A 

A 


— = — ^Fsin/3= aM~ ^ 


doüc^ 

dt 


ÛÎP cos ^ — ÛfM 


dt^^ 

d^x 

W’ > 


(255) 


dcùa 


= 0 ; 


(256) 


A(cûi-n^)= 


^dt 

dx 


a(cü 2-02)= -aM(— -M o) 


(257) 


"3-'°3 =0; ’ 

where Vq are the axial components of the initial velocities of 
the centre of gravity, and % are the initial angular velo- 

cities about three axes originating at the centre of gravity and 
parallel to the fixed axes. 

These équations connect the instantaneous angular velocity 
with the velocity of the centre of gravity of the bail. Thus C 03 

dx d’V 

is constant, and co^ and CO 2 only vary when -jj and ~ vary ; that 

is, when F acts. And therefore if the centre of gravity moves 
uniformly in a straight line, the angular velocity of the bail and 
the direction of the rotation-axis do not vary, and there is no 
sliding friction ; therefore, from (257), 

S fdy \ 5 ^dx X 

^ = Tahrt -®o) ’ — -^' 0 ) • 


386.] By means of these we can déterminé the path of the 
centre of gravity of the bail, so long as the bail continues to 
slide. The line of action of F, as we hâve said, is that of the 
motion of the point of contact. Now the projections on the 
X- and y-axes respectively of space described by this point in 
the time dt are dx — a(^^dt, and dy^^-aixi-^dti and substituting* 
for and 6 Ù 2 from (268) we hâve 


dx — aùù^dt = — (an^+ 

dy + ao^^dt = + (anj— 


( 259 ) 
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but these are proportional to cos^ and to sinjS, whicb enter into 
(254). To simplify these expressions however let 

(260) 


so that 


then 


2/5 îôq \ 

Kl = y(~^ +aÙ2 J J 

Kq — y>i — lÿ" (®o ^ ^2/’ 


2 .ôvo 

“ 7(2 


-î’i = T (^0 +«'%); 


y y 

dx~-a(x)^dt=^-^{clo(i—'Uy^dt\ dy^acù-^dt^ -[dy — v-^dt) ; (261) 


and consequently from (254)^ 




d-^y 


IW 

dt^ 


dx 




dt ^ 

and integrating, 

dx 

^y „ 



dt ^ 


2«0 — % 

V^-Vi 

hence also we hâve 

d'^x 

d^y 


dt^ 

dt^ 


Uq — Uj^ 

~~ %-Vi 

and consequently, 

cos/3 

siji(3 



V^-Vi ’ 


(262) 


(263) 


(264) 


and thus not only is the force of friction which retards the 
bail, constant in magnitude, being equal to /xm^, but the line of 
action of it has a constant direction. And therefore the centre 
of gravity of the bail describes a parabolic path, like a heavy 
projectile, the axis of the parabola being parallel to the line of 
action of the constant force of friction. 

And /3 is the angle at which the line ôf action of b is inclined 
to the axis of x ; and 

ta„^=ÎSZlS=!î±^iÎ!. (265) 

oj. mm. r\ 


Now and v-^ are the axial components of the velocity of the 
centre of gravity of the bail at the instant when it ceases to slide, 
for then 

dx dy 


dt ~ 


the last terms of these équations following by reason of (261). 
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This is also évident from (262) ; for wlien the bail only rolls, 
5 = 0; and conseqnently 

and --U 

It is observedj that u-^ and do not dépend on tbe frictionj but 
on tbe initial circumstances of motion. 

If 

(254) become 


æ îùr, — U. 


d^-ÿ 

dt^ 


-M- 


v.—v. 


a ■ " a 

and therefore, if tbe initial place of tbe centre of gravity of tbe 
bail is taken as tbe origin, 

d^ _ ii.g{u^-u^ ^ 

dt 
dv 

U 


y = V- 


Û““ 



d9{vç>-v^ 


ê 


M5'(«o-%), 

0 “■ 

■ 2^ ' 

t- 



2^ 


t, 

t-, 


(267) 


(268) 


tvbicb give tbe position of tbe centre of gravity in terms of L 
Eliminating we bave 

wbicb is tbe équation to tbe parabolic patb of tbe centre of 
gravity of tbe spbere. 

387.] Now tbis équation becomes y — oo^ tbat is, represents 
a straigbt line, wben are respectively proportional to 
in wbicb case we bave, from (259), 

+ ^ 

wbicb sbews tbat tbe initial rotation-axis is in a vertical plane at 
rigbt angles to tbe line of initial velocity of tbe centre of gravity. 

Tbe équation (269) expresses tbe patb of tbe centre of tbe 
bail, so long as tbe bail slides as well as rolls ; at tbe instant 
bowever wben tbe sliding ceases, and tbe bail only rolls, 
dx 
dt 


U. = a(*>, 


2 y 


dy 

f^=vx=-a.x-, 


(271) 
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and from eitîier of (267) we hâve 


+ (^ 0 + « ^ 1 ?}^ ; 


^9 

at whicli time, from (268), we hâve 


(27; 


£0 = 


S % + % 

V9~~^' 


— -L ^0 + ^1 

2 ‘ 


(27; 


Affcer this instant, if there were no friction of rolling, the ha 
wonld continue to move nniformly in a straight line, with a vel 
city of which and are the axial eomponents. But as 
friction of roHing acts to retard it, the hall continues its réel 
lineal course with a decreasing velocity, until it finally cornes 
rest ; and the équation to the line along which the centre 
gravity moves, and which is also the path of the point of conta 
with the table, is 

this line is evidently a tangent to the parabola at the point giv< 
by (273). 

388.] Thus we hâve anived at the exact course which 
billiard bail takes on a table, in the most general circumstanc 
of a stroke of a eue. The motion is at first a mixed one 
sliding and of roUiog ; and the centre of the bail moves in 
parabola so long as the bail slides on the table, which caus 
a sliding friction at the point of contact ; this sliding howev 
eventually ceases, and before the bail cornes to rest; and f 
centre of the bail then takes a rectilineal path, which is a tange 
to the parabola at the point where the sliding has ceased. 

We may now give to the équations determined in the precedii 
Articles those interprétations which arise from initial circui 
stances produced by the stroke of a eue. 

Let Q be the momentum with which the eue strikes the bal 
and let a be the angle at which its line of action is inclined 
the plane of the table. Let h be the horizontal distance fro 
the centre of the hall to the vertical plane containing the a3 
of the eue, which is the line of blow ; and let h be the perpe 
dieular distance on this line from a horizontal Une through tl 
centre perpendicular to the vertical plane, containing the axis 
the eue ; let us moreover take the plane of (^, z) to be parai] 
to the axis of the eue. Let ï* be the friction which is broug 
into action between the bail and the table by the blow of t] 
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eue, aud let /3 be tbe angle between tbe line along whicb F aets 
and tbe axis of a? ; let ju, = tbe coefficient of friction ; tben, as 
in Art. 370, tbe équations of motion of tbe centre of gravity are, 

qcos a—Feos/3, \ 

= — Esin/3, ( (275) 

0 = — Q sina + R — ) 

and tbe équations of rotation about tbe centre of gravity are 


Also 


A = — q/^sina — âjpsinjS, 
An 2 = + cos 13, j 

An3 = — qAcosa. 

2a^M. 

F = /XR, A : 


COS /3 


5 ’ 
sin^ 


(276) 


(277) 


5q(â^ cos a + A) 


(279) 


VQ-h^^i 

From tbese équations we bave 

. ^ 5^sina /rkhyn\ 

^‘■'‘^= Si-%aco,a ’ 

wbicb assigns tbe direction in wbicb tbe point of contact of tbe 
bail witb tbe plane begins to move. Tbis also is tbe direction 
of tbe constant retarding force of friction, and of tbe axis of tbe 
parabola in wbicb tbe bail moves until sliding friction ceases. 
Henee also we can déterminé also we bave 

Sqÿ^sina ^ 

7 au ’ 

wbicb values are independent of tbe friction, as we bave before 
observed in Art. 386. 

If tbe patb of tbe bail is rectilineal, and in tbe direction of 
tbe stroke of tbe eue, tan (3 = 0, and = 0 ; bcnce, eitber 
/i = 0, or sin a = 0 ; in tbe former case, tbe centre of tbe bail 
is in tbe vertical plane eontaining tbe axis of tbe eue ; in tbe 
latter, tbe axis of tbe eue is horizontal. Under eitber of tliese 
circumstances tberefore, and under tbese only, is tbe ])at]i of 
tbe bail rectilineal ; in ail otber cases tbe patb is i>a,rabolic. 

If tbe patb of tbe centre of tbe bail is not rcctilincar, tbe 
value of Vj, given in (279), sbews tbat tbe déviation lies on tbat 
side of tbe centre in its initial position, on wbicb tbe stroke is 
given, for and A are of tbe same sign. 

389.] Tbese several circumstances are represented in Fig. 59. 
O, tbe centre of tbe bail at tbe instant of tbe blow, is tbe origin ; 
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and thé horizontal plane containing 0 is that of {x, y). The 
plane of the table is parallel to it, and at a distance below it 
equal to a, the radius of the bail. P is the point of contact of the 
bail with the table. qnT is the axis of the eue, the vertical 
plane parallel to which, and containing o, is the plane of (a?, z). 
The circle is the section of the bail by the plane of {æ, z). QRT 
pierces the plane of (y, z) at n, and the plane of the table at T, 
and a is the angle which it mates with the table. OH = is 
the perpendicular distance from o to the vertical plane RET, con- 
taining the axis of the eue ; and hk = /^ is the perpendicular 
from H to the axis of the eue ; so that A, ^5 and a détermine the 
position of the line of blow. Let pp^ be the curve which is the 
parabolic path of the point of contact of the bail with the table ; 
P]^ being the point given by the coordinates (273), at which 
sliding friction ceases, and after which the path becomes recti- 
lineal ; let p^ be that rectilineal path ; let RE = ^ ; so that 

a Çl^a)eos a] (280) 

bQ^eosa 5Q/^sina 


thus 


7 au 


7 au 


therefore 


^ ^ 

% “ ^cot a MP 


= tan M PT, 


(281) 


V 

but ~is the tangent of the angle between the axis of â? and 


the rectilineal path taken by the bail when friction ceases. Con- 
sequently the rectilineal path p^ is parallel to P T. Hence the 
final direction of the bail when friction ceases is easily deter- 
mined ; it is parallel to the line drawn from the point of contact 
of the bail with the table to the point at which the axis of the 
eue pierces the table. 

Hence it foUows, that if the axis of the eue is inclined to the 
plane of (a?, y), at an angle so large that the point T falls on the 
négative side of the line PL, the bail in its final state moves in a 
direction opposite to that of the stroke. 

Explanation of these formulae, in further application of them 
to the game of billiards, will be found in ‘‘Théorie Mathématique 
des effets du jeu de Billard,” par G. Coriolis ; Paris, 1835, 
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CHAPTEE YIIL 

RELATIVE MOTION OF A MATERIAL SYSTEM. 

Section 1. — Investigation of tlie general eguatio7is, 

390.] In the preceding parts of this work tke motion of a 
material System has been investigated relatively to a fixed origin, 
and to a fixed System of coordinate axes. The coordinate axes 
indeed, to which we hâve found it convenient to refer the 
motion primarily, hâve not always been fixed ; for in the last 
Chapter two Systems were nsed, one of which was fixed in the 
body and moved wîth it; the other System however was ab- 
solutely fixed, and to it nltimately the motion of the material 
System was referred ; and its incidents were deduced from the 
position of the parts of it relatively to that System. Now I 
propose to consider a more general case ; and to investigate the 
motion of a material System relatively to a moving origin and 
a moving System of rectangular axes, ail the incidents of motion 
of these latter, as well as those of the material System, being 
given, and the material System also moving relatively to it. 
This general case is that of relative motio^i; that is, of the 
motion of a material System relatively to moving coordinate 
axes, to which allusion has aiready been made in Vol. III, Arts. 
317-319, in the case of a single particle ; under cireumstances 
however in which a single material particle moves in a plane, 
and the motion of the rectangular axes is also in that plane. 
As the formulae which express the cireumstances of relative 
motion are long and complicated, it will be convenient to con- 
sider primarily the motion of one particle ; and thus be free of 
signs of summation ; but the results will be capable of the most 
general application, because, by D’Alembert’s principle, they 
can, mutatis mutandis, be extended to Systems of moving parti- 
cles. Oui* method will be purely analytical. Doubtless hereby 
we are in danger of overlooking the full meaning of the symbols ; 
we may perhaps lose sight in them of the kinematical and 
mechanical truths which they represent ; and thus our appré- 
hension of things in their actual state may be indistinct. Con- 
sequently I shall interpret the équations, and shall shew that 
they are the expression of results arrived at from the considération 
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of relative motion and its incidents in tlieir fîrst principles, and 
from (as it is commonly said) general reasoning. The kinematies 
of relative motion first require investigation. 

391.] Let m be the mass of the particle whose motion is to be 
considered ; and let y, z) be its place at the time t relatively 
to an origin and to a sjstem of axes fixed absolutely in space. 
At the same time let (xq, Zq) be the place of another origin, 
which moves ; and relatively to it, and to a moving System of axes 
originating at it, let (^, rj, C) te the place of m, Let the System 
of direction-cosines connecting these two Systems of axes at the 
time t be that of Art. 3 ; then 


.y + + [ ( 1 ) 

and, as ail the quantifies in the right-hand members are functions 


dx dxç. ^da. dh. .de. d^ , dit) dC 

ï< = ïF ' 


^dao dlcy ^dcc, d^ . dr\ d^ 


dt di ^ dt ^ dt 
dz dzr. f.da<, dh^ 


dh^ .dc^ d^ , dr) dC 


Let us examine the several terms of these équations. The left- 
hand members are the axial components of the velocity of m 
relatively to the three fixed axes of [x, y, z) ; that is, of the 
absolute velocity of m. The first four terms of the right-hand 
members give the value of these components when C do not 
vary ; that is, when the place of m is fixed relatively to the 
moving origin and the moving axes; and thus they are the 
axial components of the velocity of m considered as a point fixed 
relatively to the moving coordinate System of reference ; the 
first terms of the several équations being due to the motion of 
translation of the origin ; and the following three to the rotation 
of that System about an axis passing through that origin ; and 
the last three terms in each équation are the projections on the 
fixed axes of the axial components of the velocity of m relatively 
to the moving axes and the moving origin. Equations (2) then 
yield the following theorem : 

The absolute velocity of the particle m is the résultant of its 
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velocity relatively to the System of moving* axes and of the velo- 
city of it, considered as a fixed point of that System ; or, 

The velocity of a particle relative to a System of moving axes 
is the excess of its ahsolute velocity over the velocity of the 
System of axes. 

If Vyji are the components of the ahsolute velocity of m 
along the moving axes: that is, along the 77 -, respect- 

ively; then 

dcc dy dz 
dxç^ 

dt 


-^2 "^r + ~ 


-/7 “'‘^0 r /V “""0 


dt 


dt 


+ rj 

+ 


{«1 

f dcj^ 


dh. dhc. dh., 

'^+« 2-:^ +«3 — 

dc^ 


4-^0 


dt 
de . 2 
dt 


-f 


dt 

d C-y 

~dt 


+ 


dl. 

dt’ 




. C , dc^ 7 dc2 


+ < 




dxQ 

dt 


4- 


4-7] 


2 dt 


da-^ 


düc. 

dt 

+ ^2 

dt 


dzç. 



^ dt 


da^ 

+ ^2 

da^ 

dt 

dt 

dh^ 


dl.. 

dt 

H" ^2 

Id 




dt] _ 

Ti’ 




da.^ I 

(}h\ 

dt J 


dt’ 


( 3 ) 


(4) 


( 5 ) 


in which équivalents for % ail the terms except the last of 
each arise from the motion of the coordinate System of reference, 
and the last arise from the motion of relatively to that System. 

If we suppose the motion of the moving System of reference 
to be made up of a motion of translation by reason of which the 
neworigin is moved in the time dt over a space of which the pro- 
jections on the fixed axes are dx^, d^^^ dz^ respectively, and of a 
rotation about, an axis passing through the origin, of which 
0 )^, û)^ are the axial components ; then, as m at (f, ï], f) is a point 
fixed relatively to the moving System, substituting from (88), 
Art. 58, we hâve 
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(Lœ^ 

clt 


+ ^2 +^^^> 7 “ 


clt 


-r}C 0 ^ + 


J dûGn J 

'>=*•*+*< 




dj 

d,t’ 


\ 




dx, 


• +c/* 


dZr. 

+c 3 ^+i^r 


'^^û ),7 + 




( 6 ) 


‘72 dt dt • ' dt 

-And thns along the axes of the moving sjstem the axial compo- 
neiits o£ the ahsolnte velocity of m are the sums of the axial 
components of (1) the absolute velocity of the origin, (2) the 
velocity of m at (^5 77, f) due to the angular veloeities of the 
coordinate axes, *( 3 ) the velocity of m relative to the moving 
axes. 

If the origin of the moving System is fixed, and the axes only 
move, these become 




77 û)|~fû)^ + _ 


dt ' 

dt] 

w 

dC 


( 7 ) 


dt 


392 .] Suppose now that the absolute velocity of m varies, then, 
taking the ^-differentials of (2), we hâve 
d^œ ^ cI^cCq ^d^a-^ dH^ 
dt^ ”” dt"^ cW dV^ df^ 


djid^ dÇdc^} 

\ dt dt dt dt dt dt) 




d'^y _d'^y^ ^.d^a, 


df- df^ 




+ V 


dH, 


+ 2 


dt-^ 

\d^ <^«2 
[dt dt 


dt^ 

d-c] dhcf 

dt 


dn 

dt‘^ 
d^c, 
dt^ 
dCdc^ 


( 8 ) 


db^ dÇdc^l 
dt ^ dt dt) 

<in 


d^ 

dt^' 


^!fo 

' dt^ 


+ î 


d^a^ 


+v 


dt^ 


+ f 


dt‘^ 

H 


d\ , d^c. 


+ ^2 . 7^2 +* 2^^2 


( 9 ) 


( dt dt dt dt 


dt^ 
dt dt ) 


dH 


df^ 


d^C. 


,772 +^3 ^72 ^^2 ’ 


( 10 ) 
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which are severaUy the équivalents of the expressed velocity-in- 
crements along the Bxed coordinate axes in terms of the éléments 
of the moving System of axes. 

. *’>!’ components of the expressed velo- 

city-increment of m along the moving axes of rj, C, thon 

d^y d^z 

C d^^x^ 




^d d^è^ ^d^c^ ) 


[ dt'^ dt^ 
[cPza . J.d^a, 


dt^ dt^ 


+2 L'& + a,!^ + a ^JlVh 

I O C dc-t d 


4/ — . % Z 7 

{d^œ^ d^a^ 


df^^^ dt^ 

"I dt^ 


'^ dt ^“2 ^-^“3 
d^z 

% £ç,J 

^ df^ df^ J 
^ +i ^^2 j 


® Uiî dp ’ 




+ 2 


~ ~ d'^y d^z 

^ dp ’^^'^lP'^^^dP 


h, y ^C'z) , d^r) . 

' ^ dtXdt'^ dp ’ 


.7.2 +i:^^2 +’l-^+C 

, d^b„ 


c 

dp 

c y^^y^ 

n~dp 


I 

>d%-> 

dP ^^lp\ 


_f0 , «3' 

^z:2 ■'■^■^ 




ia , ) 

3 


da.Ad$ 

SU 


+ 2]ci- 


’i,. di^yh d^c 
^'^ItXdi^dp' 


M m 
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393.] These quantities will be more convenientlj expressed, 
as follows, in terms of by means of the équivalents 

wbicb are given in Arts. 55-59. 3j (11) we bave 






+ +«3 


(Pc, d^o, 


dp ^‘^^dP 


dr,l (Pi 


^ . d^a. d^a^ d^Uo d f da. da.y da^' 


similarly 


{(da^P (da^P (d^PX 

^^Tt) ^ydt)s 

= -{co,2+a>f2}; 


dH, dH„ dH, 

dp dp ■'■ dP 

d'^c^ d^Cc, d^c^ 


d(ùt 

^+co|co,; 
d co„ 


so tbat 






similarly 

, _ d^x, , d^z^ 

— °\ rin . 7/2 + ®3 , 7/2 


(U) 


+‘‘("=§-“‘s)+£- 




/ f?77 
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Henee the équations of motion can be formed : for let x, y, z be 
tbe axial components of tbe impressed velocity-increments on m 
parallel to the fixed coordinate axes of x^y^z\ and let x', y', t! be 
tbe components of tbe same impressed veloeity-inerements parallel 
to tbe moving axes of rj, so tbat 

X' = X + «2 Y + â!g Z, \ 

Y + i^Y + b^z, ( (17) 

z'= + C^Y + C^z ; ) 

tben tbe équations whicb express tbe relative motion of m are, 

x'- =0 , y'- < = 0, z'- = 0, (18) 

394.] Before, bowever, we apply tbem to tbe solution of par- 
ticular problems let us examine tbem, and analyse tbem witb tbe 
view of detecting tbe origin and meaning of tbeir several terms. 
In tbe values of given in (14), (15), (16), it is évident 

tbat tbe first tbree terms in eacb express tbe components along 
tbe moving axes of tbe accélération of tbe moving origin, and 
tbe same is of course true of tbe corresponding terms in (11), 
(12), (13). It is also évident tbat tbe next six terms in eacb 
arise from tbe angular velocity and tbe angular velocity-incre- 
ment of tbe System of moving axes about its instantaneous 
rotation-axis, tbe origin and tbe place of m in referenee to tbe 
moving axes being considered fixed at tbat instant ; tbe next two 
terms dépend on botb tbe angular velocity of tbe moving System, 
of referenee about its instantaneous axis and tbe relative velocity 
of m \ and tbe last terms in eacb are severally tbe axial com- 
ponents of tbe relative accélération of m. If tberefore tbe 
coordinate System of (^, 77, Q to wbieb tbe place of m at tbe time 
i, is referred, were fixed and immoveable, tbe several rigbt-hand 
members would be reduced to tbeir last terms ; and tbe équations 
of motion would be for m tbe same as tbose whicb bave been 
found for tbe motion of a particle in Vol. III ; and for a material 
System, the same as tbose wbieb bave been found in Chapter III 
of tbis Volume. Observation of tbis fact leads us to consider 
tbe first eleven terms in eacb rigbt-hand member in (14), (15), 
(16) as impressed veloeity-increments due to certain forces ; 
wbieb forces are indeed fictitious, but are assumed and are useful 
for tbe purpose of giving to tbe équations a form identical witb 
tbat of tbe équations of absolute motion. Tbis is tbe view of 
tbe subject wbieb bas been taken by Clairaut, Coriolis, and 
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Bertrand*. And I proceed to investigate the nature of the 
forces to wliicli we may suppose thèse several velocity-incrementê 
to he due. 

395.] Taking the values for which are given in 

(14), (15), and (16), the fîrst nine ternis in each are due to the 
motion of the moving System of reference, and do not dépend on 
the motion of m relative to that System ; that is, they are inde- 
pendent of the J^-differentials of 77 , C- Now we will suppose 
these terms to arise from a fictitious force, which we will call the 
force of transference, because it is caused by the transference or 
the shifting of the System of reference from one position to 
another. Coriolis has called it force d’entrainement,'^ and it 
is such that if Xp are the axial components of the velocity- 
increments due to this force, then 


X, = a. 


+ a. 


dt 


d^ 


yo 


+ 


d^z„ 


df- ' dt'^ 

d . 

(’î^r 


(19) 


with similar values for and 

Now let dénoté a change in a variable due to a rotation 
d(ù about an axis. Then by (72), Ai*t. 53, 



¥• P'*) 

whence substituting in (19) we hâve 


' ~ ^ dt^ ' " dt^ ' ** df^ ' df'^ ’ 

( 21 ) 

similarly we hâve 


„ _ J d^x^ , ^ d^^o , ^ d^Zo , d\v. 

^ dt^ df^ df^ d0 ’ 

( 22 ) 

2 _ e ^ d^yo . ^ d^z, d^c. 

‘ “ ^ di^ ' ^ dt'^ ' =* dt‘^ ^ dt‘^ ’ 

(23) 


whence it appears that the velocity-increment due to the force of 
transference is the sum of those which arise from the motion of 
the moving origin and from the rotation of the moving System 
of reference about its instantaneous axis. This fact is also 
évident from general reasoning. 


* See Mémoires de l’Académie des Sciences de Paris, 1742, p. ï* 
Journal de TEcole Polytechnique ; XXI and XXIV Cahiers. Traité de la 
Mécanique des corps solides et du calcul de l’effet des Machines par 

Gr. Coriolis; 2nd edit., Paris, 1844, p. 46. 
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396.] The last three terms in (14), (15), and (16) respectively, 
arise from the motion of m relative to the moving sjstem of 
reference, and dépend on the relative velocity and accélération of 


m at the time t 


inasmueh as they involve ^ : 


dr] 

dt 


î and also 
dt 


their ^-diflferentials. The last terms are respectively the compo- 
nents of the relative accélération of m ; but the two preceding 
terms in each expression dépend on the relative velocity of m and 
also on the angnlar velocity of the System of reference about its 
instantaneous axis, and may be conveniently considered as the 
eflPects of a certain fictitious force, the nature of which is as 
follows : 

The axial components of the veloeity-increment due to this 
force are 

d^ d^. 

'dt^- 


H 








' dt 


dL 

'^dty 


(24) 


Let us dénoté the force by P ; then squaring and adding these 
expressions, we hâve 


p2 = 4 









so that if Cri is the angular velocity of the moving System of 
reference about its instantaneous axis, and v the velocity of m 
relative to the moving System, and Q is the angle between the 
instantaneous rotation-axis and the line of v. 


v = 2(s)V sin 6. 


(26) 


Thus P is twice the product of the angular velocity of the 
moving System about its rotation-axis and the projection of the 
relative velocity of m on a plane perpendieular to this rotation- 
axis. 

It is, in the first place, to be observed that P = 0, whenever 
the line of the relative path of m is parallel to the rotation-axis, 
because in that case sin ô = 0 ; and that P is a maximum when- 
ever, caeteris paribus, the line of motion of ni is perpendieular to 
the rotation-axis of the System, because then sin d is a maximum. 

As to its line of action ; let a, j3, y be its direction angles, so 
that 

(ùyid^—cù^dï) ^ cù^d^ — <f>^dC (a^dr) — o>yjd^ ^ 

cosjS 


cos a 


cos y 


( 27 ) 
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co| cos a + cos ]3 + 6û^ cos 7 = 0 , 

dr\ ^ dC - 

•“t; cos a + “T, cos « 4* "t: cos 7=0: 
dt dt dt ^ 


(28) 


which shew that tlie line of action of P is perpendicnlar to the 
instantaneous axis of rotation of the moving System of reference 
and also to the line of tKe relative motion of m. Thus P acts 
along the line of intersection of the normal plane of the path of 
m at the time t with the plane perpendicnlar to the rotation-axis 
of the moving System, and is conseqnently a normal force. 

î* has been called by Coriolis the componnd centrifngal force ; 
The origin of the force is as follows. The accélération due to it 
dépends on the angular velocity of the moving system about its 
rotation-axis. Through the place of m at the time t let a plane 
be drawn perpendicnlar to the rotation-axis of the system, then 
v sin Q is the projection of v on that plane, and the relative 
distance, say d a-, deseribed by m in this plane in the time dt is 
vÛTLÔdt, Also if 0 ) is the angnlar velocity at that time, the 
angle deseribed by d cr abont an axis passing through its extremity 
and parallel to the rotation-axis is o^dt; so that the space de- 
scribed by the extremity of do- is 'oéxi.Bdtx (^dt: as this is the 
space due to the force P acting for the time dt and invariable for 

that time -p 

cùV^mS (dtY = ^ {dtY ; 

/. -B = %(ùV sin 0, 

This explanation of the origin of P shews why the name of com- 
ponnd centrifngal force has been given to it. 

397.] Hence the équations of relative motion which are given 
in (18) become 

'It^' 


= 0, 


d^Y) 

•x'-yj-rcos/S — =4 = 0, 


Z — Zi — P cos 7 — 


di^ 

d_H 

dt^ ■ 


0 . 


(29) 


In respect of these I would observe, that as we hâve suppose! the 
motion of m and of the system of reference to be in a positive 
direction relative to the fixe! eoordinate axes aceording to our 
usual image, the efiFect of the moving system on the motion of m 
is a diminution of its relative coordinates, and consequently the 
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fictitious forces tend, as t inereases, to diminisli the relative coor- 
dinates, and consequentlj act in directions opposite to tliose of 
x', z', as is shewn in tlie preceding équations. 

These three équations naay be combined into a single équation 
by means of tbe principle of virtual velocities : for if ô cr is a 
geometrical displacement of tbe place of w, of wbich dr], dC 
are tbe axial projections, tbe équation of virtual velocities is 

(x'-X,-FC0Sa- (ï'-Yi-FCOS/3-^')S7J 

+ (z'-Z(-Pcosy— ^)ôC= 0. (30): 

398.] Before we apply tbese équations in tbeir general form, 
let us consider certain reduced forms wbicb tbey assume in par- 
ticular cases, for we sball tbereby be better able to estimate tbe 
meaning and importance of tbeir several terms. 

If tbe motion of tbe System of coordinate axes is tbat of 
translation only, tben co. = 0 , and tbe second fictitious force 
vanisbes ; in tbis case, tbe axes of tbe moving System will be, 
or may be taken to be, always parallel to tliose of tbe fixed 
System, so tbat tbere will be no variations of tbe nine direction- 
cosines ; and ail tbe direction-cosines will vanisb except » 
and C 3 , eacb of wbicb becomes equal to unity ; and tbe équations 
(29) become 



d^i 


dt‘^ 


d^ri 

dt'^ 

dt^ 

d'^z^ 



0 , 


J 

,7 / 2 ~ ^ 3 


(31) 


wbicb are tbe équations already found in Art. 332, Vol. III. 
Tbese are sufficient for tbe détermination of tbe relative motion 
of translation of a planet considered to be condensed into a par- 
tiele at its mass-centre, and bave been applied to tbat problem 
in Arts. 365 and 367, Vol. III. 

If moreover tbe moving origin travels along a straigbt line 

witb uniform velocity, tben also -j-t = = ~~ = 0 ; and 

dt^ dt^ dt:^ ' 

tbe équations (31) bave tbe same form as tliose wbicb express 
tbe ordinary absolute motion. It is évident bowever from tbe 
équations wbicb express tbe relative velocities, that tbese will not 
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be tbe same as the absolute velocities ; and conseqnently sonae 
quantities will be introduced in the intégration -process whieh 
dépend on the éléments of the line of motion and on the velocity 
o£ the moving origin. 

399.] One particular form of the preceding general results 
reqnires especial mention ; viz., that in whieh the origin moves 
in the plane of (a?, y), and the moving axes of (£, 77 ) are always 
in that plane, so that the axes of z and C are always paralleh 
The équations whieh express this motion hâve been derived from 
first principles in Arts. 318 and 319, Vol. III : but it is désirable 
to shew how they follow from the preceding équations. Let 6 
be the angle between the f-axis and the Æ?-axis at the time t : 
then .SÎQ = f = O, and 


=: eos^, 
ac^ = sin^, 

«3=0; 


h 


K = 

^3 = 0 ; 


■ sin 6, 
eos (9, 


Cl = 0, 
~ 0 , 
Co = 1 . 


CO| = 


0 )^: 


d 6 

dt 


. d^scç. . ^ 
cos^ + sind 


— sin^ 


dt^ 

df- 


dt 


d^6 


/I ud^d 


= 0 ; 


P cos a = 2 


dr] dû 


dt dt 

so that équations (29) become 
J"-CG 


^d^de 


P cos y = 0 ; 


“COS^ 


y' + sin 6 


dt^ 

d’^x 




d‘^6 ^dride d^^ ^ 

^ dt^ df dt df^ ~ 


0 ^d^de 


= 0 - 

dt^ ’ 


df- “ dt^ '' ^dt } '°dt^ ~ dt dt 

and the third équation disappears. 

These équations may be conveniently expressed in the follow- 
ing form ; viz., 


dt‘^ ^ dt^ dt'^ 


sin^-£( — ) ---^,(772 


d^Yj d^x, 


a* “i? 


(d>Q\ 


rjdt^ 


J 


X . 


_L l^r ^2 _ y'. 

^dt^^ dt) ~ ’ 


(33) 


and are thus the general équations of relative motion of a 
particle moving in the plane of (£, 77 ) ; by means of them ^ and 77 
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may be expressed in terms of and known <|uaiiiit i<'s, It / 
eliminated from tbese last two c(j[iiatioris, thc rcsultint»' (‘(|uatî<>n 
in terms of f and rj will be tbat of the roktivi^ ]iaf h in which îhr 
particle moves. The ecjuation to tho absoluifC pat h w ill lu* Immd, 
when ^ and rj are expressed in torniB ol a* and /. 

If the origin of the moving axes dons noi movc, and tlu* axn 
revolve with an nniform angailar velocity co, tlieu («bij 


dt^ 


ùù^£-- 2 (ù 


drj 

7fi 




dt 


(H 



(. 11 .) 


These équations however refer to a vciy sj)e<*ial eant* of flu» 
general motion. 


Section 2. — The relative ^notion of a mairriu/ parilr/o. 


400.] Although otir object is the diseovery of e(jtnil ions ultirli 
represent the relative motion of a îaat(‘rial Hysteiu, and thr in « 
vestigation of the preceding equationH wliieh appiy tn n 
material particle has been suhordinatc* io that. objert. ; \ et= iî 
désirable to shew their applieability to the Hohdicm of rt-rfain 
problems, in which only a particle movcH, inoia^ gc*ïu*mlly tJinn 
has been done in Vol. III, Arts. 437, 438; heeauHe \\o hhiil! 
hereby obtain a elearer insiglit into the H(‘v<'rul pnrts-i of ilnnii, 
and shall also solve some problenm of eon.sid(»rabl(' intenxsi. 

Let us fîrsttahe the case of a i)article inoving with in a tuho, u hirh 
also itself moves, and carrics with it the Hvst(*m ofaxoa to uhii-h 
it is lefeiied ; I shall consider the tulx^ to lu' pt'rltu’fK Muooîh, 
that it oiFers no résistance to the nioving part iele in t he direrlioti 
ofits motion; but présents a reaef ion aeiing uIon«r> ilu* nonuui. 
if the tube is a plane cnrve ; and aloug t lu' prineipul noniiul, if 
it is a curve of double curvuture ; and I shall al-o ('onsidrr llie 


small bore of the tube and the Hiy,e of the parti<*Ie to he mo'Ii 
that the particle may cxactly fi 11 i.lu* UiUs. 

In the most simple form of tlui prohh*m the tulu' n pîmo. 
curve lying in the xdane of (æ, ?/), an<i ndating with h eoîodiiîit 
angular velocity co, about tho axis of ^ or tlie c»ripin of the 
moving axes being fixcd ai the nxe<rorigin ; iind no i^xîei tiHl 
force acts on the particle. Let K be the mmmû reacdiitg piv ^ 
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sure o£ the tube against the particle ; let m be tbe mâss of the 
particle, and ds =. tbe lengtb-element of the tube at the point 
(£, which is the place of m at the time t ; then the équations 


(34) are 




at ^ m d% 


-0,2^ +20»;^ = + 


dt^ m ds ] 

From these équations the following general theorems are de- 

dueed; d^d^ ^+d 7 )cl^r, ..... , , ^ 

—<i>^{îd^+r)dt)}=0\ (36) 

let + 77^ = so that r is the distance of the particle from the 
fixed origin at the time t ; then, assuming the relative velocities 
of the particle to be v and when the distances of its place 
from the origin are respectively r and this équation gives by 
intégration ®2 _ = û )2 (^2 _ ^^2) . (37) 

and thus assigns the relative velocity of the particle. 

Also from (35) we hâve 

dr]d^^ — d^d\ n 7 T ^ ds^ E 7 
û)2(£fZrj-)7d^)-2w^ = + — ds; (38) 

now if P is the radius of curvature of the eurve of the tube at the 
point (^, r\\ and p is the perpendicular on the tangent from the 
origin, this becomes 2 

^ — =r 1- — 2 0) ^ ; (39) 


= +"^5; (38) 


E «J O « 

-f =r — 2a)^ : 

m P 


which assigns the pressure on the tube. 

401.] The following are simple problems in illustration of 
these équations. 

Ex. 1. Find the motion of a particle placed within a rectilinear 
tube which revolves with a constant angular velocity about an 
axis which intersects it at right angles. 

Let the line of the tube be the moving £-axis ; so that always 
77 = 0 ; let 0) = the constant angular velocity of the tube. Then 
(35)becoine ^2^ o ^ ® 

— -.a)2^=0, 2to-^ = ±— • 

dt m 


Then if the particle is at relative rest at a distance a from the 
origin, when = 0 ; 

^ = I ; 
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and if 6 is tKe angle described by tbe tube during tbe time t, 
ô = and tbe équation to tbe relative patb of tbe particle is 

If r is tbe absolute radius vector, ^ and 


and tbis is tbe absolute polar équation of tbe patb. 

Ex. 2. A particle is placed witbin a rectilinear tube wbieh 
revolves about an axis intersecting it at rigbt angles, witb an 
angular velocity sucb tbat tbe tangent of tbe angle described in 
a given time is proportional to tbe time : it is required to déter- 
miné tbe motion of tbe particle. 

Let, as in tbe preceding problem, tbe line of tbe tube be tbe 
^-axis, so tbat always rj = 0 ; let 6 be tbe angle tbrougb wbicb 
tbe tube bas moved in tbe time t ; tben, by tbe conditions of tbe 
problem, if d = 0, wben = 0, and if is a constant, 


and (33) beeome ^ ' 

’ icU 

Eliminating t by means of tbe first two of tbese tbree équations, 
and taking Q to be an equicrescent variable, we bave 


dt) “■ m 


cos 0 




2 sin ^ ^cos ^ = 0. 
dû 


Wben t — let us suppose tbe tube to lie along tbe oî-axis, and 
tbe particle to be projected witb a velocity u along tbe tube 
from a point wbose distance from tbe origin = a ; tben from 
above, by intégration, we bave 


cos 6 -ytt — tsmu = -y ; 

de ^ k 


^cos0 = « + ^0; 

wbicb is tbe relative équation of tbe patb of tbe particle. And 
in référencé to tbe fixed axes of oa and y, 

= + y = + tan 0 \ 

wbicb give tbe absolute patb of tbe particle. 

If we substitute from above in tbe tbird of tbe preceding 
équations, we hâve + e = 2 ^ (cos &f. 


542 


THE EELÀTIVE MOTION 


Ex. 3. A partiele is plaeed witEin a thin tube wMcb is of tbe 
form 4of au equxangular spiral ; tbe tube revolves with au uni- 
form angular velocity about au axis passiug tbrough its pôle, 
aud perpeudicular to tbe plane of tbe tube : it is required to 
déterminé tbe relative patb of tbe partiele. 

Let a be tbe constant angle at wbicb tbe tangent is inclined 
to tbe radius vector at every point of tbe curve. Tben 
P =: r sin a, dr = ds eos a, 

are tbe équations to tbe curve. And (37) gives 

7 2 

tben if ^ = 0, wben r =z tbis équation gives by intégration 

h 

^ ^ ^ ® ^ cosa I • 

wbicb assigns tbe relative motion of tbe partiele in tbe tube. 

402.] For an example, in wbicb tbe origin of coordinates 
itself moves, let us consider tbe motion of a partiele witbin a 
cireular tube, wbicb revolves about an axis tbrougb its centre 
perpeudicular to its plane witb an uniform angular velocity co ; 
and tbe centre of tbe cireular tube also describes a circle in 
tbe plane of tbe tube witb an uniform angular velocity n. 

Let us suppose tbe partiele and tube to be situated at tbe 
time t, as tbey are plaeed in Fig. 61 ; wberein aqb îs tbe circle 
în wbicb q, tbe centre of tbe cireular tube, moves, and P is tbe 
place of tbe partiele. Let us also suppose tbe centre of tbe tube 
to bave been at a, on tbe axis of ^r, wben t = 0^ and tbe partiele 
at tbat time to bave been at relative rest at c, c being at c' at 
tbe time t, Let oa = âf, ac == c; tben 

P + = 6 = {a+cù)i; 

and we bave also 

— a cos at, ^ sin at ; 

tben from (33), we bave 

d^ê « , . .drj n drt \ 

— aaf cos (ùt— (a + û))^i—2(a + cù)-:r,=: -1 

dt'^ ^ ^ ^ dt — m ds 

r (4^) 

. 9 • / / \9 \dè 

y, +«n>aa.<-(o+<.)<, + 2(» + „)^ = 
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whieh are the required équations of motion, and do not gene- 
rally admit of intégration. 

If û) = 13 n, the path is approximately that of the centre of 
the moon projected on the plane of the ecliptic. 

403.] Another simple prohlem, to which the preceding prin- 
ciples are applicable, is that in which a heavj particle moves in 
a smooth tube, which rotâtes about a vertical axis with an uni- 
form angular velocity. 

Let us first suppose the tube to be of single curvature, and 
the axis about which it rotâtes to lie in its plane ; let this axis 
be taken for the axis of ; and let the positive direction of it 
be measured from the origin in a direction opposite to that of 
gravity. Let this axis also be taken as the f-axis to which the 
curve is referred, and let a perpendicular to this line through 
the origin be the ^-axis ; so that the équations to the curve 
of the tube are ^ rj — 0 

Let CO be the constant angular velocity with which the tube 
revolves, the plane of the tube being in the plane of {z^ co) when 
^ = 0. Then from (29), the équations of motion are 


ndC 

■ — . f = H T- i 

mdB 


— 3^ 

= +— 
m ds 


dV^ 

dH _ _ 

dt^ - + ™ 

whence we hâve 

- 2^(c-a 

.jic lî. d^ 


(41) 


These are the tangential and normal components of (41). 

If the velocity is given in terms of the coordinates of the 
place of m at the time the équation of the curve of the tube 
may be found ; and if the équation of the curve of the tube is 
given, the velocity of m and the other circumstances of motion 
of it at any time may be found. 

Simple applications of these équations having been given in 
Art. 437, Vol. III, we will take a more complicated case, and 
apply them to the détermination of the position of the two 
heavy halls in Watt’s centrifugal governor of the steam engine. 

The arrangement of this contrivance will be understood from 
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Fig. 62, wliere o is thé fixed point on the vertical axis at which 
the rods carrying the heavy halls cross each other. We shall 
take the plane of the rods and the halls to he that of (f, C )5 
shall take the vertical line drawn downwards from o to he the 
positive direction of C' we shall assume the weight of the rods 
to he so small in eomparison of that of each hall, that the former 
may he neglected without sensible error. Let op = op'= <« ; and 
let their inclinations to the vertical he 6 and 6q at the times t and 0 

cl 6 

respectively ; and let us suppose 6 to he greater than Oq and ^ 

to he zéro, when ^ = 0 ; let o) he the angular velocity with which 
the plane containing the halls and rods rotâtes ahout o z ; and 
let T he the tension of the rods. Then the équations of motion 
are /jiù 


W =-Tcos^+^; 


CLn ^ 

j {(cos^o)^~-(cos(9)^} + 2^a {cos0 — cos^o}, 

clô ^ 

a {-jA = (cos i9q — cos <9) (cos^o + cos^)— 2y}, 


, , WU J 1 ) 

{ cos Ôq — cos 6} 2 {ao)^ (cos 6q + cos 0) — 2^ 
in vs^hich équation the variables are separated ; and if the inté- 
gration he effected, ô will he given in terms of L 

^ = O, when (1) d — (2) cos 0 = —cos 6q ; 

so that B varies hetween the angles given hy these two limits. 

Let coq he the angular velocity with which the plane of the 
halls revolves, when the angle at which they are inclined to the 
vertical axis is s and does not vary. In this case, as they hâve 
no change of £ or C? l-he preceding équations of motion give 
sothat y = « 0 ^ a cos 00 ; 


Clt = ^ — — X 5 

(cos Bq — cos 6)^ { (<*)^ — 2 (ùQ^) cos Bq + cos B]^ 

and if ob = bq = 5 ; so that OQ = 2^cos^, 
rZ.oq = —25 sin^ dB ; 
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which assig’ns the vertical displacement of Q, due to the chauge 
of angle of inclination of op to tlie vertical. 


404.] Next let us suppose the curve of the tube in which the 
particle moves to be of double curvature, and to rotate about the 
Z- or f-axis with a constant angular velocity où ; we will also 
suppose the particle to be under the action of forces, the com-* 
ponents of the relative impressed velocitj-inerements being 
X, Y, Z ; then the équations of motion are 


dt^ 

dH 

dt^ 




dr\ 

'dt 

-<0% + 26>ÿ 


= X H — cos a, \ 
m ' 


Y H — cos B. 
m 


= Z ^ — cos y ; 
m 


(42) 


where R is the pressure of the particle on the tube, and a, y are 
the direction-angles of the principal normal to the curve of the 
tube at the place of m, From these équations v^e hâve 

= 2 f\xdi-^Ydn + zdC), (43) 
do 

where 77 ^ ; and the right-hand member expresses twice 

the Work donc relatively by the acting forces ; and the term in- 
volving R disappears, because 

d ^ cos a + dy] cos 13 + d ^ cosy = 0 ; 
since the tangent and the principal normal are at right angles 
to each other. 

If the tube had been fixed, so that co = 0, and v had been the 
velocity of m in the same position as that in which v is the 
velocity when the tube revolves^ 

= 2 f {xd^+Ydri + '/.dC) ; 

JO 

... __ v2 — ^2 ^^.2 _ ^.^2 j , ^44^ 

so that the velocity in the moving tube is greater than it would 
be if the tube were fixed, by the amount duc to the centrifugal 
force arising from the rotation of the System of reference. 

If X = Y = 0, Z = — so that the particle is heavy and no 
force besides gravity acts, then 

^2 = ^^2 ^ ^2 ^^,2 _ ^, 2 ^ ^ 2 ^ ( z - Zq ); 

which gives the velocity of the particle in any position. If the 
PRICE, VOL. IV. K n 
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velocity is tlie same at ail points of thé tube so tbat = a 

constant, then the preceding équation is that to a paraboloid of 
révolution ; and hence the tube in the form of a generator of 
this paraboloid satisfies the condition that a particle remains at 
rest in it, whatever its place may be ; the latus rectum of this 

parabola is ^ • 


405.] Also let us consider the case in which a particle m moves 
in a tube capable of rotation about a given axis, say that of ^ or 
C ; but in which the angular velocity is not constant. In this 
case, if (ù is the angular velocity of the moving system at the 
time the équations of relative motion are 


dt^ " ^ r, dt 


B 

x-1 COS a, 

m 




R 

= Y COS 

m 




dH 

df^ 


B 

= Z H cos y : 

m 


(45) 


where a, /3, y are the direction-angles of the principal normal at. 
the time ty and R is the pressure of the tube on the particle. 

In illustration of these équations, I will take the following 
examples. 

Détermine the motion of a heavy particle m within a smooth 
tube, so thin that the mass of it may be neglected in the équa- 
tions of motion, which is bent into the form of a hélix and 
rotâtes with a constant velocity ù> about the axis of the hélix 
which is vertical, and with which the hélix is rigidly connectod 
by means of thin wires. 

Let the horizontal plane in which m is at relative rest be that. 
of (Xy y\ the point where it intersects the axis of the hélix being 
the origin, the axis of z being measured vertically downwardn, 
and the axis of x passing through the initial place of m. Let (fi 
be the angle through which the vertical plane, containing tht^ 
axis of the hélix and the place of w, has revolved in the time /. 
Then the équations to the hélix are 

X — a cos cj)y y = a sin (^, z = a(<p — où tan a ; 

^ cos(^~cü 25), 7] = a sin (0 — 6)25), (= — eût) tan a ; 

and the équations of motion are 
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— < 0 ^^— 2 *)^ = — COs(<l> — mf), 
dt^ ^ dt m ^ 

^ — £0^12 + 2 co^= —sin(^—ft) 2 !), 
dV dt m. ^ ' 


âH 

dt^ 


= 9\ 


multiplying these respectively by drjy dC^ adding and inte- 
grating, bearing in mind that ^ + 77^ == and tbat the action- 
line of R lies along the principal normal and is consequently 
perpendicular to the tangent, we hâve 

~ -a^a>^(aecay = 2£rz-, 


whieh is the équation of vis viva. 

Also multiplying the first équation by rj and the second by f 
and subtracting, we bave, after intégration, 


.drj di 

^ dt dt 

d(l> 
dt 


a^(xi \ 


= 2c 


So that the angular velocity of m is constant, being twice that 
of the tube. 


406.] Let us take an example in which the angular velocity 
of the moving tube is not constant, such as is the case in the 
following problem. 

Déterminé the motion of a heavy particle m within a smooth 
tube, so thin that m, the mass of it, may be neglected in the 
équations of motion, which is bent into a hélix rotating about a 
vertical axis, parallel to the axis of the hélix and touching it. 

Let the horizontal plane in which m is, when ail is at rest, be 
that of (^r, J/), the point where it intersects the rotation-axis 
being the origin, and the line passing through the point where 
m is at rest being the axis of a?, and the axis of z being vertical 
downwards. Let 0 be the angle through which the tube bas 
revolved, and O-i-cj) the angle through which the vertical plane 
containing the place of m and the rotation-axis bas revolved, in 
the time t. Then the coordinates of m at the time t are 
£C =2acos(pcos{d -h(p), y = 2 æ cos(j[) sin (0 + (^), ;2=2cz^tana; 
^ = cï (1 -j-cos2^), rj = asin^cf), f=:2c^0tana; 

N n a 
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and tke équations of motion are 


d^d ârj dd 


E 


df^ 

dS 

dt^ 

dt^ 


^ J , cos 24 ), 

dt dt m 

d0‘‘ ^d^ô d^dO E . . , 


' dt^ 


dt dt m 


mF 


d’^e 


= &•> 

^^2 = 2 < 3 ! E (cos 4))^. 

But since m, the mass of tlie tube, is to be neglected, from tbe last 
équation, e = O ; and eonsequently tbe équations of motion are 
d^$ ^d$^ d^Q cydi^d6_ 


d^_ ^ 

dt^ ^ df^ ^ dt^ dt dt ’ 

dH 

dt^ 


( 46 ) 


■ • ' S5 -f jp-Ci'+f’) -Hf jf + is)s = O 


cPù 


= ^- 

dr].dO 




. d^ dt] dô 

~di~ ~Û~ wben ^ = O ; wbence replacing ^ and 

»j in terms of (f), we bave 

dé de ^ 

2t+Jl=0: ,. ^, + « = 0. 

Tbis équation sbews tbat tbe angular velocities of m and of tbe 
tube about tbe vertical rotation-axis are equal but in contrary 
directions, so tbat m moves in tbe fixed vertical plane pf (r, x). 
Also ^ 


d^d^^+dnd^n + dÇd^C 


j.e’^ 


iid^ + ridr,)~-{rjdi~ ^dri)^^ = ffd^: 


dt'^ 


whence 




dt^ 


{ (sec af — (cos (pf} -f 2 sin 0 cos (j) ^ , 


and integrating, 
(sec a) 


,d<p^ 


-{eoscpr^^ = 


dé^ y tan a 


dt^ V— ^ 2 -- 2 ^ 
_ ÿ(f> tan a 

dt^ ^ 


<t>. 


dt^ 2<3j{(sec a)^ — (eos <^)^} ^ 
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which is the équation of relative vis viva ; and from whieh cj) 
and 6 might be determined in terms of t, were intégration 
possible. 

407.] Lastly, let us consider the motion of a heavy particle 
moving in contact with a surface which rotâtes with an uniform 
angular velocity about its f-axis, which is vertical and is the 
fixed - 2 :-axis. 


Let the équation to the surface be 

ï* {iy C) = 0 ; 

of whieh let the partial derived fonctions be u, v, w ; also let 

xj2 + v^ -f = 0,2 . 

then we may suppose the particle to move in a thin space con- 
tained between two parallel surfaces infinitesimally near to each 
other ; in which case the équations of relative motion are 




cPC 


n w 



if we multiply these respect! vely hj drji and dC and add and 
integrate, we hâve 

where c is a constant depending on the initial values of the 
several quantities. 

If V is constant, or if the particle remains at rest wherever it 
is put, so that v = 0^ this is the équation to a paraboloid of 
révolution. 

If V varies as the distance from the fixed origin, the surface is 
a quadric surface of révolution, 

The following example is in illustration of these équations : 

On a rough horizontal whirling table revolving about a ver- 
tical axis with a constant velocity o) a heavy particle m is placed, 
in relative rest : détermine its subséquent motion. 

Let F be the friction between the particle and the table ; theû 


the équations of motion are 

. 2 . 2c 


m ds 


d\ 

dt‘^ 



m ds ^ 


( 48 ) 
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whence by the équation of vis viva, 

if the particle is placed at rest at a distance a from the rotation- 
axis, and % is the length of the path described by the particle. 
Again, taking the normal component 

d^d‘^ri^dr\cl^^ ^rjdi—^drj ^ ds 
dsdt^^ ^ d§ ^ dt 


= 0 




ds 

'H' 


a 


where is the angle between r and the axis of If t is elimi- 
nated between this and the preceding équation, we hâve an 
équation in terms of geometrical quantifies only which is that 
to the path of the particle on the table. 

408.] The principles and équations of the preceding articles 
are applicable to the solution of a problem of considérable in- 
terest ; viz. to the motion of a particle, either free or con- 
strained, near to the earth^s surface, relative to a System of axes 
originating on the earth’s surface and moving with it. 

We may without error assume the centre of gravity of the 
earth to be fixed, if we impress forces on the moving particle 
which are equal to the excess of those which act on it over those 
which act on the earth at its centre of gravity : but as the sun, 
which is the main force acting on the earth, impresses velocity- 
increments nearly equal on both the earth aud the particle, we 
may suppose this excess, either positive or négative, to be so 
small that it may be neglected without sensible error. We may 
also suppose the position of the rotation-axis of the earth to be 
fixed and the angular velocity to be constant. 

The two Systems of axes are imagined to hâve that arrange- 
ment which is drawn in Fig. 63. 0 is the centre of the earth ; 

the axis of z is measured from o towards c the north pôle ; the 
axes of X and y are taken in the plane of the equator. Let co be 
the angular velocity of the earth, with which indeed the earth 
rotâtes from the ^-axis to the a?-axis : it will be convenient how- 
ever to take it at présent in the contrary direction, and to change 
the sign in the final équations, ere we apply them to the par- 
ticular problem. 

Let P be the place of observation, and let us suppose it to be 
in the northern hemisphere of the earth. Let P be the origin of 
the moving system of rectangular axes to which the motion of 
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m is referred : let the axis of C be thé vertical line at P measured 
away from the earth towards the zénith of P ; this may be 
assumedj without sensible error, to pass throiigh the earth’s 
centre. Let axes of £ and 77 be in the horizontal plane at P, 
and be respect! vely N and s, and E and w ; the positive direc- 
tion of ^ being taken towards the south, and that of 77 towards 
the West. Let the latitude of p, viz. poq, = À. Let the plane 
of the meridian of P, when = 0, be that of z) ; and let the 
earth’s radins be t. Then mon = zî : and 


O M = = r cos X cos 6) 

M N = j/q = cos X sin û) t, 
N P = = r sinX ; 


__ 

~dt^~ 


— (jo^r cos Xcos CO 


dt'^ 


= — eos A sin ü) 

= 0 . 


f, ^ 


) 


(49) 


dp 

Also resolving co along the axes of 17, we hâve 

cù^ = — . CO cos Xj co^ = Oj co^ = CO sin X ; (50) 

of which the first is the component about the line running due 
s and N in the horizontal plane, and is the only component in 
that plane : and the last is the component about the vertical at P. 

Now if the place of m at the time t is (x^ z) relatively to 
the fixed axes, and is (£, ?7, C) relatively to the moving axes 
which originate at P ; then 

X = r cos X cos CO zî 4- ^ sin Acos coû — rj sin coz{ + ^cosXcos où t, \ 

y = f cosXsin co/î + f sinXsin cozî-l-?; cos COZÎ+ C^^osX sin cozî, v (51) 

.2;=rsinX — ^cosX -hCsinX. ) 

On comparing these with (2), Art. 2, we hâve 

cïj = sin X cos o)t, = — sin co — cos X cos co t, \ 
a.2 = sin X sin co zî, ^2 = ^ ^2 = ^ ^ f 

<353 = — cos X ; ^3 = 0; C3 = sin X ; ) 

and differentiating, 


dt'^ 

d^^a. 

di'^ 


= —cousin X coscozJ, 
= ■— cousin X sin (ùt. 


dH^ 

di^ 

dt'^ 


cousin coz5, = 


— co^ cos co z5, 




— co^ cos X cos cozî, 

— co^ cos X sin cozî, 


_ O 

dt;^ ~~ 




= 0 ; 


d^c^ 

df^ 


0 ; 
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and substitnting these quantities in (21), (22), and (23), Art. 
395, the force of transference bas tbe following components, viz., 

Xg = —cù^T sin K cos X — £ 0 )^ (sinX)^ — sin X cos X, \ 

. (53) 

Zj = — (cosX)^ — ^co^sinXcosA. — (cosX)^; ) 

and substitnting from (50) in (24), tbe components of tbe com- 
pound centrifagal force are 


F cos a = 
F cos /3 = 
F cos y = 


— 2û)sinX-T7> 

cU 

2((ù sinX^ 4- 
dt 

— 2 O) cos X ^ • 

dt 


û) cos 



(54) 


Wben tbese several quantities are substitiited in tbe équations of 
motion given in (29), tbese last équations become 


dt^ 


(J*Ti 

— «^rsiuAeosX— £<ü®(siiiA)^— ^(ü^sinA.cosA~2û»siiiA^ = x". 


2 n / • s 


= Y , 


— cü^r (cos X)^ ~ ^ 0 )^ sin X cos X — (cos X)^ -- 2 to cos X ^ = z'. j 


dt 


Tbese équations may be deduced directly from (51) witbout tbe 
intervention of tbe general process, wbicb bas been investigated 
in tbe preceding Articles. For we may take tbe second î^-diflPer- 
entials of cc, y, and - 2 , and equate tbe sum of tbeir several com- 
ponents along tbe axes of rj, ( to tbe impressed velocity-incre- 
ments acting* along tbose axes. In particular problems tbis is 
tbe most convenient metbod. 

409.] In reference to (53) it is to be observed tbat tbey are 
evidently tbe axial components along tbe moving axes of tbe 
accélération due to tbe so-called centrifagal force wbicb tbe par- 
ticle m would bave by virtue of tbe eartb’s rotation, if it were at 
relative rest on tbe eartb in tbe place wbicb it bas at tbe time t. 
For suppose p to be tbe perpendicular distance from tbe place of 
m at tbe time t on tbe eartb’s rotation-axis, tben is tbe 
expressed normal accélération due to tbe eartb's rotation. Let 
tbis, as acting on m at (^, 7 ], f), be resolved in and perpendicular 
to tbe plane passing tbrougb P and the eartb’s axis ; tben tbese 
components are respectively (r cos X + f sin X + C cos X) and 
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ï] ; and of the former the and f-axial components are respect- 
ively ^2 eos X + ^ sin À + ^ cos X) sin X, 


and 6)^ (r cos X 4- ^ sin X 4- C cos X) cos X ; 

and these are x^, y^, and as given in (53). 

It is évident from first principles that these are the effects due 
to the force of transference. Similarly (54) are evidently the 
effects of the compound centrifugal force. 

410.] To adapt these équations to the actual circumstances of 
the earth, the sign of co must he changedjhecause the earth revolves 
from West to east, which is a direction opposite to that assumed 
in the preceding Articles. To déterminé its value, we will take 
a second for the unit of time; then, since a mean sidereal day 
contains 86164.09 seconds, 


6 ) 


2-77 

86164.09 


1 _ 
13713 ”” 


.00007292, 


which is a small fraction ; and consequently co^, which enters 
into the preceding équations, is a very small quantity. Also, in 
the problems to which we shall apply the équations, rj, C will 
be always very small fractions of the earth’s radius ; and thus we 
may for a first approximate solution of a prohlem, without sen- 
sible error, neglect those terms in the left-hand members of the 
équations which in volve products of these coordinates and of ; 
and the équations become 


r sin X cosX 4 2 co sin X 


drj 

dt 


^-2^(sinA^^+cosA^^) 

O / N\‘> , O \ 

^ — cü- r (cos Xy + 2 (û cos X — 



(56) 


where x', y^, z' are the components along the moving axes of ail 
the absolute veloeity-increments impressed on m. 

411.] Now I propose to apply these équations in the first 
place to the motion of a particle projected with a given velocity 
and in a given direction from r, the place of observation, which 
is also the origin of the moving System of axes. Although the 
power of OUI* weapons of projection has been very greatly in- 
creased of late, yet still, for ail points of the path, £, ??, f are but 
small fractions of the earth’s radius; consequently a)‘^£ 
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are small quantities whieh, we may omit, and (56) are applicable 
to practical problems in g*uniier 7 pi’actice. 

In the right-hand members, for the same reasons, I shall 
assume the earth’s attraction to be the same at ail points of the 
partiel e’s path, and to be what it is at P, the place of observa- 
tion. Although gravity varies at different points of the earth’s 
surface, according* to a law which is accordant with Clairaut’s 
theorem, jet I shall take it to be the same at ail latitudes ; and 
no sensible error will, within the eompass of our approximations, 
therebj be introduced into the results. I shall also consider 
the projectile to move in vacuo, and shall eonsequentlj neglect 
the résistance of the air. Thus the particle moves under the 
action of the earth’s attraction, and the centrifugal force due to 
the rotation of the earth, the résultant of these being* that force 
which is commonlj known as gravity at a particular place ; 

x' = — • r sin A eos A, \ 

y'=0, (57) 

z'= — (cosA)2-~y ; ) 
and the équations of motion (56) become 




di 


= 0 , 


2co(sinA^ + cosxf) = 0, 


■ + 2 cü cos A 


cU 

drj 




(58) 


æ-n 

iW 

dH 

dt 

If i*) = 0, these équations express the ordinarj case of a projec- 
tile’s motion. 

Now (58) admit of intégration. Let u = the velocity of pro- 
jection, and let a, /3, y be the direction-angles of the line of 
in-ojection in reference to the moving axes ; 

- 

^ + 2 û)î 7 SinA = ?^ cos a, 

(ly\ 

— — 20 ) (^sinAq-^cosA) —% cos jS, 

^ + 2co 7] cosA = cosy — j 

du 

which assign the components of the velocity at any point of the 
path. 

Again, if we substitute for ^ and ^ from the first and last 

dt dt 


(59) 
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of these équations in the second of (58), and omit tlie ternis 
invol ving the product of and of one of the relative coordinates, 
then we hâve 

d^Tj 

— ù) [ 00 s a sink + cosy cos k) 2 <jù cosX = 0 ; 

therefore 

^3 

ut cosjB + Uû) (eosa sin À + cos y cos X) t^ — cù^ cosk — ; (60) 


and replacing rj in the first and last of (59) by this value, and 
omitting terms involving products of co^ and of one of the relative 
coordinates, and integrating, 

^ = «^î(cosa — sinX cos/3^^, (61) 

ut cosy — (^+ U Où cos k cos 13^ ; (62) 


which three équations express the motion of the projectile to 
the degree of approximation attainable by the preceding équa- 
tions of motions. 

From these values of £ and rj, the place of the particle at the 
time t may be found in référencé to any other System of axes in 
the horizontal plane. 

If û) = 0 , the results are the same as those which hâve already 
been found in Art. 349, Vol. III ; viz., 

^ Z=: ut cos a, 7} = ut cos / 3 , C = ut COSy — -^t/^‘^‘ 


On comparing these quantities with the preceding, the variation 
of the range on the horizontal plane, and also the déviation, as 
due to the earth’s rotation, can easily be calculated ; generally 
however it appears that if the particle or bail is projected from a 
place in the northern hemisjihere, in a direction westwards of the 
meridian, both the vertical height of it and its distance south^ 
wards from the parallel of latitude are diminished by the earth’s 
rotation ; and that if it is projected eastwards of the meridian, 
that is, in the direction in which the earth is going, both these 
quantities are increased. As to the three terms of which 77 
consists, only the first, viz., ut cos jS, dépends on the line of pro- 
jection being eastwards or westwards; and consequently the 
increase or diminution of rj will dépend also on the sign of the 
other two terms which involve t, 

The apparent path of the projectile may be determined by the 
élimination of t ; which will give the équations to two surfaces. 
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the line of intersection of whicli is its patli ; it is évident that 
the patK will generally be a curve of double curvature. 

412.] Let us however consider eeïtain paxticular cases and 
results of tbese équations. 

(1) Let tbe bodyfall down a mine, or from tbe top of a tower, 
witbout any initial velocity ; then 

îc = 0 ; eos a = 00 s ^8 = 0 ; cos y = — 1 ; 

^ = 0 , 77 = — û>^cosA — 5 

Tbe first équation sbews tbat tbere is no déviation in tbe line of 
tbe meridian ; from tbe second we infer a déviation towards tbe 
east ; tbat is, in tbe direction towards wbicb tbe eartb is moving, 
wbicb varies as tbe cube of tbe time of falling ; and tbat tbis 
déviation is greatest at tbe equator, wbere A. = 0 ; and tbe last 
équation sbews tbat tbe eartb’s rotation does not produce any 
alteration in tbe vertical motion. 

If we eliminate and take C downwards to be positive, 

8a.^(cOSÀ)^ 


wbicb is the équation to a semicubical parabola ; and sbews tbat 
tbe square of tbe déviation towards tbe east varies as tbe cube 
of tbe spaee througb wbicb the particle bas fallen. 

(2) Let tbe particle be projected vertically upwards; tben 
cos a = cos fi = 0; cos y = 1 ; and 

^3 \ 

£z=0, 77 = 2 ^ 0 ) cosÀzJ^— 0 )^ cos A. — 3 

O 2 


the last équation sbews tbat tbe vertical motion is tbe same as 
it would be if tbe eartb did not rotate ; and consequently if h is 
tbe beigbt to - wbicb tbe particle aseends, and T is tbe wbole 

time of ascent and descent, v?' = and T = — • Tbe first 

9 


équation sbews tbat tbere is no déviation in tbe line of tbe 
meridian ; tbe second sbews tbat tbe déviation along tbe parallel 

of latitude is westwards wben t is less tban — ; tbat it vanisbes 


3?^ 


3 w 


bût 


wben t — — ; and is eastwards wben t is greater tban 

^ ^ 
as tbe greatest value of t is — (unless the particle, after having 

descended to its original horizontal plane, continues to fall), 
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the déviation along thé parallel of latitude is always westwards. 
WLeii the particlej after its ascent, strikes the earth, 

4iCùU^ cosX 

which is the déviation westwards of the point of impact on the 
ground ; and varies as the cube of the velocity of projection. 

(3) Let the partiele be projeeted due westwards at an angle 
of élévation equal to ô i then 

cos a = Oj cos = cos 6, cos y = sin 0 ; 
and £ = — 7^ û) sin X cos d 

. O 

T] = uif eosS + nco smâ eos\^^ — cùj/ cos\^ } 

^z=i ut sin 0 — (^^ + 7^0) cosXcos0^ ; 



the first of which équations shews that the projectile generally 
deviates northwards ; when the projectile strikes the ground, 
f = 0 ; in which case 


t = 


sin 6 


27^ sin0 


y + 27^a)eos^cosX 




2uc 


cos0cosX[ 


9 t 9 
omitting those terms which involve a>^ ; in this case 


. 47^^ CO sin X (sin &f cos Q 

S = :;ô > 


77 = — sin 2d-h 
9 


CO cos X 
3/ 


{ (sin 6)^ — 3 (cos Ô)^ } ; 


( 66 ) 

(67) 


which are the approximate coordinates of the point of impact on 
the ground. The terms invol ving co dénoté the effects due to 
the earth’s rotation : the former gives the déviation northwards ; 
and the latter shews that the range measured westward is in- 
creased or diminished according as d*is greater or less than 60°. 

(4) If the partiele is projeeted due eastwards at an angle of 
élévation equal to 6, ail the preceding results are true if we 
replace Ô by 180° — 0 ; so that (66) and (67) become 

r/ = — ^ sin 2^ + - { (sin df — 3 (cos 6 )^ } ; (69) 

so that in this case the déviation of the projectile is southwards ; 
and the range is increased or diminished according as the angle 
of élévation îs less than or greater than 60°. 
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(5) Let tlie particle be projected due southwards at an angle 
of élévation equal to 6 ; then 

cos a = cos cos ^ = 0, cos y = sin Q ; 


and ^=1 ut cos 6^ v 

^3 

T) = î^o) sin(0-f — (o^cosX — 5 

Ç =. ut sin 0 — ~ ; y 


(70) 


from the first and tke last of these équations we infer, tbat 
neither the time nor the range on the meridian is altered by 
the rotation of the earth. But when C = 0, that is, when the 

projectile strikes the ground, t = ^ ; in which case 


V = 


_ 4 u^ù) (sin 6y 


3/ 


{ sin 0 cos X + 3 cos ^ sin X} ; (71) 


and therefore the point where the projectile strikes the ground 
is always west of the meridian. 

If d is replaced by 180°—^, we hâve the case where the particle 
is projected due northwards at an élévation of 0, 

Now we shall hereafter prove that these results, which hâve 
herein been applied to the motion of a material particle, are also 
true of that of the centre of gravity of a body. Neglecting 
therefore the résistance of the air, and the action due to the 
rotation of a bail or boit, we hâve the following results as to rifle 
and cannon practice : 

When the shot is fired due north or south, the range in that 
direction is not altered ; but there is a déviation of the shot, the 
value of which at the point of impact on the ground is given in 
(71) ; and this déviation is westwards, vanishes, or is eastwards 
according as 6 is less than, équal to, or greater than 
180° — tan**^ (3 tan X). 

When the shot is fired due east, the range eastwards is in- 
creased or diminished according as the angle of élévation of the 
gun is less than or greater than 60°; and there is déviation 
southwards for ail places in the northern hemisphere, and north- 
wards for ail places in the Southern hemisphere, the value of 
which is given in (68). 

When the shot is fired due west, the range is increased or 
diminished according as the angle of élévation is greater than 
or less than 60°; and there is a déviation northwards for ail 
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places in thé northern hemisphere, and southwards for ail places 
in the Southern hemisphere. 

S O that for firing from a place in a direction coincident with 
the parallel of latitude, and with an élévation less than 60°, the 
range is increased or diminished according as we fire eastwards 
or westwards ; and the différence between the two ranges 

Su^ù)COsk , . 

= 3 p {3(cos^)2~(sin (9)2} ; 

and if the place is in the northern hemisphere, the déviation 
parallel to the meridian is north or south, according as we fire 
West or east. 

And for places in the northern hemisphere for ail directions 
lying West of the meridian, the déviation parallel to the meridian 
is north wards ; and for ail directions lying east of the meridian, 
the déviation parallel to the meridian is southwards. 


413.] The expressions (60), (61), and (62), which hâve been 
explained in the preceding Article, are deduced from équations 
of motion, whose form is simplified on the assumption that 
Products of û)2 and one of the relative coordinates of are 
small quantifies, and are to be neglected. Let us now retain 
these quantifies in the équations of motion, and assume that 
products of and of a small variable are to be neglected ; and 
that ail small quantifies of a lower order are to be retained. In 
this case the équations of motion are 

•^a)2(sinX)2 — {■a)2sinÀcos\ + 2cüsinÀ.^ = 0, \ 


+ =0, ^ (72) 

£a)2sinÀcosX--^û)2(cosX)2 + 2a)cosÀ^= —g. 

Of these équations, the values of given in (60), (61), (62) 

ai’e approximate solutions of the first order, and may be employed 
to find approximate solutions of (72). 

In the second of (72), in the term let ?; be replaced by 
ut(^os (3 from (60) ; then integrating, we hâve 
ci ^2 

U cos jB — ncù^ cos 13 — 2û)(f sinÀ-f ^cosX) = 0; (73) 

do 


and substituting for £ and C their values given in (61) and (62), 
and integrating again, 
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T] = ui COS ^ 4 «cû (cos a sin A + eosy cos A) 

- COS X g — ^ 0)2 COS ^ • (74) 

Agaiîij in the first and tKird of (72), in thé ternis involving 
cù^i and 0)2 C, let ^ and respectively replaced by 

?^^cosa, and î^^cos ; 

tben integrating, we bave 

eos a—Mùfl sin X(eos a sinX + cos y cos X) — 
dt ^ 

fZ 

-I- (jü^g sin X cos X — + 2 0 ) sin Xr] = 0 ; 


^ U cos y — U 0)2 cos X (cos a sin X + cos y cos X) — 


dt 




+ o)2^(cosX)2~ + 2 o)COsX77 = — 

substituting in the last terms of these the value of r?, given in 
(74)j and integrating, we hâve 

^ = î^ifcosa— ''Z^o)sinXeosj3^2 

~-?/o)2sinX(cosasinX + cosy cosX) ■ô-+^o)2sinXcosX— ; (75) 

O 

f = ‘W-jJcosy — ^yz{2_-2^^cosXeosj3zJ2 

^3 ^4 

— U û)2 eos X (eos a sin X + cos y cosX) — + y û)2 (cos X)2 ~ ; (76) 

2 O 

which expressions for ?], f are correct as far as terms involving 
0)2 inclusive. 

414.] Explanations might be given of particiilar cases of these 
équations, similar to those of the last Article. I will only take 
two cases : 

(1) Let the body fall without any initial velocity; then u = 0, 
cos a = cos /3 = 0 ; cos y = ~ 1 ; 

fA 

£= o)2ysinXcosA 

O 

, 

t] = —codées A — , 

O 

C = — + wV(cosA)2~ . 

The first équation shews that there is a déviation of the falling 
particle in the plane of the meridian towards the south ; and the 
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second shews tliat the déviation in tHe parallel of latitude is 
towards the east ; so that the resnlting déviation of the falling 
body is towards the sonth-east. From the last équation it 
appears, that the space due to a given time is less than it would 
be if there were no rotation. Hereby then we hâve correc- 
tions of the resnlts explained in the first case of the preceding 
Article. 

(2) Let the body be projected due southwards at an angle of 
élévation equal to 6, so that cos a=cos 6 ; cos /3 = 0 ; cos y=sin ^ ; 
then 


^ = 2^z?cos^ — ?^co^sinÀsin(À + ^) — +^ft)^sinXcosX — J \ 


r] = îôco sm(K + 6)t^^ùù^ cos\ — > 

O 


y4 

f = utsind ^^co^cos X sin(X + 6f^ +^01^ (cos A)^ -- ; 

^ [^^2 O 


when the projectile strikes the ground, C = ^ a 2 :)proximately 
2^sin 6 


t = 


9 


in which case 

4#co(sin Q'f 

: _ 


{sin ^ cos À + 3 cos B sin 


s ’ 


so that the déviation along the parallel of latitude is westwards. 

Ih the investigation of this problem, given by M. Poisson, 
Journal de l’Ecole Polytechnique, Cahier 26, p. 1, terms are 
introduced representing the résistance of the air. The équa- 
tions, thus enlarged, do not admit of direct intégration ; the 
effect however of the résistance of the air is determined by the 
method of variation of parameters, The student désirons of 
knowing the extent to which mathematical analysis has been 
applied to balistics, must consult the memoirs of M. Poisson, 
contained in Cahiers 26, 27 of the aforesaid J ournal. 


415.] Although the folio wing is a particular case of the 
general problem of projection of a heavy particle as treated in 
tbe preceding Articles and has been solved as such, yet it is of 
so much interest that it is désirable to give an independent 
considération to it. The problem is this ; 

Détermine the motion of a heavy particle falling from rest 
from a height h to the earth, taking account of the earth’s 
rotation. 

PRICE, VOL. IV. O O 
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The équations of motion are (58) ; and as, when 2 ^ = 0, 


7 Ù 

* * . ~~T 4 "t ^ ^ ^ sin A. “ 0, 

cl U 


\ 


— 2ù) {£sinA + (C— >^)cosA} = 0, ^ 
dt 

^+2û)?7COS A = —gt ; 


(77) 


substituting the first and last of these in the second of (58), and 
omitting terms involving we hâve 
d^ri 

^ + 2û)gcos\t == 0 ; 
oûgco&K ,0 


and from the first and the last of (77), omitting the terms in- 
volving we hâve 

2 

1 = 0; 


so that to the degree of approximation we hâve taken, the ver- 
tical motion of the particle is the same as if the earth did not 
rotate ; no déviation takes place in the plane of the meridian, 
and the horizontal déviation is towards the east, and varies as 
the cube of the time during which the body bas been falling. 


Since the time due to the height h is (~) > déviation to- 


wards the east of the point where the body strikes the ground 


cos A 

and varies therefore as the square root of the cube of the height 
from which the body has fallen. 

These results are in accordance with the statements made in 
Art. 322, VoL III, respecting the motion of a particle falling 
from the top of a vertical tower. 

The student désirons of further information on the subject of 
these Articles, in addition to the Memoirs of M. Poisson already 
alluded to, will consult with advantage (1) Benzenberg, Versuche 
über das Gesetz des Palis, &c., Dortmund, 1804 ; (2) G. L. Plouel, 
De deviatione Méridional! corporum libéré cadentium, &e., 
Utrecht, 1839. In both these treatises he will find the investi- 



563 


4I6.] eoucatjlt’s pendtjlum expeeiment. 


gâtions of Gauss, in which the resulting équations are carried to 
an approximation involving higher powers of co than the second. 
In the latter too he will fînd an account of the experiments made 
by M. Reich in a mine near to Freiberg, in Saxony, in the 
year 1833. 

416.] We can also by means of these équations investigate 
the oscillations of a pendulum, when its motion is affected by 
the rotation of the earth. And we shall arrive at the résulta 
which M. Foucault exhibited in his famous pendulum experiment 
before the Academy of Sciences in Paris on Feb. 3rd, 1851 ; 
and which hâve been repeated, and confirmed, in many parts of 
the earth. 

We shall hereby hâve another ocular proof of the diurnal 
rotation of the earth ; and perhaps a more striking one than 
any that had formerly existed ; for our process will shew that 
the observed results are in accordance with the physical laws 
which cause them. 

It will be convenient to make a slight change in the moving 
System of reference, and to take the point of suspension of the 
pendulum for the moving origin : let the axis of C be taken ver- 
tically downwards from it, so that the sign of it must be changed 
in the preceding équations ; the axes of ^ and rj being taken re- 
spectively southwards and westwards as heretofore ; and let h be 
the vertical distance of the point of suspension from the earth’s 
surface. 

We shall assume the pendulum to be perfect ; and shall take 
l to be its length, that is, to be the distance of the bob, con- 
sidered as a particle of mass m, from the point of suspension. 

Lsf (£j C) be the place of its bob at the time t ; then 

f + (78) 

and let the tension along the rod of the pendulum = t ; let 
the components of T be introduced into the équations of motion 
(55) ; and let x', y', z' be the axial components of the other im- 
pressed velocity-increments ; then the équations of motion are 

£(smX)2 + (f — ï) 0)2 sin\ cobX - f- 2 O) sin \ ^ ~ y , 




(ù^r] — 2(ü (sinX^— 


cos 



dH 

df^ 


+ co^ ^ sin A. cos A — (C— (cos — 2 o) cos A 


__ T rj 

ml* 
dt m t 


0 O Ci 
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These équations represent accurately the motion of tlie p>en- 
dulum ; but as tbey do not admit of complété intégration, we 
must bave reeourse to metbods of approximation, as in thci pi©- 
ceding Articles. We sball suppose tbe extent of oscillation to 
be very small, so tbat £ rj, and l— ^ are always small quantities ; 
and as u? is a very small fraction, we sball neglect products of 
tbem and it ; tbat is, tbe effects due to tbe force of transference 
are so small, tbat tbey may be omitted, but tbose due to the 
eompound centrifugal force bave an appréciable value, and are to 
be retained : tbus tbe équations become 


O • 

^ + 2û)SinÀ^ 


(IS 

dt^ ' 

dH 

df-' 


éi. 

cU 


- 2 CO (^sin X 


■2<w cosX^ 
(U 


.eosÀ^)=- 


il. 

m l ' 

T 7 ] 

m l 
T C 


(79) 




417.] Varions metbods bave been cbosen by different mathe- 
maticians of dealing witb tbese équations. If tbe rotation of the 
eaitb is negleeted, 6 ) = 0 , and tbe équations become those wldch 
express tbe motion of a conical pendulum, and wbicb hâve al- 
ready been discussed in Articles 440 and 441 of Vol. III. We 
may take tbe solution of tbese simplified équations to be in form 
tbe solution of our actual équations ; tbe former will contai 
four undetermined constants depending on tbe initial values of 
tbe velocity and coordinates of tbe place of tbe bob of the pen- 
dulum; tbese constants may be considered variable, according 
to Lagrange s metbod of variation of parameters ; and the differ- 
ential équations of motion will enable us to déterminé thèse in 


terms of tbe time, wbereby we shall obtain variable éléments, 
wbicb will at any time fîx tbe position of tb e place of the pen- 
dulum. Tbis metbod bas been adopted by M. Quet, in a me- 
moir of great ability in Liouville’s Journal, Vol. XVIII. Paris, 
1853. Otber matbematicians bave followed the same proeess 
under a different form : tbey bave considered tbe terms involving 
^ to anse from a certain disturbing fonction, the f , 77 -, C-partial 
differentials of wbicb are severally, 

-S>.si.xÿ, 2.(,i.xf_cosXg). S.cosxJ, 

and then they hâve pursued the method indicated by Sir W. R. 
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Hamilton and Jacobi. This proeess bas been developed by 
M. Dumas in an Academical Dissertation, De Motu Penduli 
Spbæriei rotatione Terræ perturbato,” Kônigsberg, Marcb, 1854, 
in which tbe results are expressed in terms of tbe bigher elliptic 
transcendents. 

Again, otber matbematicians bave adopted a method of ap- 
proximation depending on tbe successive omission of small 
terms. Tbe original investigation of M. JBinet* was made on 
tbis principle ; and it bas subsequently been applied by Hansen, 
“ Tbeorie der Pendelbewegung,” Danzig, 1853. I bave treated 
tbe équations in tbe following Articles by tbis proeess, because 
it is tbe most simple and tbe most natural, and indicates tbe 
principal results of tbe équations witb tbe least labour. 

418.] Let tbe équations (79) be multiplied respectively by 
2(1^^ 2clrj, and added ; tben, since by (78), 

icli+7^dri-\-CdC=^0, (80) 

we bave 

(“) 

wbieb is the équation of vis viva, and from whicb-tbe effects of 
tbe compound centrifugal force bave disappeared, because tbat 
force does no work along tbe tangent, to wbieb its line of action 
is perpendicular. 

Again, if we multiply tbe second of (79) by and tbe first by 
1 ], and subtraet tbe latter from the former, we bave 

+ O; (82) 

wbieb is tbe équation of moments on tbe horizontal plane. 

Now let us refer tbe place of tbe pendulum at tbe time t to tbe 
horizontal plane at tbe place of observation and to a vertical line 
wbieb passes tbrougb tbe point of suspension. Let 6 be the 
angle between tbis vertical line and tbe rod of tbe pendulum, 
and let \j/ be tbe angle at wbieb tbe vertical plane, in wbieb the 
pendulum is at tbe time t, is inclined to tbe plane of (^, C), wbieb 
is tbe meridian plane ; i//' increasing positively as we move from 
tbe f-axis towards tbe ry-axis, tbat is, as we revolve from south 
westwards, and on nortbwards, and so on towards tbe east ; tbat 

* See Comptes Eendus de T Académie des Sciences de Paris, 1851, 
P- 197 - 
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isj in a direction opposite to tliat in which thé earth. rotâtes. Also 
let P be the perpendicular distance from the bob of the pendu- 
lum to the vertical line through the point of suspension. Then 
if the path descrihed by the bob is projeeted on the horizontal 
plane, p and yf/ are the polar coordinates of it, the pôle being 
the point directly beneath the point of suspension: thus we 
hâve 


P = / sin C = l cos 0, I 


^ = P cos yj/ = l sind cos ij/y rj =z p smxj/ = I sin ^ sim//' ; . 
... de+dri^+ac^ = P{(def-h(sme)^dyir}^}, 
idrj’-rjd^ = (sin 0)^ d yj/ ; 
thus (81) and (82) become 

■ l 




S"”’! 

t?.|(sin^)^ 6) sinX^| — 2<ii)COsX(sini9)2cos\//'i(9 = 0. * 


(84) 

(85) 


(86) 


As these two équations are deduced from (79) by a change of 
coordinates, they hâve lost none of their generality, and conse- 
quently they express the general motion of a pendulum to the 
same degree of accui’acy ; and that is, when terms involving the 
Products of û)^ and either r?, or l — C omitted. 


419.] For our purpose however it will be sufEcient to consider 
the oscillations of the pendulum to be small, and thus to assume 
the greatest angle of inclination of the pendulum to the vertical to 
be so small that cubes of it and ail powers higher than the cubes 
may be omitted. Consequently 6 is always such that and 

d 6 

higher powers of 6 will be omitted ; also is a small quantity. 

cio 

Let us replace by p, as we may by means jof (83) ; because we 
shall thereby obtain the polar équation of the curve in the hori- 
zontal plane into which the path described by the bob of the 
pendulum is projeeted.. Then omitting and higher powers of 
d, from (38) we hâve p =: 10; 

àp ^ jdO 

Also the last terms in the second équation of (86) must be 
omitted, because (sin ëf dO is small term of an order higher 
than those which are to be retained. Thus (86) become 
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Let these équations be integrated ; and let us suppose the pen- 
dulum to start from rest at a distance p = a from the vertical 
line passing through the point of suspension ; then 




} 

dt 


— û) sinX (p2 — _ Q . 


( 88 ) 

(89) 


eliminating , we hâve 

~ — || + “^(siiiA)2|p^ + a2 || +gtü2(sinX)2|p^ 

— co^ (siiiX)’^a^, (90) 
2f ■ s\ol ( 4 , <? + 2 ^ 0)2 (smX)2 „ 2 

(91) 

Now the right-hand member of this équation is a quadratic ex- 
pression in p^, which has two roots^ both of which are positive, 
and of which one is and is the greater root ; let be the 
other : also, for convenience of expression, let 

J + û)^ (sin kf = 91^ ; (92) 

so that , 6)sinX /r\n\ 

b = a. (93) 

Then (91) becomes 

SO that a and b are manifestly the greatest and least values of p. 
From (94) we hâve 

= —ndt ; 


{(a^-p^)(p^-è^)}r 

the négative side being taken, because we wiU suppose the pen- 
dulum at the time t to be approaching the vertical line through 
the point of suspension, and consequently p to be decreasing as t 
increases. Let also = 0, when p z=. a \ then integrating, we hâve 


«2 + ^2 


+ 




cos2^ij5; 


(95) 
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which gives the value of in terms of t ; and shews that (1) 
and are respectively the greatest and least values of p^ ; (2) their 
values reeur periodically ; and (3) the periodic time 

, = = hllL ; ( 96 ) 

^ { y + ^a>^(sinA.)^}^ 

this resuit evidently agréés with that of the common simple 
pendulum, when w = 0. 

To find the relation between p and \p, we hâve from (89) 


dxj/ . ^ (àa^sinX. 

y — = 


but from (93) 


, O) sin X 
h = a : 


d xj/ 
dt 


-û) sinX = 


nah 




d\j/ — cù sin Xdt = 


P 

abdp 


(97) 


(98) 

(99) 


■vvhencej by intégration, with the assumption that i/f = and 
P = a, when t = 0, 


a^ + b^ 


20 .^ 1 ^ 


2 eos 2 ('//■ — i/fQ — CO sin Ai!) 


{cos(\/c— i/co — cosinAi!)}^ ^ {sin(\/c— - v/cq — cusinAi!) 


12 


b^ 


( 100 ) 


420.] Ifi! is constant, this is an ellipse whose principal axes 
are respectively 2a and %h \ so that the path descrihed by the 
bob of the pendulum projected on the horizontal plane is an 
ellipse, the whole period being that given in (96). And since 

3 which is given in (97), is négative, the pendulum revolves 


in a direction opposite to that in which increases ; that is, the 
direction of its révolution is the same as that of the earth. And 
since (93) shews that the ratio of b to a varies nearly as o), b is 
small compared with < 2 , so that the eccentricity of the ellipse is 
very large ; if co = 0, ^ = 0, in which case the minor axis 
vanishes, and the pendulum moves in a plane : this however 
cannot be the case when account is taken of the earth’s rotation, 
except at the Equator, when sinX = 0. 

Since however t varies, we may still consider (100) to represent 
an ellipse whose principal axes are 2a and 2b ; and whose major 
axis at the time t is inclined to the ^-axis, which is measured 
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southwards along tlie meridian at an angle eqnal to 4- cüsinXzî : 
now this angle increases as t increases ; and consequently tke 
major axis re volves in azimutli with a constant angular velocity 
equal to cosinX in the same direction in whicli \j/ increases. 
Thus, if tlie patli described by tlie bob of tbe pendulum is pro- 
jected on tbe horizontal plane, it will be a revolving ellipse, 
whose major axis revolves in azimnth witb an angular velocity 
equal to o) sinX, in a direction opposite to that in whicb tbe 
eartb moves : tbe actual patb will tbus be a spiral limited by 
two concentric circles wbose radii are a and b, of wbicb a is 
tbe greater ; tbe spiral never extending beyond tbe former, nor 
Corning witbin tbe latter ; and tbe point where it meets tbe 
larger circle advancing witb an angular velocity equal to wsinA, 
in a direction opposite to tbat of tbe eartb^s rotation, and oppo- 
site to tbat in wbicb tbe pendulum itself moves. 

Tbis is tbe law wbicb tbe experiment exbibited by M. Fou- 
cault confirms. We bave already given a simple explanation of 
it in Art. 41 ; and that explanation appeared to M. Poinsot (see 
Comptes Kendus, Tome XXXII, p. 206) to be sufBcient. The 
preceding investigation bowever sbews that the resuit follows 
from tbe équations of motion, when small terms are omitted. 
Tbis tberefore is only tbe general efPect ; but tbere are sundry 
déviations, owing to tbe omitted terms, wbicb tbis dynamical 
process will indicate if it is carried to a bigber approximation, 
and wbicb the otber metbod fails to shew ; but it is beyond our 
purpose to enter upon tbese small disturbances in this treatise. 
The several memoirs already alluded to contain further approxi- 
mations, and to tbem I must refer the student. I sbould also 
mention that M. Poncelet, wbose name must ensure attention 
from every matbematician, bas written two memoirs on tbis sub- 
ject, wbicb are inserted in tbe Comptes-Rendus de T Académie 
des Sciences de Paris, Vol. LI, 1860, and bas arrived at results 
diflfering in some respects from tbe preceding. 

421.] The motion wbose circumstances we bave investigated 
bas been imagined to be tbat of a bob of a pendulum fixed by a 
rod of given lengtb to a point fixed relatively to the eartb and 
movins* witb it, and tbe effect of that rotation bas been exbibited 
in the preceding équations. Tbis motion is consequently tbat 
of a material particle moving on tbe lower concave surface of 
a spbere^ whose radius is fixed to tbe eartb and moving witb 
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it ; and Üxe general équations are applicable to any other kind 
of constrained motion of a particle. Let us take anotber ex- 
ample. 

A particle moves on a smooth inclined plane fixed to tbe earth 
and moving with it: it is required to détermine tbe relative 
motion of tbe particle. 

Let tbe plane pass tbrougb p, tbe place of observation, see 
Pig. 63, wbose latitude is k ; and let tbe équation to it be 


^cosa + rj eos^ + Ccosy = 0. (101) 

Let (^, Tjj C) be tbe place of m at tbe time t : we sball assume 
tbese coordinates to be so small in référencé to r, tbe eartb^s 
radius, tbat products of tbem and of may be omitted. Let P 
be tbe normal pressure on tbe plane : tben tbe équations of 
motion are 


^ +2o)smX^ 


R 

= — COS a, 
m 


^ -20) (smX^ +cosX^)= -cos/3, 


m 


= — cosy — 
m ' 


( 102 ) 


àK n s à-n 
dt^ +3wcosX^^ 

Altbougb it is convenient to retain a, /3, and y, yet we sball re- 
quire tbeir values in terms of {0). tbe incbnation of tbe plane 
to tbe horizontal plane of tj), and of tbe angle (\//-) between 
tbe ^-axis, wbicb is soutbwards, and tbe line of intersection (tbe 
line of nodes) of tbe plane witb tbe horizontal plane. In référ- 
encé to tbese 


cos a = sin 6 \jr, 
cos/3 = — sin^-v/r, 
cos y = cos^. 


(103) 


As tbe results of tbe force of transference do not appear in tbe 
preceding équations, and as tbe Hne of action of R is perpen- 
dicular to tbe relative patb of m, tbe principle of vis viva is 
applicable. Let v be tbe relative velocity of and let us sup- 
pose tbe particle to be at rest at (f^, tjq, Cq) wben ^ = 0. Tben 
multiplying (102) severally by adding and intégrât- 

ing, we hâve ^.2 ^ Q . (104) 

wbicb sbews tbat tbe relative velocity of tbe moving particle 
is tbe same as if tbe rotation of tbe eartb was not brougbt into 
account. 
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From the last two équations of (102) we hâve 
d^ri d^C r 

—cos 13-^ 4-2a) (cosAcosa— sinAeosy) ^ =^cos/3; (105) 
therefore 

dr] r^dt ^ , 

^ +2ûj(cosAcosa — sinAcosy)(f— £o) = gtcos^, (106) 

Similarly 

c r 

+^co(cosAeosa — siiiAcosy)(i 7 — ? 7 f)) = —^z^cosa; (107) 

^dP dr) ^ , 

cos/3 ^ -cosa^ +2û)(cosAcosa— sinAcosy)(C— Co) == (108) 

Again, multiplying (102) severaUy by cos a, cos and cos y ; 
addingj and omitting the terms which vanish by reason of the 
differential of (105), we bave 

— 2a)sinA(cos/3^~cosa^) + 2û)COsA(^cosy^— cos/3 =~— ^cosy; (lO£ 

substituting in which from (106) and (108), and omitting terms 
involving products of and the coordinates, we^ bave 

R 

— = ^eosy + 2û)CosAcosj8^2^5 (^10) 

= ^cos^— 2o)^j^cosAsin^ cos^ ; (111) 

which assigns the pressure on the plane ; and shews that it is 
diminished or ihcreased by the eartVs rotation according as the 
line of nodes lies in the S. W, and N. E. quadrants, or in the 
N. W. and S.E. quadrants ; and that this increase or diminution 
vanishes when the line of nodes lies E. and W. It vanishes at 
the pôle, and is, cæteris paribus, a maximum at the equator ; and 
it also vanishes when the plane is horizontal. It also varies 
as the time during which the particle bas been moving. Sinee 
(0 cosA is the component of the earth’s angular velocity along* 
the tangent to the meridian, that is, along the N. and S. line on 
the horizontal plane, the change of pressure on the plane is due 
to that component only, and not to the component along the 
vertical. 


Substituting in the first and third équations of (102) the value 
of R, given in (110), and integrating, we bave 

” +2ûi)smA(7; — 7/o) = ^2Jcosacosy + û)CosAcosacos/3yzî^ 

7 /" 

+2a)C0sA(?7 — ?]q) = — (siny)^ + ü)cosAcos/ 3 cosyyzî^ ; 
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and substitnting these values in the second of ( 102 ), and omitting 
the terms involving produets of and the coordinates, we hâve 
d-y) 

+26ocosa {eosAcosa— sinAeosyj^z^ 

— 2 a) cos A cos ^ {cosasinA + cosy eosA} = gcosjB cosy ; 

û ij^ cj 

— cos/3cosy~r û)COSa {cosAcosa — sinAcosy } 

2 O 

gt^ 

--a)^cosAcos /3 {cosasinA + cosycosA} • 

Now this équation shews that terms involving are of the order 

^ — 770 5 approximation is made on the assump- 

tion that produets of o)^ and the coordinates of m are to he 
omitted, we must omit produets of o)^ and ; and therefore 

cos/ 3 cosy — O) eosa {cosAcosa — sinAcosy}*^ ; 

2 <3 

and substitnting this value of »? — jjo (^ 12 ), and integrating, 


eos a cosy + o) cos jS { cos A cos a — sin A cosy } ; (lié) 

2 O 


C-Co = -(siny) 




( 115 ) 


so that in terms of 6 and \j/, 
gij^ ^ 

fo + sin ^ eos ^ sin — a)sin^cos'^{cosAsin^cos>//' — sinAcos^} 3 

2 3 

rj = 7]QsmO cos&cos\j/ — a)sin^sin^/r{cosAsin 0 cos\/r — sinAcos^j ^ 3 

2 3 




C = Co~(sm^) 




which assign the i^osition of the particle at the time t, Whence 
it appears, that if we omit terms involving produets of o)^ and 
the coordinates of m, the vertical distance through which m falls 
in the time i is not affeeted by the earth's rotation. 

To détermine the curve which the particle deseribes, let us 
refer its place at the time t to the point (£o> Co) as origin ; and 
to two axes in the plane, one of which, that of f', is parallel to, 
and the other, that of 77', is perpendicular to the line of nodes ; 
so that = (^0“"^) cos + (770—77) sirn/r, | 

77' sin i 9 = Co~C; / 


= O) sin ^ { cos A sin 6 cost/t — sin A cos 6 } - 


77' = sin^ 




( 117 ) 

( 118 ) 
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If we eliminate t from these équations, we obtain the équation 
8 (xP‘ 

{cosAsin^cosi/r— sinAcos0}^7]'^ ; (119) 

whicb is the équation to the semicnhical parabola, and is that to 
the path of the particle. 

If O) = 0, = Oj and the particle falls down the plane in a 

straight line perpendicular to the line of nodes ; but if the rota- 
tion of the earth is considered, there is a latéral déviation from 
the reetilineal path, which varies as the cube of the time of falling. 

It will be observed that I hâve supposed the particle to start 
from rest from (^q, tjq, (q) ; if if projected from that point on 
the plane with a given velocity, other terms, .which can easily be 
found, would be introduced into the preeeding équations ; and if 
û) = 0, the resulting équations would of course represent a parabola. 

422.] If the plane on which the particle moves is horizontal^ 
the équations of motion are 

(Pr) O ■ n \ 

^^-2cosinX^ = 0; ) 


and if we suppose the particle to be projected from the origin along 
the plane with a velocity u in a line inclined at an angle jB to 
the axis of £ ; then, integrating the preeeding équations, we hâve 

clt 
dy] 

Jt 

which équations assign the relative velocity of fche particle at the 
point (^, r]) ; and by élimination of t and subséquent intégration 
we bave 

usinjB ^ ^ ncosp 'lir 


■f 2a)sin\T7 = 

— 2 cü sin = 2 i sin ^ ; 


(f+ 


2 CO sin X 


/ weosp 
) \ ^ 2 CO sinX^ ” 


2 CO sin X ^ 4 co‘^ (sin X)^ ’ 


which is the équation to a circle. Consequently the particle 
moves in a circle whose radius is ; whose centre is at the 


. 2 ùsmB ueosB \ .. ü 

point ( — — ; — r ) I and the periodic time = — : — - = 

^ 2cosinX 2cosinX^ ^ cosmX 

= a mean solar day divided by twice the sine of the 


2cosinX’ 


43082^^ 

sinX 

latitude, 
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Anotlier problem, which. may be solved by these general équa- 
tions, is tbe motion of a particle on tbe surface of a rigbt cir- 
cular cône, wbose vertex is at P, tbe place of observation, and 
whose axis coincides witk tbe vertical at tbat place. 


Section 3. — The relative motion of a material eystem. 


423.] The équations of relative motion whicb bave been found 
refer only to tbe motion of a single material particle. Tbose 
however of certain material Systems may be deduced from tbem 
by means of D’Alembeiiî’s principle. 

Suppose m to be tbe type-particle of a System, to tbe motion 
of wbicb équations (29) refer ; and suppose i to be tbe type of 
an impressed momentum-increment due to an internai force, see 
Art. 69, acting on m, of wbicb i cos A, i cos jot, i cos v are tbe 
axial components ; and let us suppose tbe System to be free from 
ail constraint exeept tbat wbicb exists amongst its own members ; 
so tbat every particle is free to move as it is affected by tbe 
external forces acting on it, and by tbe internai forces of tbe 
System ; tben tbe équations of motion of tbe System in tbeir 
most general forms are 


-x^-pcosa- 

2.m|z'-z,-Fcosy-^| 


~2.icosA = 

— 5.lC0S/x = 

— S.lcosz; = 


0 ,^ 
0 , - 

0 ., 


( 120 ) 


If tbe material System is a rigid body, or is invariable in form, or 
otherwise is sucb tbat tbe internai forces taken tbrougbout it 
disappear, tben tbese équations become 






’X.m 


{"'-'•-'“’-SfI-O;. 


( 121 ) 


and it is tbe motion of a System of this kind wbicb for tbe most 
part we sball consider. 
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424. ] Prom these the équations of the axial components of the 
moments of the couples are to be formed; let us take that 
whose axis is the moving axis of ^ ; then we hâve 

2.m^7j(z'-Zt-iecQsy-ÿ) ^)| = 0 ; 

and replacing r cos /3 and e cos y by their values given in (19), 
this becomes 

<1 f f 

+ +2cof3.OTC^=0; (122) 

and the similar équations for the other axes are 

-<^r,j^3.m(C^ + i^) + 2a>i3.mC^ +2«f2.OTf^ = 0; (123) 

— + + + 2cü^5.î^7] ^ = 0 ; (124) 

and by means of these six équations the relative motion of a ma- 
terial System of invariable form may be determined. 

425. ] These six équations of relative motion may be com- 
bined into a single équation by means of the principle of virtual 
velocities. For suppose to be any arbitraxy geometrical dis- 
placement of the place of m at the time t, which is consistent 
with the geometrical relations of the System ; and let ô£, brj, bC 
be the axial projections of and let aU these quantifies be 
type-quantities ; then the équations of motion may be expressed 
by means of the single équation, 

.OT|(x'-x,-ïcosa-^) ôf+(Y'-Y,-I'COS/3-^) ôîj 

+ (2'-z,-Fcosy-g)8c| = 0. (125) 
This équation is indeed équivalent to the six équations by 
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reason of the arbitrariness of h brj, b Cl for these quantities in 
their most general forms involve six displacements, wbicli are 
îndependent of each other ; viz., three of translation and three 
of rotation ; and the coefficients of these separately vanish. If 
the relative motion of one or more of the particles of the System 
is constrained, these displacements are thns far suhject to cer- 
tain conditions, and conseqnently are not independent ; and ail 
that has heen said in Art. 78 is, mutatis mutandis, to be applied 
to this case. 

426.] Let ns suppose that the conditions to which the System 
is subject do not in volve the time explicitly ; then we may take 
for the Virtual arbitrary displaeement of the place of m that 
which actually takes place in the time cU by reason of the 
motion of the System, and of the forces acting on it ; so that in 
équation (125) we may put 

b7] = dr], àC=dC; (126) 

then, since from (28), 

cos adC+cos/Sdri + eosydC = 0, (127) 

(125) becomes 

= :s.Pi {(x'-Xt)di+(Y'—Yf)drj + (z'~Zt)dC}l (128) 
so that if V is the relative velocity of m at the time 

= 2 2.m{(x' — x^)r7£+(y'— y^)i77 + (z'~-z^)r/f }. (129) 

Let us moreover suppose that x', y', z', x^, y^, z^ do not contain 
t explicitly, but are functions of rj, C only ; then by intégration 

— = 21 2.^ (x'r/£+ j'drj +z')dC 

^ ri . 

-2/ :^.m{-KtdC + -Ytdr} + ZidC); (130) 
Jo 

wherein Vq is the initial value of and 1 and 0 dénoté the 
limiting values of the relative coordinates of the place of 
corresponding to the terminal and the initial values of the left- 
hand member of the équation. 

Equation (130) is that of the relative vis viva of the material 
System ; and if we consider it in its elemental form in (129), it 
gives the incrément of the relative vires vivæ of ail the particles 
of the System in the time dt, and shews that it is equal to the 
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excess of twice the snm of the products of thé impressed momen- 
tum-increment of each partiele and the spaee through which it has 
acted over the sum of the products of the momentum-increment 
due to the force of transference of the coordinate System (see Art. 
395), and the spaee through which this latter force has acted. 

It will he seen that P, the eompound centrifugal force, has 
wholly disappeared in (129) and (130) ; and rightly so ; because 
its line of action is perpendieular to that of the relative velocity 
of whereas into the équation of vis viva only those forces 
enter whose lines of action are in, or hâve a component along, 
that of the motion of m at the time t. 


427.] It is expédient to mention certain particular forms 
which the preceding general équations take in spécial cases, 
because in these simplified forms they are frequently applicable 
to the solution of problems. 

(1) Let us suppose the origin of the moving System to move 
along a given curve in the plane of (^, ^) ; and the System to 
hâve no motion of rotation : then a-^ = ^2 = = 1, and ail the 

other direction-cosines vanish ; so that from (21), (22), and (23), 


X, = 




Y, = 






7 — ° — O • 

dt'^ " ’ 

and (124), beiug the équation of relative moments about the axis 
of f, becomes 


d 


(M r f-df) dè\ ff. , 

— = +2.mr/ 


d^y^ 


d^OSr, 


dt ' 


’ dt 


dt 

= 2.m(£Y'— ?7X') — 

d^yo 


= N — 


^yo 

dt^ 

d^acr, 


df^ 

d^x, 


dr- 


(131) 




(132) 


di^ ^ ^ 

if N is the moment of the couple of the impressed forces whose 
axis is the moving C-axis. 

If the material System is of invariable form, and is fixed to the 
moving origin ; and if r is thêHistance of m from an axis perpen- 

dO 

dicular to the plane of (^, rj) through the origin, and ^ is the 

angular velocity of the body at the time t ; then (132) becomes 

d‘^e 




.2 , 


: N- 




:z.m 7] ; 


(133) 


df^ “ di^ ^ ' df^ 

by which équation the relative angular velocity of the body may 
be determined. 
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( 3 ) If the origin of the moving axes is fixed at the fîxed origirij 
and the moving axes revolve about a fixed axis, say the ; 2 :-axis 


with an uniform angular velocity = où (say) ; if ^ is the angle 
between the axes of œ and £ at the time t ; so that 

= cos 

\ = —sin = 0 , \ 

^5^ = sin ^5 

^2 = cos d, C 2 =- 0, ( (134) 

^3 “ 0 J 

1 — 1 

II 

0 

II 

<n 

and = - 

■a>^ Yi = — cu^rj, Z, = 0 ; 


then (124) becomes 
dt^ 




dt 


dé 


dt 

Therefore integrating, we hâve 


N-a> + 


(136) 


f oAQ\ r 7^ / N 

~:s.m (r^ — ) = / N<rZzî— 6) (h — Hq), 
clt ^ dt ''q jq 


a it 

if H and Hq are the moments of inertia of the System about the 
fixed axis at the times t and 0 respectively, where N is the relative 
moment of the impressed couple about the fixed axis. 

The équations (132) and (136) may also be derived directly 
from (35)j without the intervention of the general forms given 
in (124). 

If the body is rigid, and the origin is a fixed point of it, then 
.m rf) is independent of the time, and (136) becomes 
d ûû 


dt 




; (13Î') 

which is the same équation as that which expresses the rotation 
of a rigid body about a fiixed or an instantaneous axis. 

It is also to be observed that (132) is reduced to (137) : 
( 1 ) when (£Cq, y^), the place of the moving origin, is fixed abso- 
lutely : ( 2 ) when this moving origin has an uniform motion ; so 
d^ cû d^ y 

that = -^0- = 0 ; (3) when the moving {■-axis passes 

through the mass-centre of the body, because in that case 

= 0 . 

Also the équation of relative vis viva which is given in (130). 
becomes in this case 

428.] From these general équations we may deduce theorems 
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similar to those of absolute motion whicb bave been already 
demonstrated in Chap. III. Section 2, of tbe présent Volume. In 
the fîrst place, tbe relative motion of tbe mass-eentre of a material 
System of invariable form, or in wbicb tbe internai forces mutually 
destroy eacb otber, is tbe same as if tbe wbole mass of tbe 
System were collected into it, and ail tbe momentum due to tbe 
external forces, tbe forces of transference, and tbe compound cen^ 
trifugal forces, tbe last two witb tbeir directions cbanged, was 
tbereat applied in lines parallel to tbe actual lines of action. 

Let (f, fj, C) be tbe place of tbe mass-centre of tbe System at 
tbe time t relatively to tbe moving axes ; and let (£', r}\ be 
tbe place of m at tbe same time relatively to a system of parallel 
axes originating at tbe mass-centre : tben we bave 

f=i+r, i 


rj = r] + ri', r (138) 

C^C+C-} 

Also let M dénoté tbe mass of tbe wbole moving system : tben 
tbe newly introduced coordinates are subject to tbe folio wing 
conditions; 2 .®^'= 2 .OT 7 j'= 0; (139) 

:z.mr) = MŸj, (140) 

On referring to tbe analytical values of tbe momentum due to 
tbe forces of transference given in (21), (22), and (23), it appears 
tbat tbe values of 2 .i%x^, 2.mY^, are not cbanged; but 

tbey may be expressed as 

Mi,, MŸ„ MZ,; ^ 

wbere x,, Ÿ,, z, are tbe values of x,, y„ z,, wben rj, C are re- 


placed by f, rj, C so tbat tbe momentum due to tbe forces of 
transference may be applied to a mass m at tbe mass-centre, 
along lines parallel to tbeir original lines of action. A similar 
tbeorem is also true of 2 .^?zi’cosa, 2 .mEcoS; 8 , 2 .^;^f'cosy, 
wbicb may be replaced by MFcosa, Mrcos/3, MPcosy; so tbat 
tbe équations ( 121 ) become, after ail réductions. 


2 .mx' _ _ _ 

-ü x.-l’cosa-^ = 0, ^ 

2.OTY' _ _ . d^rj 




( 141 ) 




■ Z, — F cos y — 


(H 

dt^ “ 


0 ; 


M 


F P 
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and these équations prove tlie theorem which has been enun- 
ciated. The theorem of relative motion analogous to that of 
Art. 83 may be framed in the same manner. Thus the rela- 
tive motion of a material System, such as we hâve considered, 
may be resolved into the motion of translation of its mass- 
centi’e, ail the forces being supposed to aet on the whole mass 
condensed into that point, and into a motion of rotation about 
an axis passing through the mass-centre. Consequently the in- 
vestigations of the preceding section are not limited to the 
motion of a material particle : they are also applicable to that of 
the mass-centre of a material System, of which the internai 
forces vanish. Thus they apply to the relative motion of trans- 
lation of the mass-centre of planets, of shot, of pendulums with 
large balls, &c. ; except that in these cases the résistance of the 
medium through which the bodies pass must be taken aecount 
of ; so that other terms enter into the équations beside those 
which we hâve considered, It remains then only to investigate 
the rotation of the body about an axis passing through the 
mass-centre considered as a fixed point in reference to a system 
of moving axes. It is true, as we hâve heretofore remarked, that 
the point through which the rotation-axis passes need not be 
the mass-centre ; for the general motion may always be re- 
solved into a motion of translation of any point, and a motion 
of rotation about an axis passing through that point : but the 
mass-centre is the only point at which the mass may be sup- 
posed to be condensed and the forces may be applied each in its 
own intensity and direction, and the translation will be the same 
as it is in the motion of the whole System. In the following 
Articles I shall take the general case, and shall suppose the fixed 
point, about which the rotation is estimated to be any point, and 
not necessarily the mass-centre. 

429.] At this point I shall assume three Systems of référencé, 
and subsequently of coordinate-axes, to originate. (1) A system 
the lines of which are parallel to the analogous lines in the 
System absolutely fixed, so that ail angles will be the same in 
both ; and this system may also be regarded as fixed : (2) the 
System of axes to which the motion of the body is to be referred ; 
this is a moving system, and its motion with reference to the 
fixed System is given, and the éléments of it are, as heretofore, 
data of the problem ; these two Systems are connected by the 
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scheme of cosines &c, which are involved in (1) of tlie présent 
Chapter : (3) anotlier System of rectangular axes, fixed in tke 
body and moving* with it, which I shall tahe to be a principal 
System at the point. 

In reference to these three Systems respectively I shall tabe 
the place of m at the time t to be z), (^, r], f), r]\ C) î 

and these last two I shall take to be connected by the following 
scheme of direction-cosines ; 




-n 

c 

i' 

ai 

«2 


V 




c 

71 

^2 

73 


so that 


(142) 


■q = a^^' + jS^ri' + yiC', [ (143) 


To détermine the relative motion, these nine direction-cosines 
must be expressed in terms of t: as only three are independent, 
it will be eventnally more convenient to détermine the posi- 
tion &c. of the body by means of Enler s three angles, 6, 0, ■v/r, 
according to the process of Articles 3 and 4 : the relations 
between these three angles, and the nine direction-cosines being 
those of (20), (21), (22), Art. 4. 

430.] Now we hâve two modes of estimating the angular 
velocity of the body, of which one is absolute, and the other is 
relative to the moving System of axes ; let us résolve these along 
the principal axes at the time t ; let co/, co/, CO3' be the axial 
components of the former, and let , cog , 0)3 be those of the latter, 
The différence between them is evidently due to the angular 
velocity of the moving System : and consequently if we résolve 
this latter along the principal axes, we may equate each com- 
ponent to the corresponding excess of the absolute over the 
relative angular velocity. Thus we hâve 

cü/ = a)| + co^, 

to/ = CÜ2 + ^it0f+^2t0,+^3C0f, 

" 3 ^ = ««s+yi ®i+y2"i)+y3<"f; 


( 144 ) 
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as cùj,, 60.2, ^3’ ^5 ^3 ^ employed relatively to the moving 

System of axes, they are eonneeted by tbe équations g‘iven in 
(120), (121), (122), Article 64 

As cfü/, (joI, (ù^ dépend on the constitution of the body, on its 
initial circumstances, and on tbe forces wbicb act on it, they 
must be determined from équations of motion, in terms of B, cj), 
yjr, and t, and their values substituted in (144) : hereby we sball 
bave tbree équations in terms of 6, (jo, \lr, and t, and their differen- 
tials : from tbese, by intégration, 6, <p, and -v/r may be expressed 
as functions of t, and tbe relative position of tbe body will be 
given. 

Since co/, o)/, oo^' are the components along tbe princiqoal axes 
of tbe absolute angular velocity, tbey may be determined by 
Euler s tbree équations of motion : and we bave 


ttCÜT / \ / / 

A-^+(c-B)«= L, 

dcocf > \ , 

B + (a — Cjcüj = M, - 


(145) 


where a, b, c are tlie principal moments, and L, m, n are the 
moments of the couples of the whole impressed momentnm- 
incréments on the hody about the principal axes. 

431.] By means of these relations we can express the g-eneral 
équations of relative vis viva and of moments in terms of the 
angular velocities about the axes of r( ^ which are fixed in 
the body and move with it : and as the position of these axes is 
arbitrary we may take for them the principal axes at the moving 
origin, and thereby simplify the équations of motion, l^or this 
purpose let us take the zî-differentials of (143), beaimg in mind 
that ?/, do not vary with t. Th en 


dt ^ dt dt ' ^ 

dt ^ dt^^ dt'^^ dt ' 

^ .,da^ ,d^ ,dy^ 


squanng, adding them, and taking the sum of them for 
element of tbe moving System, 


(146) 


every 
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2. œ 


d^+dri^ + dC^ 
df- 




f /da-^- 2 
^Tt 


D' +(§/+' 


+.'^.mr}‘ 


+ 2 . 


+ 2:z.m7]'C 

+ 2:^.mCe 


(t)l 

{(t)’+('t)4(t)1 

dt dt 


{d.^dy^ 

\ dt dt 


{dy^ da-^ dy^ da^ cly^ daJ 
— — + -Î7-^| 


( dt dt 
da^ d/S-^ 


S . m 


dt dt dt dt \ 

da^jd^^ da^d^^ ^ ^ nÆ'7\ 
dt ' dt dt dt dt]' ^ ^ 

then using the notation with respect to the snmmations, which 
are given in (25), (26), (27), Art. 150, and tbe équivalences given 
in (91) and (93), Art. 59, this is 

' ^^^2 ~ Aco-j^^ + ® 4“ Cco^^ — 2 DCO 2 CO 2 — Se cogûo^ — 2 e6ü-|^co2 5 (14*8) 


and thus tlie équation of relative vis viva given in (130) becomes 

d . (ACOj^^ + Ba)2^ + 00)3^ — 2DC026Ü3-"2Eû)3a)j^ — 2 Eû)]^0)2) 

= 22.m{(x'--x,)^?^+(Y'-yJr?7; + (z'-z<)iC} ; (149) 

tbe compound centrifugal force having no place in it, because it 
is a normal force, and does no work along tbe line of the tangent 
to a particular path. Equation (148) is, as it will be observed, 
tbe same as (108) in Art. 111 . 

Tbis équation of relative vis viva is general ; as bowever our 
System of axes of 7}\ C) is principal, d = E = r = 0 ; and 
tbus 


l. (Aa)j^2 + Bû)22 + Cco32) == 2:^.m {(x'-Xi)di+{Y'--Yt)drj + {7d-Zt)dC}. (150) 

If cüj, 0)25 0)3 are replaced bj tbeir values as given in (120), ( 121 ), 
and (122), Art. 64. tbe expression for tbe Vis viva of tbe System 
will be giv.en in terms of 6, (p, -p and tbeir 2î-differentials. 


432.] As to tbe équations of moments wbicb are given in 
(122), (123), and (124), tbe transformation of tbem into équiva- 
lents in terms of o)^^, 0 ) 2 , 0)3 may be effected by direct substitution 
of r)\ C^, and tbe angular velocities about tbese axes for tjj Cl 
or by spécial processes ; as tbe latter metbod is tbe shorter, we 
will take it, and transform separately tbe several terms of tbe 
équations. Let us take first tbe left-band members of (122). 
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Let y? 2 > K Articles 94 and 219 , the moments of tlie 

momenta of the body or System of particles about the axes of 
r î Ci so that 

Z \ \ 

= A6}j — P(M2--E<»3 = J > 

= — r6)2 + B(W2 ““I>û )3 = 3 >• (1^1) 

7 /<^T X 

>^3 =-~E6)i— D û)2 + Cû) 3 = (— j; ^ 

if 2 T A oi-j^ “f* S ^2^ "b ^ ^ i^ ^2 ^3 ~~ ^ ® ^3 ^ ^2 5 tben, 

as tbe axes of C) Ci C principal, n = e = F = 0 , and 

AcOj, ^2 •“ B Ct) 2 j ^3 — C CO 3 . ^152^ 

As moment of tbe momenta about 

tbe axis of £ of wbicb tbe direction-cosines witb reference to tbe 
System of (Ci Ci C) are /Qp yi, 




similarly = Aû)ia2 + Bû)2^2+ CWgyg, I 

/j.d7] dC 

^"i«3 + ®"2/33 + Ca)3y3. 

As to tbe terms of tbe rigbt-band members of (122), (123), 
and (124), let 

{r](z^-z,) -C(Y~Yt)} = l'~l,, ) 
2.?i^{C(x'-x,)-^(z'-z,)} =m'-m„V (154) 

tbe rigbt-band member in eacb case being tbe axial component 
of tbe excess of tbe couple due to tbe impressed forces over that 
due to tbe forces of transference. 

As to tbe second terms in tbe rigbt-band members, it is 
eA^ident by tbe properties of moments of inertia, see (109), Art. 
179, tbat their équivalents are as follows : 

:^.m(C + C) = Aai^+B/S^^+cy^L^^ \ 

^,m{C + C) = W + + V (155) 

:^.m(C + C) = Aaa^ + b^Bo^ + Cy^^. J 

And as to tbe tbird and fourtb terms in tbe rigbt-band 
members. 


A 6Ü1 H- B CO2 + c cüg yi : 
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:,.mn§=^.m{(a,e + ^2l' + y2n{e%^wÿ-^+C'%^)]A 


_ ./ 


:s.mC 


dt 




■^di ’ ^ dt 


^ (156) 


omitting* the terras containing the products of the coordinates. 
Substituting these values in (122), we hâve 

^(A^ioi + Baja/Îi + Ccuayi) = L'-Lj-«f + 




similarly from (133) and (124) we hâve 

^ (A(B]^ ttg + Ba)2/32 + Cca^y^) = M — M; Cd, ^(Aa2^ + B^2^ + Cy2^) 


+ + ''ft ÿ) 

+ 2.,(A'a/^ + B'ft^«V.^); (158) 


^(A“l«3 + S“2/®3 + C<A3r3) = n' — Ni — ^(ACg^ + 


' dt' 

+ 2cdj(A a,^+B^,^ + Cy,^) 


+ + + (159) 

tlie last three groups of terms in the right-hand members of each 
of these équations being due to the compound centrifugal force. 

433.] As these équations severally express the moments about 
the axes of rj, C respectively at the time t in terms of the 
angular velocities &c. about the principal axes of 77 ', we can 
deduce from them the équations of moments about the principal 
axes, by taking the components of them along these axes. Thus 
to déterminé the équation of moments, that is of rotation, about 
the axis of let the équations (157), (158), (159) be multiplied 
respectively by a^, a^, ag, and added: then the sum of the left- 
hand members is 

^-^ + (0-B)"2“3; 
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and of the right-hand members^ if % and l/ are tbe moments 
abont the principal axis of f ' of tbe couples due to tbe impressed 
forces and to tbe force of transference respeetively, tbe sums of 
tbe first two terms are respectively and l/ : and if in tbe 
otber terms we replace a, b, c respectively by b' + c', c' + a', 
A^ + b', and employ tbe équivalences given in (88), Art. 58, tbe 
sum of tbe terms is 

2 c'cù2(û)|yi + (0,y^ + û)fyg)-2B'û)3((ü|/3i + û),^2 + ûJf/33); (161) 

and tbe équation becomes 

rZco-, , . , 

A -^ + (c-b) a),û)3 = 

+ 2 + 0)ny2 + 2 A + (f 

Operating by similar processes for tbe équations of moments about 
tbe axes of rj' and C', we bave 

cionn , , . 

® (a — c) cogû)]^ = — 

+ 2a'cü3 (o)ia^ + Cü^ag + co^Ug)— 2 c'cü^ (co^yi + + co^y^), (163) 

dùùo . . / 


+ 2b' co^ 2 a'(ù2 4- a)^a2 + (164) 

Since cü|, are tbe angular velocities of tbe moving System 
of référencé about tbe axes of rjy C respectively, 


œ^aj^ + co^ a2 + (ù^a^ , + (o ^ j ïi + 72 -b ^;yz 

are tbe angular velocities of tbe moving System about tbe axes 
of 7 ] , C respectively ; if we dénoté tbese quantities by co^/, co,,/, 
co^/, respectively, (162), (163), (164) will be expressed in tbe form 

^ ~d^ + (c — b) CÜ2CÜ3 = Lj — l/H- 2c'a)2C0^'— '2B'û)3a),j', \ 


B ^^4-(a--c)cü3Û)3l = Mi~-M/ + 2A'co3a)^/— 2c'cüia)^^ V (165) 

d(ÙK> , V / ^ / 

c + (B“~A)a)jû>2 ~ 4-2 b — 2 a ^ 


Tbese équations for rotatory motion are evidently analogous to 
Euler’ s équations wbicb détermine tbe angular velocity of a body 
rotating about an axis passing tbrougb a fixed point. Tbe left- 
band members are identieal in the two Systems ; and to tbe 
rigbt-band members in Euler s équations are added terms wbicb 
express tbe effects of tbe fictitious force of transference and of 
the fictitious compound centrifugal force. 
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434 .] I propose now to apply these équations of relative vis 
viva and of moments about tlie principal axes, viz. (150), (165), 
to the motion of a body as affected by the diurnal rotation of tbe 
earth. I sball suppose tbe origin of tbe inoving System of axes 
to be a point on tbe surface of the eartb, and tbis point or place 
to bave no otber motion than tbat due to tbis diurnal rotation. 

Let us tabe a plane, wbose position for the présent is arbitraiy, 
so as to admit of subséquent détermination, passing tbrougb tbe 
fixed point to be tbat of (£, rj) : tbis plane being fixed to and 
moving witb tbe eartb. Tbrougb tbe fixed point let a straigbt 
line be drawn parallel to tbe eartb’s polar axis ; and let it be pro- 
jected on tbe plane of (^, rj) : tbis line we sball take to be tbe 
f-axis, and reckon it positive in sucb a vp^ay tbat wben tbe plane 
is horizontal tbat direction sball be southwards ; and tbe positive 
direction of tbe rj-axis we sball take to be sucb tbat tbat direction 
may be westwards wben tbe plane is horizontal : bereby, if tbe 
plane of (^, rj) is horizontal at tbe place of observation, we sball 
bave tbe same arrangement and tbe same System of axes as in 
Fig. 63. Let tbe positive direction of o C be so taken as to be 
away from tbe earth's surface wben tbe plane of (^, r\) is horizon- 
tal ; and let v be tbe angle at wbicb tbe is inclined to the 

eartb’s polar axis ; so tbat wben tbe f-axis is vertical, v is tbe 
co-latitude of tbe place of observation. 

Let û), as beretofore, be tbe diurnal angular velocity of the 
eartb. Tben, taking account of its direction, wbicb is from West 
to East, ^ ^ cos V. 

Let us suppose tbe body to move under tbe action of tbe 
eartb's attraction, whatever are tbe otber forces wbicb also act on 
it ; tben, so far as tbis attraction is concerned, x'— x^, y' — y^., // — 
are tbe components of gravity (as it is commonly called) along 
the axes of ^ at tbe time t. Let us moreover suppose the 
dimensions of tbe body tobe sucb tbat tbe eartb’s action is the same 
on ail particles of it of equal mass ; tben tbus far tbese components 
are constant, and may be replaced by constants e, f, g, wbere 

x'-x, = E, y'-Yj = I', z'-7,j = G. 

Hence, if m is tke mass of the body, and (^ 17 , C) fbe place of its 
mass-centre at tbe time in reference to the axes of (e V, 0, 

2.m{(x'-Xi)d^+ ir'-Y,)dr, + ( 7 / + z«) = M(Er^|+ vd^j + GdQ-, (166) 
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and the riglit-liand member being substituted in (150)^ tbe 
expression may be integrated, and tbe value of tbe relative vis 
viva at tbe time or tbe increase of vis viva in tbe passage from 
one position to anotber, may be obtained. 

If tbe axis of passes tbrougb tbe mass-centre, and h is tbe 
distance of tbe mass-centre from tbe fixed point, tben ^ 
rj = 7iy^, 1 = hy^, and 

M + GCÎC) = M/^^(Eyl^-ry2 + Gy3). (167) 

Also as to tbe équations of moments, 

-I^ = M^(Gy2-Fy3), M'-M(=M(Ey3-Gyi), n'— N f=M>^(Fyi-Ey2), | 

Li - l/ = -Ûà (e/3i + F ^2 + I 

Mj— m/= MÂ(Eai + Fa2+Ga3), h (169) 

Nj-n/ = 0. i 

435.] Furtbermore, let us suppose tbe constitution of tbe body, 
wbicb bas one point fixed but is otberwise unconstrained, to be 
sucb tbat A = B, and c to be so small tbat it may be omitted in 
comparison of a and b. Tben a'= b' ; and c' = a, because 
2c'= A + B — c = 2a. 

Let tbe plane of (^, rj) be horizontal and tbe axis of C vertical, 
so tbat if À is tbe latitude of tbe place, z; = 90— X ; and e = E 
= 0, G = — y. As tbe only otber force acting on tbe body is tbe 
stress at tbe fixed point, it does not enter eitber into tbe équation 
of relative vis viva or into tbe équations of moments. 

Hence tbe équation of vis viva becomes 

Ad. (û)jL^ 4- = —%^ghdy^ = —2üghd. cobB ; 


and if A = M tbis équation in terms of 0 and 3 //“ becomes 

^ + (sin = (cos 03 - cos e), (170) 


if Oq is tbe value of 0, wben tbe body is at relative rest. 

Also tabing équation (159), wbicb is tbat of moments about 
tbe f-axis, and reducing it to terms involving 6 and we bave 


^ . d r . ^ ^ , d.QOB$ 

I (sin -~ > = û) sm (sin Oy + 2a) cos A sin 0 sin y — 

do 

= 2a)(sinXcos(9 — cos Asin(9sin-v//-) sin^ — • (171 

And taking équation (164), wbicb is tbat of moments about 
tbe principal axis of Cy ^^d reducing it to terms involving 0 and 
\jr, we bave 
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= O) COS A (coj — CO 2 %) — 60 sin A ~ c *)2 ag) 


= cü cos A f — sin V/- cos ^ — eos \l/ sin 6 — o) sin A sin 6 , 

^ dt ^ dt^ dt 


= — CO cos A — (sin yb sin 0) + co sin A 
dt^ 


dt) 
rZ.cos Q 


do 


dt 


^ + ^ +CÜ cosAsin\/c sin^ — CO sin A cos<9| = 0. (172) 

These three équations (170), (171), and (172) are sufBcient for 
the complété solution of the Problem, which is that of Foucault’s 
Pendulum. But as full explanation of similar équations bas 
been given in Chapter VI. it is unnecessaiy to repeat it in this 
place. 

436.] It is however désirable to consider a more general 
problem tban tbe preceding, in application of tbese principles and 
équations, and so I propose to take that of tbe Gyroscope of M. 
Foucault. Tbis is a problem of great interest, inasmucb as it 
exbibits by means of instrumental observation the diurnal rotation 
of tbe eartb, and its incidents, and also tbe latitude of the place ; 
for if a rapid rotation is given to the dise of tbe instrument, tbe 
position of tbe axis retains a fixed direction, tbat is, points to a 
fixed star in tbe heavens, and is not affected by tbe eartb’ s rota- 
tion ; tho relative effect of tbis fact is to show an angnlar motion 
of tbe axis of tbe instrument on any plane, that angular velocity 
depending of course on the latitude of the place of observation 
and the position of the plane at it. A diagram of the instrument 
bas been given in Fig. 21, and tbe construction and arrangement 
bave been described in Art. 177. The centre of gravi ty of the 
wbole machine, which coincides with those of the several parts of 
it, is at the centre of the rotating dise ; and this point remains 
at relative rest, whatever are the rotations of the dise and of the 
metallic circles. At this point therefore the Systems of axes 
originate. 

Now M. Foucault contrived in some of his experiments tbat 
the axis of the dise should be constrained to move according to a 
given law, fixed relatively to the earth : we will in tbe first |)lace 
consider tbe case in which the axis is constrained to move in a 
given plane, and investigate the phenomena which the machine 
présents under that constraint to an observer moving with tbe 
earth. The problem in its dynamical form is this : 
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A heavy body of révolution rotâtes rapidly about its axis of 
figure ; its centre of gravity is fixed relatively to tbe eartb, and 
the rotation-axis of tbe body can move only in a plane, wbicb is 
likewise relatively fixed : it is required to détermine tbe motion 
of tbis moving axis, regard being bad to tbe diurnal rotation of 
tbe eartb. 

We will take tbe fixed plane, in wbicb only tbe rotation-axis 
of tbe body can move, to be tbe plane of (£, rj) ; so tbat v is tbe 
angle at wbicb tbis plane is inclined to tbat of tbe terrestrial 
equator. As tbe rotating dise is a solid of révolution, a = b ; 
and if tbe axis of tbe dise is tbat of C, ^ is tbe principal moment 
relative to it, and we will suppose it to be greater tban a. Also, 
as tbe rotation-axis is in tbe plane of (^, rj), 6 = 90°, and con- 


sequently ^ = 0 . 

Hence, by Art. 64^ 



0 .1= 

d'\}r 

ciû 2 = cos <p J 

dé 

(173) 

Uj = cos <p cos \j/, 

= cos ^ sin 

= sin (jf), \ 


^ 6 ^ = — sin (f) cos yfr, 

= — ■sin<^sin\/^, 

j3o = cos (j), > 

(174) 

.3 

*co 

II 

72 = — cos ; 

73 = 0 . J 

1 


As to tbe circumstanoes of constraint. Tbe body moves subject 
to tbe restraint of its axis being always in tbe plane of (£, r}) and 
to tbe pressures at tbe two bearings of tbe axis at points in tbis 
plane ; now tbe action fines of tbese pressures are always per^ 
pendicular to tbe planes of (£, 77 ), and are tbus parallel to tbe 
axis of C Tbus tbey produce a couple, wbose axis is in tbe 
plane of (£, tj) and is perpendicular to tbe axis of tbe gyroscope, 
wbicb is tbe axis of C. Let its moment be H ; tben lï will 
appear in tbe équations of moments relative to tbe axes of f, 17, 
but will not appear in tbose relative to tbe axes of C and f', 
Also tbe forces wbicb produce H will not appear in tbe équation 
of relative vis viva, because tbeir points of application eitber are 
at relative rest, or move in a line perpendicular to tbeir own line 
of action, and consequently do not appear in tbat équation, and 
no work is done by tbese forces. 

As to tbe impressed forces, tbe only acting force is tbe eartb's 
attraction ; and if we suppose the dimensions of the gyroscope to 
be small, so tbat tbe eartb’s attraction may be considered to be 
the same at ail points of tbe instrument, we may consider the 
centre of gravity to be tbe place of application of tbis force ; and 
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consequently if the gyroscope is so constructed that tliere is no 
relative motion of its centre of gravity, the earth’s attraction will 
not appear in the équations either of relative vis viva, or of 
moments about the axes of either set of coordinates. 

Also the compound centrifugal forces will not appear in the 
équation of relative vis viva, because their lines of action are 
perpendicular to the relative line of motion of each particle. 

These circumstances are also shewn in the équations of motion 
of the instrument, which are thus determined. 

Let us take équations (55), Art. 408, which refer to the motion 
of a single particle, and replacing À by 90"^ as v is the angle 
at which the plane of (^, r?) is inclined to the plane of the earth’s 
equator, and extendîng the équations to the System of particles 
of the instrument, we hâve 


cü V sin 2 ;cos v — û)^^(cos v)^ — co^^'sini» cos v — 2 a) cos 2 /~| = 2. wx' > 


rlrj) 




s.mK 


cW 

{clK 


2 0 / , dCs. 

->a)27? + 2co(cosi^^ + sm2;^P 


dr] 


1=.. 


(175) 


) 7/2 — 0 )^ £sin V cos v — o)^ ^(sini;)^ — 2 o) sin v • 

(. du dt 

the right-hand members in these équations denoting the im- 

pressed momenta which arise from gravity and from the pressure 

at the two bearings of the axis of the instrument. 

437.] From these équations the équation of relative vis viva 

may be deduced ; for from them we hâve 

= :S . mo)^ { (r sin i» -h ^ cos z; + Csin v) cos vd^+rjdri 

+ (r sin z; -P f cos 27 + f sin i;) sin 1 / f } 5 
the other terms disappearing ; and :$,md ^ = :^,mdC = 0, as 
the centre of gravity has no relative motion ; therefore inte- 
grating, ^ 

= 0 )^ { (cos vf + + (sin + 2 sin Z7 cosz/ff} J . (176) 

Now the quantity within the brackets of limits is the moment 
of inertia of the System about an axis passing through the centre 
of gravity and parallel to the earth’s axis, as appears from the 
value which is given in Art. 179. Let this quantity be H ; then 


(176) becomes ^ 2 ^ 22 / \ 

^ = a)^(H — Hq). 


( 177 ) 
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Also we may express the vis viva as follows : transforming the 
right-haud member of (176) into its équivalent in terms of 
f '5 and consequently of a, b, c the principal moments of the 
instrument, and taking the direction-cosines which are given 
in (174), 

2 . m { (cos v )^ P + H- (sin 2 sin v cos iC} 

= 2.r/^{(cos vf{a,^P + + a/ 

+ (sin vf {a^ C) + 2 sin 2; cos 2/(aia3p^ + /Sj/Sg + y-^y^ P^)} 

= (cos vfA'Çcosff + c'(sin + A'(sin yjrf + c'(cos ff + A'(sin v)^ 

= c' + a' — (c' — a') (sin V sin 3/^)^ 

= A + (c— ■ a) (sin V sin \j/)^ ; (178) 

:^Mv^ — :2ÆVQ^ = {c—A)(cûshivf{(sm\l/)^--(sm\l/QY} ; (179) 

and expressing the left-hand member in terms of yj/ and cj), this 
becomes 

= (c — a) (û) sin v)^ { (sin — (sin ^//’q)^ } , (180) 

which is the équation of relative vis viva. Since w sin v is the 
component about the axis of ^ of the earth’s diurnal rotation, 

CO sin V sin y^r is the component of that angular velocity about the 
axis of P, that is, about the axis of the gyroscope. Thus (179) 
shews that the inerease of vis viva of the instrument dépends on 
the inerease in the square of the component of the earth’s angular 
velocity about the axis of the instrument. It also appears that 
if c = A the vis viva of the instrument is constant, but that 
otherwise, the variation of it is periodical. This équation is 
that of the conservation of energy. 

438.] The next step in the solution of this problem is the 
formation of the équations of moments, about the axes of p 97 , p 
P, 77 ', C respectively of which the general forms are gûven in 
Articles 432 and 433 ; and we will first take those of Art. 

432. Now bearing in mind that by reason of the symmetry of 
the instrument with respect to the plane of (p 97 ) in which the 
axis of the instrument always is, = 5.^97 {" = 0 , 

= 2.iw{7j(z'-Z,)-C(Y'-Y,)} 

= sin V cos V ^rj ; 
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By similar processes we can shew that 

m' — = 0)^ sin V cosv:$,m(C^ — ^); 
n'— = (û) sin vy ’%,m ^rj : 

here :$,m :$,m (a^ a.^ P + + 7172^"^) 

= ( a ' — c') sin \l/co8\l/ = (c — a) sin yjr gos\I/ ; 
and similarly 2 . m (f ^ = (c — ^ (sin yj/)^ ; 

l'"— = û)^(c — A)sinz/cos2^sin 'i/rcos\//', J 

m'— M^= 6ù^(c — A)sini;cosz^(sin\/^)^, > (181) 

n' — (c — a) (sin vy sin i/r cos yj/, ) 

To tire right-hand members of the first two of these équations 
terms are to be added to express tbe moments of tbe couples 
which arise from tbe pressures at the bearings of the axes ; but 
as I do not propose to investigate these pressures, but only 
the circumstances of the motion of the axis of the gyroscope, 
it is unnecessary to add them. As the action lines of these 
pressures are parallel to the f-axis, they do not enter into the 
équation of moments about that axis. That équation is (159), 
which, when adapted to the spécial circumstances, takes the follow- 
ing value, 

A^J^=: (c — a) ( 6) sin z;)^ sin 'v/^cos^/r-HC CO sin z; cos • (182) 


Also the équation of moments about the f'-axis is (164) which, 
when adapted to the spécial circumstances of the problem, takes 
the following form 




-M()eos\|f — ccosinveosi/fî^ ; 


but (l' — Li) sin '\//-~-(m'— M^) cos = 0: 


dt 


— CO sin V cos yjr 


dyp- ^ 

~dt’ 


therefore, if cog = n, when yj/ = yj/^, 

CO 3 — n = CO sin z; (sin — sin yj/) ; (183) 

which gives the angular velocity of the instrument about its 
own axis in every position of it. The expression is evidently 
periodic, and shews that CO3 = n sin v whenever sin xJ/ = sin yj/Q . 
Also, since co sin v sin yjr is the component of the earth’s diurnal 
rotation about the axis of the gyroscope, (183) shews that the sum 
of the relative angular velocity of the instrument about its own 
paiCE, VOL. IV. q q 
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axis and of tlie component about the same axis of the eartb's 
angular velocity is constant tbrougbout the motion. 

And since cog = > 

^ =z a + (ùsmv (sin — sin -^) ; (184) 

ctt 

substituting this value in (182), we bave 

= — A (cüsini^)^ sin\//cos\/r + CCÔ sini;(n+ a)sin 2 ;sin\/^Q)cos ; 

wt 


+ 2 c O) sin z; (n + û) sin v sin \j/Q) (sin -v// — sin (185) 
which équation gives the angular velocity of the axis of the in- 
strument in the plane of (f, rj) about the axis of C not 

admit of further intégration. 

These équations, viz. (180), (184), (185), are sufficient for the 
détermination of <#> and xJ/ in terms of and consequently of the 
general motion of the instrument ; they may however be simpli- 
fied without loss of generality by the following arrangement of 
the axes at the initial epoch. 


439.] Let us suppose the frame of the instrument to be set in 
a position of relative rest, and an angular velocity n to be given 
to the rotating dise or bail about its axis, this n being, as above, 
the initial value of 6 ) 3 . Then the axes of rj, C being arranged 
as already explained, let the axes of tj' be so taken that the 
axis of is at the initial time in the plane of (^, rj), the axis of 
C being in that plane and at an angle xfr^ — 90° from the axis of 
then 


<^>o = 


— n 



and the équations (184), (185), (180) take the following forms 

^ = a + CO sin 2 ; (sin xj/Q — sin \j/) ; (186) 


#2 

K—— 


= A (co sin vf{ (sin xlr^^ — (sin x//-)^ } 

+ 2c CO sin (a + CO sin z; sin xZ/’q) (sinx/c— sinx/cQ) ; (187) 
,7 i 2 

+ C-^ — cn2=(c — â.)(msmi;)* {(sinv/^)2— (siii\/^o)2} . (188) 


If in tMs last équation ^ is replaced by its value given in 
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(186), we obtain (187), tbus sbewing’ that the tbree équations 
are not independent, but that they are équivalent to only two ; 
these however are sufficient for the problem as it has only two 
degrees of freedom, viz. the motion of the axis of the instrument 
in its plane of constraint and the angular velocity of the dise 

or bail about that axis ; and these angular velocities are and 

dcj) . . _ 

respectively. The équations shew that these velocities are 

generally of a periodic charaeter, and that the motion is generally 
oscillatory. The complété solution requires \\r and </> to be ex- 
pressed in terms of this however is impossible in the most 
general form as the équations are not intégrable ; we are obliged 
therefore, as in other problems, to hâve recourse to approxima- 
tions, the circumstances of the instrument affording means of 
estimating small terms, higher powers of which may be neglected 
in comparison of those of lower powers. 

440.] If a very rapid rotation about its axis is given to the 
dise or bail of the instrument, n is very large in comparison of 
00 sin which is the angular velocity of the earth about the axis 
of and if the friction of the bearings and the loss of momentum 
due to the motion of the instrument taking place in a resisting 
medium be diminished as far as possible, or if the rotation of the 
dise is kept up to n by means of a souffleur or other instrument 
which will not interfère with the proper action of the gyroscope, 
then certain terms in the right-hand of (187) may be omitted, 
and the motion is approximately expressed by the équation 

7/2 

A — 2caoû sin (sin — sin xJ/q). (189) 

In experiments with the gyroscope a rapid rotation is given to 
the dise, and this is maintained for a time sufficiently long to 
exhibit the phenomena of the instrument. 

It will be convenient to make a slight change in the foi'm of 
this équation. x{/ is the angle measured in the plane of (£, rj) 
between the axis of £ and the line of intersection of the planes of 
(£, >7) and (£', The axis of C is also in the plane of (£ y) 
and is perpendicular to this line of intersection : if therefore v is 
the angle between the axes of f and C, 

xjr = v-\- 90° ; 


(190) 
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and substitnting v in (189), we bave 

=2 Cù<o sinp (eosv — eosvQ). ( 1 ^ 1 ) 

Now tbis équation is tbe same in form as tbat wbicb expresses 

tbe motion of a pendulum under tbe action of a constant force 

wbose line of action is parallel to tbat of tbe line of tbe rod of tbe 

pendulum wben it is at rest. Let us tben compare tbe motion 

of tbe rotation-axis of tbe body as expressed by (191) witb tbat 

of tbe pendulum ; and let us assume tbe lengtb of tbe pendulum 

to be unity; so tbat tbe constant force, under tbe action of 

, * . T . . , T , . cntü sini/ 

wbicb tbe rotation-axis may be supposed to move^ is 3 

tbe line of wbicb is tbe ^-axis, and is tbe projection soutbwards on 
tbe plane of (f, rj) of tbe eartb’s polar axis. Now let us suppose 
Vq to be a smaU angle, and tbe angle between tbe axis of tbe 
gyroscope and tbe axis of £ always to be small ; tben, as on a 
similiar supposition, tbe pendulum vibrâtes tbrougb small ares to 
equal distances on eitber side of tbe vertical line, so will tbe rota- 
tion-axis of tbe dise vibrate over equal small angles on eitber 
side of tbe f-axis. And as tbe pendulum remains always at 
rest in a vertical line, if it is ever at rest in it ; so will tbe rota- 
tion-axis always be at relative rest along tbe £-axis, if it is ever 
at rest in it. If tberefore tbe rotation-axis is on tbe f-axis wben 

= 0, it always remains on it, and bas no oscillation. 

(lu 

Also, as tbe pendulum bas two positions of rest, one of stable 
equilibrium, wben it bangs vertically downwards from its point 
of suspension, and anotber wben it is balanced on its point of 
suspension, tbe centre of gravity baving its lowest and its bigbest 
position in tbe two cases respectively ; so are tbere two positions 
of relative rest of tbe rotation-axis of tbe dise, one of wbicb is of 
stable, and tbe otber of unstable rest. Now if w and n bave tbe 
signs given to tbem in (191) ; tbat is, if tbe direction of n is con- 
trary to tbat of tbe eartb, tben tbe rest of tbe rotation-axis will 
be stable or unstable, according as tbe axis coincides witb tbe 
positive or négative direction of tbe ^-axis. And tbe eontrary 
will be tbe case, wben tbe direction of n is tbe same as tbat of 
tbe eartb. 

If tbe rotation-axis is in its position of stable rest, and is 
sligbtly disturbed tberefrom by an extraneous force, it oscillâtes 
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in the plane of (^5 rj) over a small angle on eitlier side of the line 
of rest ; and if T is the time of an oscillation, 

T = (192) 

(cciüosinv) ^ ^ 

If however the rotation-axis is in its position of unstable rest, 
and is slightly displaced therefrom, it goes farther from that 
position and does not return to it, until it has passed through 
360° in its plane of motion. 

441.] In particular cases these results take formswhich are of 
considérable interest. 

(1) If the plane of (f, rj\ in which the rotation-axis of the 
body is constrained to move, is horizontal at the place of obser- 
vation : and if the latitude of the place is A. ; then sin v = cos k ; 
and from (192), 

T = TT 


1 — Ÿ 

Icùcù cos k ) 


(193) 


In this case the ^-axis is the meridian line, of which the positive 
direction is that towards the south. If the direction of the rota- 
tion of the body is the same as that of the earth, the position of 
rest of the rotation-axis will be of stable or unstable equilibrium 
according as it is drawn from the point towards the north or 
towards the south ; and if the rotation is contrary to that of the 
earth, the rotation-axis will be in stable or unstable rest according 
as its direction is due south or due north. 

(2) If the plane of (f, rj), in which the rotation-axis is con- 
strained to move, is the meridian plane at the place of observa- 
tion ; then v = 90° ; and the line of relative equilibrium of the 
rotation-axis is parallel to the earth’s polar axis ; and the equi- 
librium of the axis is stable or unstable according as the direction 
of rotation is contrary to, or is the same as, that of the earth. In 
this case . ^ 

(194) 


tcaœ) 


so that, cæteris paribus, the time of oscillation is less in this case 
than it is when the rotation-axis moves in the horizontal plane ; 
and generally the oscillations in the meridian plane are quicker 
than in any other plane. 

(3) These last results however are not limited to the meridian 
plane ; for sin 2 ; = 1 for ail planes drawn at the place of observa- 
tion parallel to the earth’s polar axis. 
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(4) If tlie plane of (i, rj) is perpendicular to the earth’s polar 
axis, 2 ; = O ; and T = oo ; so tliat the rotation-axis of the gyro- 
scope is at rest for ail positions in that plane. 

(5) If the numher of oscillations of the rotation-axis in the 
meridian plane is determined by observation, T is known ; and 
consequently, from (194), 

û) = 

and thus the angnlar velocity of the earth may be determined. 

(6) If T and t' are the times of oscillation of the rotation-axis 
in the horizontal and the meridian planes respectively at a given 
place, corresponding to the same value of n, then 

cos À = -^ • 

From ail these theorems we conclude, that if the phenomena 
of the gyroscope are observed with sufïicient care, we can by them 
détermine the meridian line and the altitude of the pôle at the 
place ; and consequently the latitude : we can détermine also the 
direction of the diurnal rotation of the earth, and, from (195), the 
mean length of the sidereal day. AU these results then are con- 
firmations, if they are required, of the evidence of that motion of 
the earth which astronomical phenomena suggest to us. And 
althoügh the proof of the diurnal rotation, thus acquired, may 
not be as palpable as that afforded by astronomical observation, 
yet it is not to be rejected as useless, nor is its investigation to be 
regarded as idle spéculation ; for evidence supporting théories of 
cosmical phenomena is cumulative ; and the value of any addition 
to it increases in geometrical ratio. 

442.] Also in the gyroscope, as ordinarily constructed, certain 
parts can be clamped so that the axis of rotation of the dise or 
bail can move only on the surface of a right circular cône, the 
vertex of which is at the mass-centre of the instrument. We 
will take the axis of this cône to be the f-axis, the plane of 
(i, v) being that which is perpendicular to it, and passes through 
the fixed point ; the axes of ^ and rj being so placed that if the 
axis of the cône is the vertical line at the fixed point, they 
become respectively the Unes drawn southwards and westwards. 
Let V be the angle between the axis of the cône and the earth’s 
polar axis ; and let a be the semi- vertical angle of the cône, so 


•TT A 


CÛT 


2 > 


(195) 
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dô 

that ^ = a = a constantj and conseqnently, — = 0. Hence, by 

Cm/ 

Art. 64, 


. ,d\l/ . dyj/ 

o)j^ = sin asm<p — 3 cû 2 = sin a cos (p 


dé dé 

to, = — + cos a ; (19 d) 


cU ^ ----- ^ dt ^ cU ‘ cU 

= cos </) cos^ - sin ^ sini//- cosa, ^ cos ^ sin i/r + sin ^ cos ^ cos a, ^ 

L = — sin (jb cos ^Z/- — cos ^ sin-v/rcosa, > ^2 = ^sin ^ sini//- + cos<Z> cos\//‘Cosa, > (197) 

= sin -v/f sin a ; ) = — cos sin a ; ) 

= sin <p sin a, = cos cp sin a, 73 = cos a. (198) 

We hâve to express the équations of relative vis viva and of 
angular velocity of the dise about the axis of Cj which is its axis 
of rotation, in ternis of <p and xjr and their j^-differentials. 

As to the équation of relative vis viva ; since ail that has been 
said in Art. 436 as to the pressures at the bearings of the axis is 
applicable to 4he case, we may take équation (17'6) as its ex- 
pression : then if we suppose n to be the initial rotation of the 
dise, and its axis to be initially at relative rest, the left-hand 
member becomes, by means of (196), 

. . \çd\p^ /dé déx^ ç, 

A(sinar^+o(^+cosa^) -cn^; 

and the coefficient of co^ in the right-hand member, when trans- 
formed by means of (197) and (198) as in Art. 437, takes the 
form cü^ (c ~ a) { (sin v sin a)^ { (sin — (sin } 

+ 2 sin a cos a sin v cos v (sin ^p■ — sin } ; 
so that the équation of relative vis viva is 

[ . dep d\p-^^ 2 

A(sma)-^.^ + c(^+cosa^) -cn^ 


= 0)^ (c — a) sin V sin a { sin 2; sin a { (sin — (sin } 

+ 2 cos z; cos a (sin — sin ■vZ/'q) } . (199) 

Also the équation of moments about the f'-axis is as follows ; 
taking the équation as given in (164), we hâve 

c (^'y^ — 27^X3,) q Ccù sim; (jSj^oùj^—aiCOoJ — Coû cosz; — (200) 

the pressures at the bearings of this axis not entering into the 
équation, as their lines of action are parallel to the axis. 

Now 

= — 2. M { (/3j f — aj ■)]') Xj + (^2 ^ — a^r]') rj') Z J =0, (201) 
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omitting tlie terms whicli disappear by reason of the axes of 
y\\ being central principal axes. Also 


/3i 6)1 — a^cog = sina^(/3isin<^ — aiCOS(jf)) = — sinacosi/r 
jSjCûi-ajCüg = sina^ {^^sm<t>-a^cos(j>)-- 

so that ( 200 ) becomes 


dyjr 

w 


0 ; 




and replacing 
cl<p 


c - 77 ^ = — c 6 ) sin Z/ sin a cos ; 
dt dt 

6)3 — n = ~ û) sin 2 ; sin a (sin ^ — sin \\r^ ; ( 202 ) 

Ü 3 by its value as given in (196), we bave 

dyj/ 


, , + cos a = n-- û) sin 2 ; sin a (sini/r ~ sin \//-.). 
dt dt \ T T U/ 


(203) 

This équation and tbat of vis viva given in (199) are togetber 
sufficient for tbe détermination of tbe problem, as tbere are only 
two degrees of freedom, and tbese are two independent équations. 

Substituting in (199) tbe value of —wbicb is given in (203), 

- cto 

we bave 

7/2 

L (sin a)^ = 2 a)^sinasin 27 {csinasin 2 /sin\//'Q + (c— A)cosacosz/} (sin — sin 

Ctt'^ 

— a(ûù sin a sin v)^ { — (sin yjcQ)^ } + 2 en û) sin asin 2 ; (sin a//- — sin x/t-q). (204) 
It is évident tbat tbese équations do not admit of intégration 
in tbeir general forms as given in (203) and (204). Tbey sbew 

equal 


bowever tbat and ^ bave periodical values ; - 7 ^ beine 
dt dt ^ (It ^ 


to zéro wbenever sin — sin xj/Q, and ^ in tbat case being equal 

to n. If a = 90°, tbe cône on tbe surface of wbich tbe axis of 
tbe gyroscope moves becomes a plane, and we bave tbe problem 
of Article 439 ; and (203) and (204) become (186) and (188) re- 
spectively. 

443.] If, as in Art. 440, a very rapid rotation is given to the 
dise and that rotation is maintained, co is initially and continues 
very small in comparison of n, and tbe terms involving ùù‘^ roay 
be omitted in (204), so tbat we bave tbe équation 

7/2 

A (sin a) = 2cûû) sin v (sin yjf — sin-^d) ; (205) 

whieh is of the same form as (189) in Art. 440, and may be 
treated in a similar manner. The resnlts and the intei-pretation 
of the resnlts are of course similar, and it is unnecessary to repeat 
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them. It may be observed that tbe time of a small oscillation 
of tbe rotation-axis of tbe dise 


( A sin 

= : 

(cno) sin 


La ^ 
in y ) ^ 


(206) 


tbis qnantity vanisbes wben a = 0 and becomes infinité wben 
sin = 0. 

444.] Let us now consider tbe motion of tbe gyroscope, wben 
its axis is entirely unconstrained. 

Let tbe line passing tbrougb tbe centre of gravity of tbe in- 
strument and parallel to tbe axis of tbe eartb be tbe f-axis ; so 
tbat tbe plane of rj) is parallel to tbat of tbe eartb’ s equator ; 
let tbe line of intersection of tbis plane witb tbe meridian plane 
of tbe place be tbe ^-axis reckoned positively away from tbe 
eartb, and let tbe T;-axis be taken positively westwards ; tben, 
6ü being as beretofore tbe angular velocity of tbe eartb, 

= 0 ; = — CO ; (207) 

x^=:-cü2(rcosX + ^); y^ = z^ = 0. (208) 

Tbe nine direction-cosines wbicb connect tbe principal system 
of tbe instrument witb tbe system of f as determined above, 


and also 




bave tbeir most general values; bence tbe 


System will bave tbree degrees of relative freedom, and conse- 
quently tbree independent équations will be required for tbe 
solution of the problem ; tbese we will take to be tbe équations 
of (1) relative vis viva; (2) moments about tbe axis of (3) 

moments about tbe axis of T; and tbey will contain ^ ^ ^ ~ : 

^ ^ cU cU clt ' 


tbe furtber values of d, xj/, <p to be obtained by intégration deter- 
mining tbe position of tbe axis at any time 

To détermine tbe équation of relative vis viva, we bave tbe 
following values, supposing ü to be tbe angular velocity initially 
eommunicated to tbe dise, and tbe axis of tbe instrument to be 
initially at relative rest, 

A|(sin0)2^ + ^[ + c(a,3^-n^) 

= 2f 2.m\{x'—'Si)d^+{Y'-yi)dri + {z'-Zt)dQ 
= 2o)^J'. :B.m{rcosX + = co^|^:s.wpJ 

= — co^ (c — a) {(sin \/r)2(sin 0)^ — (sin \//q)^ (sin <9o)^}, (209) 
wbere xJ/q and 0q are tbe initial values of xj/ and 0. 
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And for moments about the axis of C taking équation (159), 
we hâve 

~ { A (o),a 3 + û)2/3s) + C 0)373 } = 2 . »* {£ (y' - y,) - (x'-x,) } 

+ “ ^ + ^3^) + Cys^} ; 

but (Mj «3 + CÛ2 iSs = (sin 6 )'^ ; 

2.?»{C(Y' + Y,)-rj(x' + X,)} =0; 

A(<^ 3 ^ + /33^) + Oy 3 ^ = A + (c — A)y 32 = A + (c — a) (cOS ; 
so that the équation becomes 

^{A(sin0)2l^ + Cû)3Cosâ} = <o(c-a)^^(cos(9)2 ; (210) 


dt 


-Ccosin^- 


and integrating between the given limits 

A(sin 0 )^ ^ + c(û) 3 cos 0 — ncos 0 o) = û)(c—A){(cos 0 )^ — (cos^o)^}. ( 211 ) 

Also for moments about the axis of f', taking équation (164), 

we hâve doy^ ^ ^ , 

= 2a cü(û)2a3 — 6)1^3) 

d^^ 
dV 

<« 3 -- n = (cos ^ — cos ^ 0 ). ( 212 ) 

These three équations, viz. (209), (211) and (212), are inde- 
pendent, and are suffieient for the solution of the problem. It is 
évident that in their general forms they do not admit of further 
intégration ; they give rise however to the following équations. 
Eliminating 0)3 by means of (211) and (212), we bave 

A (sin ^ = (cos ^0 — cos 0 ) { a û)(cos 6 + cos ^q) + c (a — co cos Ôq) } ; (213) 

and substituting this value of ^ in (209), we obtain a value of 


dd . 


dt 

in terms of i9 only, from which, theoretically, Q may be found 


in terms of t ; these expressions shew that the values of Ô and 
\l/ are generally oscillatory, and hâve nutatory values in the 
plane of the meridian and in the parallel to that of the 

earth’s equator. Let us however take some particular cases. 
445.] If the dise of the gyroscope is not initially put into ro- 

dO 

tation, so that n = 0 , then ” = 0 ; thus 0 does not vary but 
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is constantly equal to 6q ; hence (213) shews that = 0, and 

hence also cog = 0 ; so that notwithstanding the diurnal rotation 
of the earth the axis of the dise remains at relative rest. 

If, ho we ver J we suppose n to he very great in comparison of to, 
as is ordinarily the case with the gyroscope, we may omit ail 
powers of co above the first, retaining the first however as other- 
wise the effect of the earth’s rotation would not appear in the 


équations; then eliminating ^ between (209) and (213) we 

A (sin(9)2^^ =cn(cos(9o — cos^) 

^ { 2 A G) (sin Oq^ + c (n — 2û) cos Ôq) (cos ô — cos 6q) } . (214) 

To simplify the form of this équation, let 

c^n(n — 2 û)COs^q) = a^P, | (215) 

CL ^ J 


C n { C COS ^0 (n — 2 û) cos Oq) — 2 a w (sin Ôq)^ } = a^F cos 
whence cos a = eos <9n ^ — ;r-, (sin 

® c(n — 2a)cos0o) 


(216) 


which gives a real value to a in the ordinary case of the gyro- 
scope. Making these substitutions in (214), we hâve 
(W 

(sin^)2^2 = /^^(cos^o — eos ^) (cos^ — cos a) ; (217) 


so that d always lies between a and which, as shown in (216), 
are two angles nearly equal ; consequently the inclination of the 
rotation-axis of the dise to the earth’ s polar axis is nearly con- 
stant, only varying between limits which are very nearly equal 
to each other. 

Integrating (217) we hâve 

^ cos ôn + cos a cos ô.. — cos a , , 

cos 6 = + - — \ cos A t 

Z Z 



and replacing cos a by its value, and omitting 2 co cos when 
subtracted from n, we hâve 

cos^ = cos0o~“ 0 ’ (^19) 

If we substitute this value of cos^ in (213) and omit terms in- 
volving the square and higher powers of o), 

^ = co(l-cos^q. (220) 


à on. 

\j/ — \l/Q = cùt sin — (221) 

en A 

where \1/q is the value of when t = 0. 
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If then we consider tHe first terms in (219) and (220), which ^ 

are the principal ternas, it appears that the rotation-axis of the 
dise revolves uniformly round an axis parallel to tlie earth’s axis 
in a direction contrary to that of the earth, and that it is in-^ 
clined to this axis at an angle almost constant : and besides this 
general precessional motion the axis has also motion of nutation 
both parallel to and perpendicular to the plane of the earth’s 

2 ttA 

equator ; and that the periodic time of these nutations = ; 

c n 

so that, the greater the initial angular velocity of the dise, the 
shorter is the periodic time. 

446.] From this investigation then the following results follow: 

(1) If the dise of the gyroscope has not any initial angular 
velocity, it remains at relative rest with the earth, whether the 
earth rotâtes or not. 

(2) If the dise rotâtes with a very rapid angular velocity, and 
its axis is placed in a position of relative equilibrium with the 
earth, then that equilibrium would continue if the earth did not 
rotate ; but if the earth rotâtes, the axis of dise has a relative 
motion. 

(3) And the direction in which this motion takes place does 
not dépend on that of the angular velocity of the dise, but is 
always opposite to that of the angular velocity of the earth ; and 
consequently, if it is observed, it indicates the direction in which 
the earth rotâtes ; and thus its motion supplies evidence of the 
rotation of the earth. 

(4) The angle of inclination of the rotation-axis of the dise to 
the axis of the earth is nearly constant throughout the motion 

of the dise : there are however small nutational variations of ■ 

this angle as well as of the precessional velocity of the axis, the 
periodic time of which decreases according as the angular velocity 
of the dise increases. 

For further investigations of the subject of the gyroscope, I 
inust refer the student to a memoir by M. Quet contained in 
Liouville’s Journal, Vol. XVIII, and to another Mathematical 
investigation by M. Yvon Villarceau, p. 343, Vol. XIV, Nou- 
velles Annales des Mathématiques, Paris, 1855. 
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THE MOTION OE ELASTIO BODIES. 


447.] The prineiples and laws of motion hâve thus far been 
applied to rigid bodies, and to Systems of rigid bodies, the con- 
stituent molécules of whieh bave been assumed to be in a state 
of relative rest during the motion ; and the équations of motion 
by which problems hâve heretofore been solved hâve been de- 
duced from these prineiples thus restricted. Our purpose is to 
apply them more generally. Ere, however, we do so, there are 
two reasons why we should repeat as eoncisely as possible the 
modification of the équations which this assumption of the rela- 
tive rest of the constituent molécules introduces. (1) Because 
we hâve corne to the end of our investigations on that subject, 
and it is good once more prominently to restate the conspicuous 
principle of the process so frequently employed : and (2) because 
in the présent chapter w^e shall investigate équations expressing 
the motion of a particle whieh is not at rest relatively to its 
neighbouring particles, ail being constituent molécules of a body ; 
and our research will include the varying form of flexible bodies, 
(as they are called,) the molécules of which move relatively to 
eaeh other; and our conception of such motions will be more 
exact when they are contrasted with those of the molécules of a 
rigid body in their chief différences. 

The équations of motion of a rigid body are found by the 
folio wing process; Let dw, be an element of the body, and let 
(a?, y, z) be its place at the time t, relatively to a System of coor- 
dinate axes fixed in space. Now this particle is supposed to be 
under the action of certain external forces, whereby a certain 
velocity or velocity-increment is impressed on it. In conséquence 
of this external force it would hâve a definite expressed velocity- 
increment if it were alone, and thus free from ail constraint from 
its surrounding molécules. As it is not free, the constraints 
enter as other forces, which, affecting its motion, produce a 
change of its expressed velocity-increments : these constraints 
we consider as internai forces, which produce their own eflhets ; 
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and these effeets modify those wliich would otherwise take place. 
And consequently, if x, y, z are the axial components of the 
veloeity-increment impressed on dm by tbe external forces, and 
if I is the résultant of the momentum-increment due to ail the 
internai forces or constraints acting on the particle, of whieh 
a, y are the direction-angles ; then the équations of motion of 
dm are _ C d^æ ) 


f d^x ] 


0, 'j 

r~^ 1 

+ icosa = 

1 di^ \ 

' + 1 cos /3 = 

0, 

( d^z ] 

1 

0; , 

r - 1 

> + l cosy = 


from which also arise three other équations, which express the 
rotation of dm ; viz. 


dmj^y(^z • 
dm Çx - 
dm^æ{Y - 




+ i(y cosy — ;CîCOS j8) == 0, 
H-I cos cos y) = 0, 


■J'(x-^)| + i(a?cos^-ycos a) = 0. 


Equations of the same form as those in (1) and (2) are trne for 
every molécule of the body. Let these be formed ; then we 
shall hâve a sériés of groups of équations expressing the motion 
of every molécule, the sum of which will express the motion of 
the whole body. And here enters the eharacteristic of the 
rigidity of the body : ail the internai forces and their con- 
séquent velocity-increments enter in pairs, of wliich the direc- 
tions are opposite to each other ; every constraint, n,cting from 
(say) dm to dm! ^ has an equal and opposite constraint acting 
from dm' to dm : the law of the equality of action and réaction is 
true in this case of every pair of molécules ; so that 

S.icosa = 2.1 eos/3 = 2.i cosy = 0. (3) 

2.1 {ÿ cos y — ^ cos /3) = 2.1 {z cos a — ^ cos y) = :z.i{x cos a) = 0. (4) 

And therefore, adding together (1) and ail its similar groups, and 
(2) and ail its similar groups, we obtain the équations of motion 
of a rigid body which are given in (37) and (38), Art. 73. 

The same process of reasoning is applieabh^ t,o the motion in 
space of a system of rigid bodies moving relatively to each other, 
if the internai action of one on another is aiways uecoinpanied 
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by an eqiial and oj^posite reaction ; because tbese will disappear 
in the siimmation of tbe several équations, when tbat estends to 
and includes ail tbe molécules of ail the moving* bodies. 

448.] In the problem of the présent chapter, however, the 
subject of motion is a body, the molécules of which move one 
relatively to another, and the bounding form of which hereby 
generally changes. A fine vibrating string, a thin vibrating 
membrane, a mass of quivering jelly or caoutchouc, are such 
bodies as we here contem plate. In these the form of the bound- 
ing surface will change from time to time ; and so also will the 
relative arrangement of the constituent molécules. When the 
molécules move one relatively to another, internai forces are 
brought into action which affect their motion : these are gener- 
ally called elastic forces. These forces vary from molécule to 
molécule, and also from time to time ; so that if the body is 
referred to a System of axes fixed in space, and (^, y, z) is the 
place of dm at the time the elastic forces acting on dm are 
functions of æ, y, z, and t. In the most general case we suppose 
external forces to act on the several molécules of the body ; so 
that dm is acted on by these as well as by the elastic forces, and 
both will enter into its équations of motion. Thus, if i is the 
whole elastic force acting on dm at the time and a, /3, y ai’e 
the direction-angles of its line of action, the équations of motion 
of dm are those given in (1) and (2). Similar équations will 
express the motion of every particle of the body. Now we 
cannot take the sum of ail these, and thereby déterminé the 
motion of the whole bod}^, as the process is in the case of a rigid 
body ; (1) because our object is to détermine the form of the 
body at any time, and to do this it is necessary to détermine the 
place of every particle at that time ; so that the set of équations 
corresponding to a given particle must be separately considered, 
and its place therefrom determined: and (2) because ail the 
internai forces may not be in equilibrium amongst themselves ; 
and consequently the conditions (3) and (4) may not be satisfied. 
These internai or elastic or molecular forces, as they are called, 
may enter in pairs of equal and opposite forces in the interior of 
the body, and thus far may disappear in the sum corresponding 
to the sum of ail the particles ; but at the bounding surface they 
may be counteracted by and thus be in equilibrium with certain 
external forces thereat acting ; so that ail will not disappear in 
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the snm of the groups of the équations corresponding to ail thé 
particles of the body. Herein then is the différence of the mode 
of formation of the équations of motion of a rigid body and of a 
molécule of an elastic body, 

449.] But it is not my intention to enter into the considéra- 
tion of the equilibrium and motion of the particles of an elastic 
System in its general form. The subject of elasticity is too large 
and too important to be treated satisfactorily in a single Chapter 
at the close of this work ; no less than a volume is required for 
the full investigation in ail its forms, developments and appli- 
cations. There are however some spécial problems of elastic 
material Systems in one and two (approximately) dimensions, 
that is of fine strings and thin membranes wliich admit of 
treatment on principles which hâve been expounded in this and 
the preceding volumes ; and as they are of considérable interest, 
and as our treatise without them would hardly be complété, I 
propose to investigate them. I shall assume the truth of 
Hooke’s Law, ‘ut tensio sic vis/ without enquiring into its 
origin or its evidence, and by means of it form the équations of 
motion. 


450.] I will, in the first place, consider the motion of the par- 
ticles of a perfectly flexible fine thread or string, which is in the 
general case extensible and elastic ; then the équations of motion 
are formed as follows : as the string is elastic, elastic forces or 
stresses are brought into action when either an extension or a 
compression of the string takes place ; and supposing the change 
of figure or strain to be very small the conséquent stress by 
Hooke’s Law varies as the strain. The string is supposed to 
hâve been slightly displaced from its position of rest, and at the 
time t to be under the action of the stresses thus brought into 
existence, as well as of external forces. We will assume that its 
form is that of a curve of double curvature, and we refer it to a 
System of rectangular axes fixed in space. 

Let dm be an element of its mass, whose place at the time t 


is (^, z), Let dê = the length of this element, and let p 

= its density ; let oo = the area of a transverse section of the 
string: so that dm = p(i)ds. Let x, y, z be the axial compo- 


nents of the impressed velocity-increments on dm ; and let 

d^œ d^y d^^z , , , . , p , 

dt^ ’ ^ ^ components of the expressed vélo- 
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city-increments. Let T = the tension of the thread at the point 
(æ, y, z), whieh I take to be the beginning of ds : then, as the 
tangent is the line of action of T, the axial components of T 

are t ^ ^ T ^ 3 t ^ : and the axial components of the tension 
as ds ds ^ 

at (x + dx, J/ + Z + dz), whieh is the other end of ds, are 


dx _ dx' dy , dy 

T — + ^ 3 T +/7.T -f- : 

ds ds ds ds 


dz , dz 
ds ds 


thus, according to ( 1 ), the équations of the motion oî dm are 

- f d’^z) 7 dz _ 

I may observe that these équations hâve been found before; 
viz. in Art. 79, where their détermination bas been given in 
illustration of the principle of virtual velocities. I hâve ehosen 
however again to investigate them, in order that the meaning 
of ail the symbols involved in them may be clearly understood. 

451.] Of these I will first take a most simple example. Let 
the string be fastened at one end o to a fixed point, and let it 
pass over a small puUey a, where o a = a, and hâve a weight = w 
attached to its other end: so that the tension of the string 
throughout is equal to w ; and let w be so great that the weight 
of the string may in comparison of it be neglected. Let us 
also suppose x = y = z = 0 ; then, in its position of equilibrium, 
the string lies along the straight line oa ; let it be slightly 
displaced by means of an external force ; the displacement being 
so small that the angle at whieh any élément of it is inclined to 
the line oa is infinitésimal. Our object is to investigate the law 
of the displacement of any partiele whieh folio ws on this initial 
displaeement. Let oa be the axis of x ; and let [x, y, z) be the 
place of any élément ( == pa>ds) at the time t. Then, as the 
angle of inclination of ds to the axis of æ is infinitésimal, we 
hâve approximately ds = dx- So that, neglecting infinitesimals 
of the second order, each élément of the string nioves in a plane 
perpendicular to the line oa, and consequently the point of the 
string at a does not move : thus there will be no motion along 
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cû 

the line oa, and =0, for ail éléments of the string. Thus 

CLt 


the first of (5) gives T = a constant ; and the tension of the 
string is constant througKout its length and throngtout the 
motion, and is equal to the weight w. Introdueing these results 
into the last two équations of (5), they beeome 

= 0 '1 

P cû /fi\ 

= o 1 ^ 

P (ado? 


If, for the sake of simplieity, we suppose the curve of the string 
in its initial displaeement to be in one plane, we may take that 
to be the plane of {ai, y) ; and then the équation which represents 
the subséquent motion of the partiele is 

dt^ paidx^ ’ 

which is a partial-differential équation of the second order. The 
intégration and interprétation of it I shall defer to the folio wing 
Articles ; because we shall again meet with équations of the same 
form. The homogeneity of it on the principles explained in 
Section 9, Chapter ÏII, deserves notice. 

452.] Next let us investigate the motion of the particles of a 
thin heavj elastïc string, which is homogeneoüs and of the same 
thickness throughout its length, stretched between two given 
points O and a ; see Fig. 64 ; where oa = Let be the ten- 
sion of the string at rest : which we assume to be so great that 
the weight may be ûeglected without sensible eïror in comparison 
of it : thus the string lies in the straight line joining o and 
A, when it is in statical equilibrium. 

Now let us suppose the string to be put into motion by some 
external force; as a pianoforte string by the blow of the 
hammer, or the string of a harp by the finger of the player : 
hereby the particles are displaced both relatively and in space ; 
and elastic forces of tension are brought into action, tending to 
restore the string to its original condition; and although the 
force which produces the displacement ceases to act, yet the 
particles of the string continue to move, and the string vibrâtes 
about its rectilinear position. We will take the most simple 
form of the problem, and suppose no other force to act : so that 
in (5), X = y = Z = 0. 

Let us consider the string in its vibrating state at the time zf, 



ELASTIO STRINGS. 


611 


452 .] 


and refer it to three reetangiilar axes originating at o, of which 
tlie a?-axis eoincides with oa. Let us take a particle (= dm) 
whose distance from O in its position of rest = ûû ; and let p be 
its density: tben if o) = the area of a transverse section of the 
string, dm = P cù dx : let tke place of tkis particle at tbe time t 
be (^ + £5 7 ], C)j so that rj, C are the actual displacements of the 
particle ; and let p^ be its density in its displaced state, and 
the corresponding area of the transverse section of the string ; 
and let ds be the length-element of the curve which dm occupies : 
then, as the mass of dm is unaltered, 

dm = p(i)dx = p'ûù'ds. (8) 

As the displacement of the particle is veiy small, 77, C ai*e ail 
small : they are functions of x and t, and are to be expressed in 
terms of these variables. It is however to be observed that x is 
not a function of t. Thus ( 5 ) become 


püù 


dx 


=0, 


\ 


7 d^rj y drj 
pŒidx-T7ô — d,l^- 


df- 


d^ C 


da 

dC 


= 0 , 


= 0 . 


( 9 ) 


Now the length of the élément = dx, under the action of the 

tension Tq : and = dê, under that of the tension T : consequently, 

if E is the modulus of elasticity, by Hooke’s law, as explained in 

Art. 171 , Vol. III, , 7 f., t—t.) 

’ ' ds=:dx\l + ; (10) 




where, it will be observed, e is a weight depending on the nature 
of the string. 

Also ds^ = {dx + diy- + ^ ^2 . 

and as the displacements of the molécules are small, d^, dn], d^ 
are so small, that ail powers of them higher than the fîrst may 
be neglected. Consequently, 

ds — dx-\-d^', ( 11 ) 

M 

dx ‘ 

Let us substitute ail these values in ( 9 ) ; then, omitting small 
terms, we hâve d^^ d^^ 


T = Tq + E ; 


dt^ ^dx^ ^ 


d^rj d^T} 


dH dH 


( 12 ) 


R r % 
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P<ü pO) 

î 

(13) 

then the preceding équations become 



dt^ ~~ 


dx^ ^ 

(14) 


which are three partial linear differential équations of the second 
order witk constant coefficients. As the variables in them are 
separated, we conclude that the vibrations of the string parallel 
to the three axes of r], C are ihdependent of each other, and 
coexist without interférence. The first équation expresses the 
vibrations along the string ; these are called longitudinal vibra- 
tions ; the last two express the displacement, which is perpen- 
dicular to the axis of as it is projected on the planes of (^5 rj) 
and (£ C) respectively, and consequently express curves in these 
planes : these vibrations are called transversal or latéral vibra- 
tions : the forms of ail, as shewn by the preceding équations, are 
the same. If these latéral vibrations ail take place in one plane, 
we may take that plane to be the plane of (^, 77), so that f = 0 
throughout the motion. 

In reference to the values of a and l which are given in (13), it 
will be noticed that they are of ( 1 ) dimension in space, and of 
( — 1 ) dimension in time, and thus represent velocities. 

453.] Let these équations be integrated by some one of the 
methods given in Vol. II ; then we hâve 

(15) 

where ï' and/ are symbols of arbitrary functions, as yet undeter- 
mined; before however we détermine them by means of the 
initial or other circumstances of the string, we will make some 
general observations. 

Suppose an element of the string to be displaced from its place 
of rest in the line oa by means of a disturbance or puise passing 
along the string ; and ( 5 ?, 0, 0) to be that place of rest : then, if 
V is the velocity of propagation of the puise, and t is the time 
which has elapsed since the puise passed through o, vt — x is the 
distance along the axis of x through which the puise has passed 
in the time during which the particle has been displaced to its 
relative place (£, 77, at the time t ; and these small displace- 
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ments are fnnctions of that distance. This is thé case when the 
puise travels along oa in a positive direction; and as another 
puise may also travel in an opposite directions the disjDlaeement 
due to this will he a function of — vt—x, that is^ of and 

consequently the whole displacement will be the sum of these 
separate displacements. Moreover, also, as there may be many 
puises travelling, some in one direction and some in the opposite 
direction, the résultant displacement will be the sum of ail these, 
and will be correetly represented by such expressions as are given 
in (15). This resuit also follows from the prineiple of super- 
position of small motions, and from the linear form of the differ- 
ential équations (14). These observations apply to the second 
and third of (15) as well as to the first, and from them it appears 
that a is the veloeity along o a with which the puise causing the 
longitudinal displacement is propagated, and l is the veloeity of 
propagation of the puise causing the latéral displacement. It 
appears then that the veloeity of propagation of the puise which 
causes the longitudinal vibration is different to that which causes 
the latéral vibration. 

The character of the problem is such that the displacements 
are not only small but are also periodic, so that F and/ represent 
periodic fonctions, such as sines and cosines, into which they 
may be developed by means of Fourier’s Theorem; suppose 
T to be the periodic time; then, as the veloeity of propaga- 
tion of the puise is constant, being a for longitudinal and l 
for latéral displacements, the distances through which the puise 
is propagated in the time r are ar and hr respectively. Let 
us take the case of longitudinal vibration only, as it is repré- 
sentative, and let ar — 'K \ then which expresses the 

displacement due to the positive i)ulse remains the same if x is 
increased by X, and t is increased by r ; and the same resuit is 
true for successive similar and simultaneous increases : so that 
the string takes the form of a sériés of equal and similar curves. 
A similar resuit is of course true for the displacements due to a 
puise moving in the opposite direction. The curves due to the 
transversal displacements are called ventral segments, the length 
of each of which on the line oa is hr. More will be said on 
this subject in future Articles. 

454.] Now, supposing the points at o and a to be fixed, the 
form of the fonctions given in the right-hand members of (15) 
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may he determined by means of the initial and other circum- 
stances of the string. We will take as our typical case the 
second of (15), and, omitting the snbscripts, express it in the form 

7} = ¥ {æ + U) +f{cG — H), (16) 

Let us suppose the string, when zJ = 0, to hâve been disturbed 
from its rectilinear position of rest, and to be in the form of a 
curve whose équation is 

îj = $(»); (17) 

and let us suppose the velocity parallel to the y-axis of the par- 
ticle at (^’ + ^5 rj^ C), when = 0, to be given by the équation 

ÿ = (18) 

where <^' (cc) is the a7-derived fonction of <jÉ> (^) ; ^ (.r) and (æ) are 
supposed to be known fonctions for ail values of x between ^ = O, 
and X = l, and will be treated as such ;• they are also subject to 
the condition that each vanishes when x = 0 and when x = L 
Hence, when ^ = 0, from (16), (17), and (18), we hâve 

••• T'(a’)-/(i«) =<#>(»); 

. 2 P («) = * (æ) + </) (‘o), (19) 

= ( 20 ) 

and consequently F (^) and/’(^t’) are known for ail values of œ 
for which ^ (x) and (p (x) are known ; that is, for ail values of x 
between x = 0, and x ^ l, when t = 0. 

455,] The subject-variables however of ¥ and /*, as they are 
given in (16), are not limited by these values. The subject-* 
variable of ¥ is x-hàf', and consequently varies, as t increases, 
through ail positive values between 0 and co. And the subject- 
variable of / is x — ôt, which has ail values between l and — oo ; 
so that the complété solution requires the values of the fonctions 
corresponding to these values to be known. 

Since the points o and a are fixed throughout the motion, 
rj = 0, when = 0 and when x = consequently, from (16), we 

^(ôi)+/(-ôi) = 0, (21) 

= 0 . ( 22 ) 

It appears from (21) that /( — Ji^) and f(ô^) are equal and of 
contrary signs ; so that if F(è^) is known for ail values of t 
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between 0 and co^f[—ht) is also known between those same 
limits. 

In (22) let U be replaeed hj l-\- ht \ tben 

= (23) 

which shews tbat tbe value of P remains tbe same, wben its 
subject-variable is increased by 2/; eonsequently it is tbe same 
when tbe subjeet- variable is increased by 4^, or 6 4..., or 2^/, 
where n is a wbole number. And therefore if tbe value of r (ht) 
is known from ^ = 0 to = 2/, tbe value is known for ail 
values between ^ = 0 and t Thus 21 is tbe lengtb along 

tbe line oa, wbicb bas been denoted by À in Art. 453, and is 
equal to Xr. 

Again, in (22) let htho^ replaeed by l—ht^ so tbat is less 
than l ; then p (2J_ hf) = _/(è i) ; (24) 

but/(^z{) is known for ail values oi ht between 0 and l\ con- 
sequently tbe value of r (5 1) is known for ail values oîht between 
ht = 1 and ht = 2L 

Hence tbe value of r (a) is known for ail values of a, from 
a = 0 to a = 00 ; and tbese are tbe required limits. 

Thus mucb as to r. And we bave sbewn above tbat ail values 
of/(/3) are known from /3 = Oto)3 = — oo; and tbe initial équa- 
tion (20) gives ail values of f(p) from ^ to /3 = 0 ; so tbat 
ail values of /(jS) are known witbin tbe required limits. 

It is wortb observing tbat tbe values of P (a) for négative 
values of a, and tbat of f(^) for values of /3 greater tban bave 
not been found in tbe preceding explanations ; and tbey are not 
required ; as tbe particular values of tbeir subjeet- variables are 
not witbin tbe limits given by tbe problem. 

Tbe values of tbe funetions wbicb express tbe displacement 
may be found in a manner preeisely similar. 

Tbus tbe form of tbe string in its displaced state, and tbe 
velocities of its several molécules parallel to tbe y- and x?-axes at 
tbe time t will be known ; and tbe problem will be completely 
solved, so far as tbe transversal vibrations are concerned. 

Also, ail tbat bas been said on transversal vibrations is ap- 
plicable, if we replace h by ûj, to tbe longitudinal vibrations of 
tbe string. In tbis case tbe initial équations will assign tbe 
position and tbe velocity along tbe ^r-axis of every particle of 
tbe string, wben = 0, between tbe limits x 0 and x 
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Thus the problem is completely solved. I propose however 
to interpret the resuit grapbically, for the general motion of tlie 
string will be rendered clearer by means of a diagram. Tbe 
results whicb will be exbibited might be derived from tbe équa- 
tions just now discussed ; but it will be more convenient to take 
a less general form, wbieb will be equally expressive and more 
easily constructed. 


456.] For this purpose I will assume that tbe string, baving 
been disturbed, takes tbe form given by a known équation, sucb 
as (17), wben 2 ^ = 0 ; and tbat ail its particles are tben at rest ; 

so tbat ^ = 0, wben = 0 ; consequently since 

Il = by{æ + èt)-b/'(æ-ôt) ; 

and therefore if ^ wlien t = 0, le' (x) —f' (x) ; 

••• =/(«’); 

no constant being added, because we will assume r (æ) = f{x) = 0, 
wben a? = 0, and 

V -f(?> + H) +/(i»-^î!) ; (25) 

tberefore, wben = 0, = 2 /((??). (26) 

Suppose bowever tbe équation to tbe curve of tbe string in its 
displaced state at rest, wben = 0 ; to be r? = r (a?) ; 
tben, from (26), F (a?) = 2f{x) \ 

and tbus (25) becomes 

ri =^{T{x + bf) + :e{x-bt)}. (27) 


Tbis tben is tbe ?] -displacement of tbe particle wbieb is at 
(x, 0, 0), wben tbe string is rectilineal. 

Tbe function wbose Symbol is r is subject to tbe folio wing 


conditions, wbieb are derived from équations (21) (24) of the 

preceding Article : 

F (x)=: (28) 

f(1+x):= (29) 

f(x) = f(2^+x) = f(41 + x) = ... =F(2^^^-l-a?), (30) 

f(x)=:-f(21--x)= --,f(4^-x)= (31) 


Tbese équations enable us to infer a correct notion of tbe motion 
of the several molécules of tbe string, from tbe form wbieb it has 
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in its initial displaced state. From (28) it appears, that th.e 
cnrve represented by y = is continued in similar forms on 
eacb side of o ; the cnrve being on one side above, and on tbe 
otber below tbe axis o£ cg ; and (29) sbews that the cnrve is con- 
tinned in similar forms on eacb side of a, tbe cnrve being on one 
side above, and on tbe otber below tbe axis of cc. Conseqnently 
tbe cnrve about tbe points o and a, and between tbese points, is 
of a form similar to tbat drawn in fig. 65, tbe plane of tbe paper 
being tbat of (^, y). 

Again, to develope otber properties of it : along tbe axis of co 
take from o in botb directions a sériés of lengtbs^ eacb of wbicb 
is eqnal to l; viz., oa == ao' = oV=aV'=...= l. Tben équa- 
tion (30) sbews tbat wbatever is tbe form of tbe cnrve between 
0 and o"', it is tbe same between o' and o''. And (31) sbews tbat 
tbe form of tbe cnrve between o and a is tbe same as tbat between 
o' and A, except that in tbe latter case it is inverted and lies 
below tbe axis of x, Tbns the wbole cnrve consists of similar 
portions drawn as in fig. 65. 

Now this cnrve enables ns to trace tbe motion of any particle 
of tbe vibrating string; and conseqnently tbe motion of tbe 
wbole string. For tbe place P at tbe time t of tbe particle, 
wbicb is at M (o M = x) when tbe string is straigbt, may tbns be 
fonnd: along oa take, on botb sides of m, mn = mn'= lt\ so 
fcbat NQ, = n'q' = ^(x — M), tben, from (27), 

2mp = nq + n'q'; (32) 

and by a similar process may tbe place of every élément be de- 
termined at any time t. 

457.] Now tbis molecnle, and similarly every molecnle of tbe 
string, and conseqnently tbe wbole string, will oscillate ; tbat is, 
tbe string will occnpy a certain sériés of positions in succession, 
and will tben be fonnd in its original state ; afterwards it will go 
tbrongb tbe same sériés again, and tben retnrn to its original 
state ; and so on continnally. 

For if we assume bt = 21, or = 4^, or = 61, ..., or = 2 ni, at 
tbe times corresponding to tbese intervals, we bave, by means of 

(30) and (31), n 

r, = -{:e{x) + v{x)} = F(a!),- 

wbicb is the vaine of r), wben i = 0 -, and as tbis resnlt is trne 
for every point of tbe string, tbe string cornes back to its original 
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position at the times corresponding to these values. The interval 

2 ^ 

between two successive states of like position is -y whicb is 


tberefore the periodic time of vibration. 

When we take = /, or = 3 or = 5 or = (2n -j- 1)/, at 
tbe times corresponding to these intervals, we hâve 

rj + + + 

so that in the time = y every molécule will bave described one 


half of the whole course whicb it describes in going from a posi- 
tion to the same position again. Thus the form of the string at 
these times is exactly similar to what it was when = 0, but in 
an inverted position ; as the lower line in fig. 64 ; the greatest 
ordinate being now at the same distance from a as it was from 
O in the original form of the string. The time which is oecupied 
in this change of figure is one half of that oecupied in a complété 
vibration. 

Similarly we may consider the positions of the curve when 


I Bl 

— 7 , or when üî = ^ : in the former case, the length of time 


is one-fourth of that of a complété vibration ; and in the latter 
case, is three-fourths of that of a complote vibration. Similar 
results are also true when each of thèse times is incrcased by 

It is to be observed, that durmg this vibratory motion the 

b 


string never becomes a straight line. 

Similar results to these arc also true for the ^-displacomcnt ; 
for in the last ecj^uation of (14) the same constant coefficient 
enters as in that for the Tj-displacomont. Thus the periodic time 
of the complété path will bo the same in both displacemcnts. 
The forms of the functions may bc different in the two cases, 
although they are both subject to the conditions developed in 
Art. 455. 

This vibratory motion woiild continue perpetually if there 
were no diminution of vis viva of the string. In the case how- 
ever of pianoforte or harp strings vis viva is lost for two reasons, 
The points O and a, to which the ends of the string are fastened, 
are not points rigidly fixed ; so that vibrations arc communicated 
to them from tlie string, and contânued hy rneans of their sup- 
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ports or framework to the earth, and thereby lost to tbe string ; 
tbe string also vibrâtes in air, to tbe particles of wbicb vibra- 
tions are communieated, and tbus vis viva is taken from the 
string. Owing to these two causes, tbe oscillations of the string 
become gradually feebler, and eventnially cease. Tbe periodic 
time of tbe vibrations bowever is not cbanged. 

458. ] If the original position of tbe string-curve bad been 
that drawn in fig. 66, wbere b is tbe middle point of oa, and 
wbere tbe two branches of tbe curve are exactly equal and 
similar, tbougb tbeir positions are inverted, the string would 
vibrate so tbat tbe point B would always remain fixed ; tbat is, 
eacb balf will vibrate as if tbe string were fixed at O and b, and 
at B and a ; and tbe periodic time of vibration will be only one- 
balf of wbat it is in tbe case already discussed. So, again, if tbe 
original string-curve bad consisted of tbree or more equal and 
similar portions, intersecting oa at points equally distant from 
one anotber and from o and a, and being alternately above and 
below the line oa, tbe string will vibrate as if it were tbree or 
more distinct strings, and tbe points of it at wbicb it intersects 
OA will remain at rest during tbe motion. 

Tbese points are called nodes or nodal points, tbe curve 
between two consecutive nodes being a ventral segment. 

459. ] If T is the time in wbicb one complété transversal 
vibration of tbe string takes j)lace, 

" = T = 

so tbat, for a string of constant tbickness and density, tbe time 
of transversal vibration varies as tbe lengtb of the string directly, 
and as tbe square root of tbe tension in its straigbt form inversely. 

And if n is tbe number of transverse vibrations wbicb take 
place in a second of time, 


\ ^ ^ • 

” r“" ’ 


(34) 


so tbat for a string of constant tbickness and density, oi varies as 
tbe square root of tbe tension in its straigbt form directly, and 
as tbe lengtb of tbe string inversely. 

Again, let t be tbe periodic time of a complété longitudinal 
vibration; tben 


f 

T = 




( 85 ) 
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and let n' Le the niimber of longitudinal vibrations which take 
place in a second of time. 


, 1 1 / E nI 

Now if tbe string suspended by one end is stretched by a 
weight at tbe otber end, e is tbat weigbt by wbicb the length of 
the string will be doubled ; so that the number of longitudinal 
vibrations of the string in a second of time varies directly as 
the square root of this weight. 

From the preceding équations we hâve 



(37) 


but in the ordinary pianoforte strings, E is evidently very much 
greater than Tq , so that the number of longitudinal vibrations in 
a second of time is very much greater than that of the transversal 
vibrations. 

The ratio of n to may also be expressed in the following 
way : suppose l to be the length of a string in its natural state, 
and to be the increase of length when it is stretched by t^: 
then, by Hooke’s law, ZTq= ea^; 



(38) 


460.] Let us briefly notice these results in référencé to the 
theory of music. When a string vibrâtes, the vibrations are im- 
parted to the molécules of the surrounding air, and are through 
the medium of the air communicated to the tympanum. of the 
ear, the auditory nerves of which are excited, and the sensa- 
tion of Sound is created. The ear recognises three spécial pro- 
perties of sound, (1) the pitch, (2) the intensity, (3) a peculiar 
quality which is in England called technically the “quality’' of a 
note, and is in France called ‘‘ le timbre.” The origin of this 
last property, and indeed most of its affections, it is very difficult 
to account for ; it probably arises from many causes, amongst 
which may possibly be the différence of periodic time in the lon- 
gitudinal and the transversal vibrations. The quality of note 
given by a string of a violincello played with a bow is very dif- 
ferent to that given by a pianoforte string struck by a hammer, 
when the note or pitch is the same in both. The second pro- 
perty dépends on the amplitude of vibration, and varies as the 
vis viva of the particles put into motion. The first property is 
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that which is called thé musical tone or note^ and dépends on 
thé number of vibrations made by tbe string in a second of 
time. And thus tbe number of vibrations is taken as tbe 
measure of tbe pitcb or note. The note is bigber tbe greater 
tbe number of vibrations made in a second of time. Similarly 
as to tbe note due to tbe transversal vibrations, tbe note varies 
inversely as tbe lengtb of tbe string, and directly as tbe square 
root of tbe tension. So tbat if tbe note of a given pianoforte 
string is too low, tbe string must be wound up, wbereby tbe 
tension is increased. 

The note given by a string wben its two extremities are fixed, 
and wben ail tbe otber points of tbe string vibrate in tbe motion, 
is called ficndamental note of tbe string : tbus tbe fondamental 
note of a string is bigber by one balf tban tbat of a string of 
wbicb tbe lengtb is twice as great. And tbus, too, if a string is 
struck so tbat it bas one node, tbe note in tbat case is twice as 
bigb as tbe fondamental note ; and if it bas two nodes, tbe note 
is tbrice as bigb as tbe fondamental note ; and so on. Hence 
tbe notes of strings are compared by means of tbeir lengths and 
tbe distances between tbeir nodes. 

Wben two strings bave equal periodic times, and vibrate 
togetber, they are, in musical language, said to be in unison. If 
two strings vibrate simultaneously, tbe resulting sound is most 
agreeable to tbe ear wben tbey are in unison. Next to an 
unison tbe most agreeable concord is tbe octave, in wbicb one 
string vibrâtes twice as fast as tbe otber ; tbat is, in wbicb tbe 
times of vibration are as 1 : 2 ; and tbe note produeed by tbe 
former is said to be an octave above tbat of tbe latter. Thus if 
a given string vibrâtes so tbat its middle point is a node, it 
produces tbe octave to tbe fondamental note. 

It is invariably found, for ail ears, tbat wben two notes not in 
unison are sounded togetber, tbe resulting sounds are most agree- 
able wben tbe times of vibration of tbe individua,! notes are in 
some simple proportions ; say 1:2; 1:3; 1:4; 2:3; and tbat 
tbe concord is more agreeable tbe less tbe différence between 
tbe ter ms of tbe ratio. 

Thus tbe octave of tbe octave of a note, or tbe fifteenth, as it 
is called in music, is an agreeable concord ; for it consiste of 
vibrations of two strings wbose periodic times are as tbe numbers 
1 : 4. Tbus also two strings wbose periodic times are in tbe 
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ratio o£ 1 : 8, or in tlie ratio of 1 : 16, and so on, produce pleasant 
concords, and seem to partake of the perfection of tlie octave. 

The next most simple numerical ratio is that of 1:3, in which 
we hâve three vibrations of one string corresponding in time to 
one vibration of the other. Thîs coneord is ealled a twelfth. If 
we replace the string, which vibrâtes once, by its octave, which 
vibrâtes twice in the given time, the times of vibration of the 
two strings are as 2 : 3 : this also forms an agreeable concord, 
and is ealled a fîfth. 

It is however beyond the object of this treatise to enter fur- 
ther into this subjeet : and for other details, and for an exposi- 
tion of the theory of music, foiinded on the preceding and other 
similar équations, I would refer the reader to the Treatise on 
Sound by Sir John F. W. Herschel, which was originally con- 
tained in the Eneyclopædia Metropolitana. 

461.] As the arbitrary functions which are in the right-hand 
member of (16) are both periodic, and the conditions of the 
motion of the string are such as to satisfy the conditions of de- 
velopment of arbitrary periodic functions in terms of sines and 
cosines as explained in Vol. II, Chap. VII, section 4, we may 
apply these theorems and thus obtain a solution of (16) in the 
form of a sériés : the process will also be instructive as shewing 
the way in which the displacement of a particle is made up of 
a sériés of separate displacements, or to each term of the sériés 
a distinct displacement corresponds. 

The sériés (89), which is given in Vol. II, Art. 197, is that 
which is to be applied : the following is the complété form of 
it, viz. 

/(®) = ^//(^)^^ + ^2.y/(2:)cosM(aj— (39) 


where/(^) dénotés a periodic fonction of which the period is 2 ' 7 r ; 


and which = 


/(«) 


wken X = a ; =f{x) for ail values of æ 

^ ■Pf7\ 

from X ■= a to cc = il and = ' j when x-=^h\ è — a being not 


greater than 277. The summatory symbol dénotés the siim 
of ail terms corresponding to integer values of n from n = 1 to 
n = 00 , both inclusive. The first term in the right-hand member 
of (39) is non-periodic, and ail the other terms are periodic, the 
period of each being 277. 
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in applying this theorem to the présent problem, the form 
and arrangement of the problem shews that there is no non- 
periodie term, beeause the efFect of it would be only to shift the 
^-axis parallel to itself nntil it assumed a position relative to 
which the string-curve wonld be symmetrical above and below 
it ; and the axis of co as now taken satisfies that condition ; hence 
(16) takes the form 
1 

rj = -:s. / cosn(æ+6t--0)-hf(z)cosn(æ--èt-~z)}dz 

= -2. j^eos^^û? J* {i^{z)cosn{èt—z)+f(z) cosu(èi-j-z)} dz 

^sinnæj {:p(z)siTi^(bt--z)’-f(z)sm9i[bû+z)}dz^- (40) 

Now 7 ] = Oj when ce = 0, for ail values of t ; consequently the 
coefBeient of cos^^^^ is equal to zéro ; and 
1 

77 = s.sin^a?/ {-F(z)sm%{àt^z)--f{z)sinn(èt + z)}dz. (41) 

TT J Q 

Also î; = 0 , wlien x = l, whatever is the value of t ; therefore 
)il= iw, where i is any integer j&om 1 to oo ; so that 

i-jT _ 


1 . ZTTX r* ( / N 


. i-n{bt—z) . i-nCbt + z) 

F (z) sin — — — f(z) sin — ^ ^ 

0 L 


I dz, (42) 


It remains still to détermine the form of the element-function 
in terms of the initial form and circumstances of the string, 
which are given by the équations 

n = ^{x\ and § = «<#>'(4 


when J? = 0 . Expanding the sines in (42), and putting terms 
involving t outside the signs of definite intégration, we hâve 

1 . iTîxV . iirhi H , , iirz ^ 

rj = — ~ 5 . sm -J- 1^®^^ J { cos -y- dz 

— cos J {^) } sin dz J ; (43) 

drj b . iTTCcr. iirbi r\ . . ,,, inz ^ 

m io 

+ isin^^^^y {!!{z)-{-f{z)}éxL'^^dz~'^- (44) 
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Let î! = O ; then rj =v(æ) +/(«) = ^ («), and. 

so that / (^) and consequently F (œ) —/{os) = ^ {x), 

as in Art. 456. 

, , 1 . iTïOS r . . iTTZ 7 

$(æ?) = -2.sin-^ / ^{2;)sm — ch ; 

<p'{æ) = —y S.sin j" i(i> (z) cos^-^dz 

1 . ÎttX / . ÎtTZ J 

= — s.sin—^ / <j> (Z) sm -J- dz ; 

TT ^ Jù ^ 

whicli are values to be satisfied by (43), wben zî = 0. Hence 


. i'ïïxV l . inht -, ^ . 
— sin — — 6 (z)si 

llTT I Jq ^ ' 


— :S.sin- , 

TT 0 


i^rz 7 iiTÔt 

sin -J- dz + cos — J 
i L 


’ j ^[z)dji^^-^dz ;(45 


whicb gives tbe solution of tbe problem in a form free from 
arbitrary functious, but in tbe form of a sériés of wbicb tbe 
several terms arise from giving to i successive integer values 
from i to 00 , botb inclusive. Tbus tbe number of terms is infinité. 
Ail tbe properties of tbe motion of tbe string wbicb bave been 
dedueed in Art. 454 from tbe arbitrary fonctions F and f may 
be inferred equally as well from tbis équation. Similar values 
may also be found for ^ and C 

, Tbus, aceording to tbis metbod, tbe motion of tbe string is 
expressed by a sériés of terms, eacb of wbicb migbt exist alone, 
and migbt be tbe complété solution of tbe équation, if it agreed 
witb tbe initial state of tbe string. Tbe most general motion of 
tbe string bowever results from tbe coexistence or superposition 
of an infinity of vibratory motions, and tbe resulting note from 
tbe coexistence of tbe several notes whicb are due to tbese 
several single motions. 

Anotber problem of tbe same kind is tbat in whicb tbe string 
moves in a resisting medium, tbe résistance of wbieh varies 
directly as tbe velocity; in tbis case, tbe équation of motion 
takes tbe form 


d^rj 

df^ 


dt 




= 0 ; 


and is intégrable. 

Otber problems will be found witb complété solations in 
Donkin’rf Acoustics ; Clarendon Press, Oxford, 1884. 
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462.] The following* is another problem in whicli the method 
of expansion in a sériés of sines and cosines is applied. 

A tbin elastic string, whose unstretcbed length is resting on 
a smooth horizontal plane with one end fixed, is stretched in the 
direction of its length so as to be of the length l\ and is then 
set free ; it is required to détermine the subséquent motion of 
the string. 

Let 0 , the fixed end of the string, be the origin, and let sa be 
the distance of a type-particle of it from o in its unstretched 
State ; let £ be the displacement ; then, taking the notation of 
Art. 452, ^ (46) 

where a is the veloeity of the puise along the string, and is the 
time elapsed from the instant at which the string was set free. 
It is évident from the nature and arrangement of the problem 
that no non-periodie term occurs in the expansion ; hence the 
expansion takes the form 

1 n 

£ = - 5. J {f{z)co^n(os + at—z) +f[z)cos7i{o3-—at--z)}dz, 

the summatoiy sjmbol of which dénotés the sum of ail the defi- 
nite intégrais corresponding to values of n from w = 1 to = oo, 
both inclusive. The period of these periodic funetions is 2 7r, 
Hence, placing the terms involving ûs outside the sign of definite 
intégration, we hâve 

i= - :s. fcos r {t? ( z) cos 91 (at -- z) + f (z) cos n [a t + 2 :)} d Z 
77 L Jq 

— sin 9icgJ { b (^) sin 9%(at — z) —f{z) sin 9i{at z)} (47 ) 

this is a general expression, and we hâve to determiDe the form 
which it takes in its application to the particular problem, 

Since ^ = 0, when a? = 0, for ail values of t^ the coefiâcient of 
cos nx in this équation = 0 : that is 

f {f(-2;) cosn(at--z)-\-f(z)cos9i(at-\-z)}dz = 0. 
do 

£ = s.sin^^ f.{:p(z)sm9i(al’—z)—f(z)siji9i(^at + z)}dz. (48) 
TT Jq 

Also since ^ = 0, when æ = l, for ail values of t. therefore 
dx 

cos 9 il = 0', and 

_ (2e+])Tr 
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for ail values of i from i = O to i = oo. This équation tlien 
assig*ns a particular form to tte values of 

lfl'zz= 1(1 + jx), then wKen = 0, £ = in accordance witk 
Hooke’s law for ail values of cc from æ? = 0 to ^ : and therefore 

from (46), when z5 = 0, ^ 

Also expressing (48) in tlie form 

f — sinnat / {:^(z)—/(z)} cos nzdz 

'IT L do 


cos 9za t 


' f { t (^) + f(^)} sinnzdz ; (51) 

Jq J 


and. observing that = O, when zî = 0 for ail values of x from 

X = 0 to X = l ; and that by (50), ip(z) +/(^) = ju-e, under these 
circumstances, 

1 

£ = -2 , sin Ÿix cos nai( / {f(; 2 ?) H-/(^)}sin nzdz 
TT Jo 

f* ^ 

= ~ 2 . sin^Æ? cos?2<a5 w zsinoizdz 
TT J Q 

a . , sin n l 

= -2.sm nxcos nat § — 

TT 

4fxl^ 1 . 2i4-lTTX 2i+l7iat , tt 

= ^sxn(2* + l)2. (5â) 

when M^e replace n by its value in terms of i as given in (49). 
Also since the period = 2 tt, l = ^ira ; and consequently 
. 1 . 2^ + l7r^ 2i4-lTraô . ..tt 

f=— 

the last factor of which is + 1 or — 1, according to the form of 
2e + l. 

Then expressing the sériés at length, as i includes ail values 
from i = 0 to i = oo, (52) becomes 


( , TT 


TîX Tiat 1 . Zttx Sirat 1 . ^ttx ^irat 
Û^°^'2Ï'~ 9 “2T .21 25 ™ '21 ~^7' 


...J, (53) 


which is the solution of the j>roblem in the form of a sériés. As 
the sum is convergent, the principal term is the first term, and 
that alone will give an approximate solution of the problem. 

463.] Also in illustration of the general équations, let us tak^ 
the following Problem. A thin heavy elastic string of constant 
thickness and density is suspended by one end from a fixed point, 
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and is sliglitly displaced in a vertical plane- It is required to 
find the équations wliich détermine the motion of the string. 

Let the fixed point be the origin, and the line of the string 
hanging verticallj at rest be the axis of ^ ; and let the plane in 
which the string moves be the plane of £c). Let l be the 
length of the string in its natural state and unstretched ; and let 
/' be its length when suspended and stretched by its own weight. 
Let 2 ; be the distance of the particle ptùdz from the fixed end 
when unstretched, and be the distance of the same élément 
when the string is stretched. Then, as in Ex. 1 , Art. 172, Vol. III, 
by Hooke’s Law, 


dz'=dz^l + ^-^{l- 


- 2 ®); 


l'z=l + 


P9<^P 

2e 


(54) 

(55) 


Let ^ and C be the horizontal and vertical displacements of a 
particle of the string whose distance from the origin is z when 
the string is not stretched ; then if T is the tension at the time t, 
when the string is stretched and in motion, the équations of 
motion are 


pcùdz 


ÎÜI 

dC^' 


J.,g = 0 , 


^ (P ( ^ dz y 

p^dz-^,-d.^j^r=p<^gdz. 


(56) 


Now P + (<^- 2 ? + rZ ; whence, omitting small terms of the 

second and higher orders, 

ds = dz+dC=dz(\ + ÿ^)-, 


but ds ^ dz{\ by Hooke^s Law. 


T = E 


cK. 

dz ’ 


(67) 


(58) 


and consequently the second équation of (56) becomes 

d^C __ E 

p(ù dz^ ^ 

Let — = « 2 . then as e is a weight, the left-hand member is 

poù 

of ( 2 ) dimensions in space, and of ( — 2 ) dimensions in time, and 
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consequently a dénotés a veloeity, whicli varies as tlie square-root 
of the modulus of elasticity ; th.us (58) takes tke form 


dt^ 


= a- 


.^C 


+ 


g- 


(59) 


Now as Z does not vary with t, 
form 


this équation can be put into the 

g}- (“) 


where a is an undetermîned constant. Then integrating* in the 
usual way, the solution is 




(61) 


where F and/" dénoté arbitrary periodic fonctions. 

To détermine a, when 25 = O, we hâve by (54), 

f = (62) 

Hence comparing this with. (61), and taking non-periodic terms 
only, A = — -i; and therefore 
/ 2 

+ & = F(«^-F^)+/(«^-.), (63) 


which satisfiOH (59), and is its general intégral. 

But when xr = 0, ^ = O, for ail values of t ; therefore 

v(af^ 4- fiat) = O, 

/(«O = 

= ^(at^z)-^(at-z\ (64) 


and this cxi)ression gives the displacement of a disturbed particle 
of the string in i ho direction of its length. The terms in the 
right-hand memlxyr nliew that the disturbance travels along the 
string with the v(docity and that the displacement is due to 
two similar disturbances travelling in opposite directions with 
equal vcloeitics; aïid tho terms in the left-hand gives the dis- 
placement duo to the weight of that portion of the string which 
lies below the (lement whose motion we are considering. 

As tlui functions in (64) are arbitrary periodic fonctions, they 
may be exj)rcssed in a sériés of sines and cosines, as in the previous 
examples. Th us 
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q 1 

f — 2./ e( 24){C0S^(<2^ + ^ — -e^) — — 

ÀjCL'^ tu J q 

q 2 . /*^ . 

= 0^) 2.sin^;2;/ (65) 

-oÆ*" TT J 0 

= ^“(2(?;2: — ;e^)— ^ S . sin j^sin y* 

jîî y' E ( 2 ^) sin rfej • (66) 


—cos na 


dC 


Now when = 0 ^ — = O, for ail values of z : consequently 

Cut 


j '^{7t)co^.nudu = 0, 


and tterefore 

^2 ' 
C= z^)-\‘-:î,,^mnz (tonnât / ¥{u)^ïn7indîi. (67) 

ZCI^ TT ^0 

Also as T = Oj that is ~ = 0, when z^l\ therefore 
dz 

cos nz = O5 when z = l; 
nl={2i + l)^y 

where i has every intégral value from i = 0 to i = co, both 
included : therefore 

n = (2i + l) (68) 

which assigns the form of n. 

And the definite intégral in the last term of the right-hand 
member of (67) may be thus expressed. When <( = 0, f = 0 for 
ail values of z, from ^ = 0 to z = l, and (67) must satisfy this 
condition. Hence 

2 . 

z^^2lz = ,smnz (2^^ — 2^2^) sin i 
TT Jq 


L nu du 


/O 

4 sin22;8: 

TT ^ ^ 

^ Tïa^ 

and substituting for n from (68), we hâve 

• fc\ • t \ ^ ‘ ^ \ TT Clft 

n 16/7/3 Sin(22 + 1) cos(x.2 + 1) 

^ = (69) 

’ Ts*a^ (2ï + l)® ^ 

which gives the relative displacement of the particle in the 
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direction of the lengtli of tKe string, tHe sùmmation reaehing 
from i = 0 to i = QO. Hence 
9 


ON C • 1 • Sirat 

(2^^_^2)_^js,i,_eos~+-pSin^cos-^ + 


...]. 


2^2 V' ~ ! ^4^2 

As to the horizontal motion of the élément in the plane of (C, ^), 
we hâve from the first of (56), replacing T hy its value p cop (l—z), 


and ds by dz 


dt^ 

d^ 

dt 




di\ 


+ y;^ = o. 


§■ 


(71) 


which is the diflfereiitial équation of the trans verse motion of an 
element of the string. 

464.] Another case of motion of the éléments of an elastic 
hody which can be considered is that of the longitudinal vibra- 
tions of the éléments of a fine elastic rod. 

I shall assume the rod to be homogeneous, and in its natural 
State to be prismatic or cylindrical ; so that if co = the area of a 
transverse section, co is constant throughout the length, and is 
infinitésimal because the rod is thin. I shall take the line which 
contains the mass-centres of ail thin transverse slices to be the 
a?-axis. Although the rod is thin, that is, although the lines of 
its transverse section are infinitésimal in comparison of the 
length of the rod, yet itS thicknéss is such that the rod is not 
bent by the forces acting on it. 

Now we suppose the particles of the rod to be displaced lon- 
gitudinally by â force acting in the direction of the length of 
the rod, so that each particle is displaced through a small dis- 
tance along the cr-axis. Moreover, we suppose that every particle 
in a thin transverse section or slice perpendicular to the ^i?-axis 
is displaced through an equal distance ; so that ail particles 
which were in a given trans verse slice before the displacement 
are in a transverse slice after thé displacement. We also sup- 
pose that by this displacement, due to an external force, certain 
elastic forces are brought into action whose lines of action are 
parallel to the a?-axis, and that the molécules subsequently vi- 
brato under the action of these forces. It is this subséquent 
motion, when ail other forces hâve ceased to act, which we shall 
now investigate. 

Let O and a be the ends of the bar in its original state of rest ; 
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and let 0 A, its lengtli, = ^ ; let û) = tlie area of a transverse sec- 
tion, P = thé densitj. Let ns consider the naotion of a thin 
slice, whose distance from 0 = æ, when = O, and whose thick- 
ness ^ clx\ so that its mass = p co dæ, This mass is nnchanged 
dnring the motion. 

Let a? + ^ be the distance of this elemental slice from 0 at the 
time t : ^ being a small quantity and evidently a funetion of 
both X and f, Let T be at the time t the tension drawing the 
slice towards 0, and T + rZr that drawing it towards A: then, as 
no other force acts, the équation of motion is 

= dT:-, 

••• pu>dx^^^ = d'î. (72) 

We suppose the extension of the bar to vary according to 
Hooke’s law : so that if e is the modulus of elasticity of the 


and conseqnently, if E = p co (72) becomes 

of which the solution is 

£ = r (a? + zî) -{-f {x---ai\ (74) 

where e and f dénoté arbitrary periodic functions. As ^ is the 

^ at 

velocity of the slice p(odx, and is the linear dilatation of 

(oû5 

unit-length of the bar, (73) shews that the molécules of the bar 
are so arranged at the time t, that the portions are alternately 
those of condensation and dilatation, the molécules being packed 
in the former more closely and in the latter less closely than 
they are in their natural constrained state ; and the form of (74) 
shewing that there is a regular advance along the bar of the 
given state of, say, condensation in the positive direction as 
shewn by /(zr — z?^), and in the négative direction as shewn by 
-F[x^at)j with the constant velocity a. 

If the initial position of the several slices of the bar, and the 
initial velocities of them along the line of the bar ai*e given, F 
and f may be expressed in terms of them. Thus I will suppose, 

when zî = 0, ^ = ^{x), ^ = a(f>'{x\ these values being true for 
ail values of x from zr = 0 to zr = ^ ; so that when z? = 0, 
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F («)+/(*)= 4,(4 ) 

= ^'(43 


[464. 


(75) 
O, and 


If a point of tlie bar is fixed, then at that point £ 

~ O dm*ing tbe wbole motion, and T at that point is the 

dt J * 

stress which it bas to bear. In a free end ^ values 

of t, Now let us replace the arbitrary functions by their values 
in terms of sines and cosines, as in (40) ; then 

^ = i^Tcos^za? f {ip(z) cosn(at— z)-hf{^) cos nr (a t + z)} dz 

TT L Jo 

— sin^^y' {F(z)smn.{at--z)-^/(z)sm9i(at + z)}dz^} (76) 

and is the complété expression for the displacement. 

Now let us suppose both ends of the bar to be fixed, so that 
£ = 0, when ^ = 0, and also when æ =: l, for ail values of zî. 
Then (76) evidently takes the form 


. 1 , nrx 

f = — 2.sin-7 

^ TT 1^0 

1 . îttx r 

= s.sin-T- ! 

■ 7 * l \_ 


-J sin^ {at^z)—/(z) sin^ (at + z)} dz (77) 

. iirat r\ . . i^nz ^ 

{-P(z)-f(z)} cos -y- 

irrat . . , . iirz _ “] 

— cos —y J {i'(;^)+/(^)} sin y- ; (78) 


and this also satisfies the conditions that -^ = 0, when 00 

dt ' 


O and 


when X '= l, Also since when = 0, we hâve the values given 
in (75), this becomes 
inat 


. 1 . mx 

4 = 2.sin-y- 

TT L 




XTïz , inat 

cos -y- a Z — • cos — 

V L 


'fo * sin ^ (79) 


which is the complété answer and satisfies ail the conditions of 
the problem. 

Hence if r is the time of the whole vibration of a slice of the 

bar, T = — =z 21 (^) = 2 (-)V— where w is the weight of 

the bar ; so that the note of the bar is the same as that of a vibrât- 
ing string of the same elasticity thickness, density, and length. 

If, however, one end of the bar, say o, is fixed, and the end a 

is free, then ^ = 0, and ^ = 0, when æ = 0 ; 

1 . 

^ = — 5.sini>2Æ? / \^(z)s\xxn(at-’z)--f(z)^ïn7i(at-\'z)']dz, (80) 

^ v/ 0 
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Also since 


^ = O5 when Æ? = 4 
dæ 


n = + ( 81 ) 

whicli détermines the form of n. And assuming the initial con- 
ditions to be those given in ( 75 ), tbe displacement takes tbe 
form 


£ = — i 2. sin (2 i + 1) ^ I sin (2 2 + 1) <f> (^) cos (2 î + 1) || 

— cos (22 + 1) ^ (^) sin (2 2 + 1) I ; 

and this expression satisfies ail the conditions of the problem. 

As the values of ^ become the same whenever al is increased 
hy a multiple of 4 Ij so if r is the time of a complété vibration of 
a slice of the bar, 

, = = ( 83 ) 

if w is the weight of the bar. Thus the time of vibration is 
twice as long as it is in the former case, when both ends of the 
bar are fîxed. Thus also the note due to the longitudinal vibra- 
tions of an elastic bar fixed at both ends is an octave higher than 
that due to it when fixed at one end and having the other end 
free. 

Other problems on elastic strings and bars will be found in 
Donkin’s Acoustics ; a work to which the student is referred, as 
he will find in it the considération of many questions bearing on 
the theory of music. 

465 .] The last problem of the motion of elastic bodies which I 
propose to consider is that of the molécules of a thin elastic plate, 
which is fixed along one edge, and is otherwise free from external 
constraint. The statical conditions of rest of such a plate when 
bent by the action of external forces hâve been considered in 
Section 3 , Chap, V, Vol. III. I shall use the same symbols and 
the same diagrams as in that Section ; and shall assume the 
plate in its original state of rest to be rectangular. 

The plate in its natural state is supposed to be plane ; and to 
hâve been bent, as is assumed in those Articles, by the action of 
one or more external forces, and then left to itself. It subse- 
quently vibrâtes by virtue of the elastic forces which hâve been 
brought into action by the original displacement. The problem 
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in Vol. III is the détermination of the surface which tbe plate 
takes when it is bent by certain given forces: tbe problem 
berein to be treated is the subséquent motion of the plate by 
reason of its elastic forces, when the original bending forces 
hâve ceased to act. For although the plate is assnmed to be 
very thin, yet its thickness is such that elastic forces are brought 
into action upon its being bent. 

Now take the Figure 73 in Vol. III to be an enlarged repré- 
sentation of the plate at the time except that there are no 
forces X and y : then the équation of motion of the particles 
of the plate may be formed as follows. Take any transverse 
section of it, as the projection of the mean fibre of which 

intersects the plane of (so^y) in the point (oî, y), Then, if we 
Suppose the fibre to be at rest for an instant, and l to be the 
moment of the elastic forces which are due to the part p'^ap' of 
the plate, and act on the section about an axis perpendicular to 
the plane of the paper ; by (126) Ai*t. 176, Vol. III, 

L_ , (84) 

where R is the radius of curvature of the bent lamina at tbe 
point P. But the forces, of which this is the moment, produce 
the motion of the part p'^ap' relative to the mean fibre of the 
section p'^p'. Now let us take a thin slice of the plate at a point 
between P and a ; and as the plate is very thin, we may consider 
its mass, which is equal to 2pTbds' (p being the density), to be 
condensed into a particle at y'\ the place of its mean fibre ; 
so that the expressed momentum-increments of this slice parallel 
to the axes of x and y are respeetively 

and ^prâ/^. (85) 

Let us inoreover assume the displacement of ail particles of the 
plate to be so small, that ail velocity-increments parallel to the 
i27-axis may be neglected ; and we shall also assume the inclina- 
tion to the iü-axis of ail éléments of its curved fibres which are 

straight in their natural state, to be so small, that powers of ^ 
above the first may be neglected. Thus 

- = Çf, â/=dcc'. (86) 

B dx ^ ^ * 

Hence also the moment of the expressed velocity-increments of 
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the part p"ap' about an axis perpendicular to tlie plane of the 
paper, and passing through tke mean fibre of p^'p' is 




(87) 


and this in equilibrium witb l ; so that we bave 

%hhT^ tV^y ^^y' / f \7f /QQ\ 

Let us take tbe ^ü-difierential of tbis équation ; tben x being the 
inferior lirait of the definite intégral in the right-hand member, 


7 / 


and again taking the or-differential 


hr^ d^y 


= 0 . 


(89) 

(90) 


cPy . 

3p dx^ ^ dt'^ ’ 

so that the équation to the vibrating plate is of the form 
d^y 

dt^’^'^ dx^ 

This équation is not capable of intégration in finite terms ; but 
it is évident that 

y = {Acos;%^ii^ + Bsin^^^^^2^} sin(^â? + a) (91) 

satisfies it ; a, b, m, and a being undetermined constants ; and 
since y = 0, when x == 0,. whatever is the value of a = ni:, 
where n is any integer number ; so that 

y — ht éjciiinx -{-nii). (92) 

And as n may be any whole number, the complété solution will 
^ = 2. {A^cosm^<5zî + B„sin m^ht] sm{mx + 9i7r)i (93) 
wherein the sign of summation dénotés the sum of a sériés of 
similar quantities given by the several A’^alues of 9i, which admits 
of ail integers. 

Ail the undetermined coefficients must be found by means of 
the initial ckcumstances of the plate, in the same way as similar 
questions hâve been treated in the preceding Articles. 
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CHAPTEE X. 

THBORETICAL DYNAMICS, 


BY W. F. DONKIN, M. A., ' F. R. S., F.E.A.S.; 

SAVILIAN PROFESSOR OP ASTRONOMT, OXFORD. 


{Note in tlie Fini Edition.) 

[It will be observed tbat many terms and symbols employed in tbis 
Cliapter difîer from the corresponding ones of the previous parts of 
tbe Treatise ; tbis arises in part from tlie fact tbat Professer Donkin 
bad not seen tbe previous Chapters wben tbis was written. In the 
unavoidable absence of Professor Donkin, it bas not been tbougbt 
désirable to change eitber tbe one or tbe otber. Tbe advanced 
student indeed, for wbom especially tbis Cbapter is intended, will 
not require any alteration : be will miderstand tbe different terms 
and symbols by means of eitber tbe context or tbe explanations 
wbieb are given. Wbatever bas been added to Professor Donkin's 
work is enclosed in square brackets. It sbould also be noticed 
tbat bis MS. bears date Sept. 6, 1860.] 


466.] The object of tbis cbapter is to give some aecount of 
tbe recent progress of tbeoretical dynamics. But no attempt 
will be made to follow accui-ately a bistorical order, or to assign 
every step in detail to its proper autbor. Such a plan would be 
bardly in accordance, witb tbe design of tbis Treatise, and it is 
moreover rendered unnecessary by Mr. Cayley^s “ Report on 
Dynamics,” lately publisbed*. 

Tbe reader’s attention is requested to tbe following explana- 
tions of notation : 

Tbrougbout tbis Cbapter total différentiation witb respect to 
t (tbe time) will be denoted by accents ; and accents will be used 

for no otber purpose. Tbus, instead of we sball write 

eitber u'' + or + and if be a function containing 

* Report of tbe Britisb Association for 1857. 
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t explicitly, and also involving a?, y,..., whicli are functions 
of we shall hâve 


du 


du du , dîi / 

• ~j7 + -j-os + + . • . ; 

dt dx dy 


where ^ signifies the partial differential eoeificient of u with 
(Lt 


respect to t, taken so far as t appears explicitly in u. 

But no other distinction will in general be made, by means of 

notation, between the varions possible meanings of differential 

coefficients; the interprétation of the symbole, if not.clear from 

the context, will be explained in each case. 

O • i? r dudv dudv „ , 

Secondly, expressions 01 the lorm r — r* -7- are 01 such 

dx dy dy dx 

frequent occurrence, that it is désirable to hâve a recognised 
abbreviation for them. The following has been found convenient, 
and will be adopted^ namely* 

dudv dudv d(u,v) 
dxdy dy dx d(x^y) 

467.] The theorem of D’Alembert reduces the ma,thematical 
statement of every dynamical problem to the expression of con- 
ditions of equilibrium ; and when these conditions are put in the 
general form, assigned by the principle of virtual velocities, there 
results a single formula, which may be written thus : 

:s,.m{x'' hx + hy z'' h z) = 2(xô^+ Yôy + z ô,cr) : (1) 

in which a?, y, 0 are the coordinates of the mass referred to 
rectangular axes fixed in space, and x, y, z are the components of 
the force applied at the point x, y, z, 

It is necessary to observe, that the force here meant is not 
the so-called “ accelerating force that is, the force which would 
act on a unit of mass ; but the total force, of whatevcr Icind, 
which is impressed at the point (a?, y, z), Otherwise the formula 
would not include the case in which ail or any of the forces are 
to be considered as pressures acting merely on mathematieal 


* More generally, the symbol - — Lin.) 

<i [x, y, Zy 

déterminant, of which the constitnents are 
du du du . dv dv • dv 

dx^ dy^ dz^ ’ dx^ dy^ dz''" 


stands for the “ Jacobian 


dw div dw 
~dx "dÿ' "55 


»> 


This notation was proposed some tune ago by the writer of this chapter 
(see Phil. Trans. for 1854, p. 72), and has since received the sanction of 
Mr. Cayley (Report on Dynamics, p. 5). 
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surfaces, lines, or points ; and having no relation to the magni- 
tude of the masses which they tend to move. It is true that 
such forces are only mathematical fictions ; but so are the con- 
ditions of almost ail mechanieal problems, treated as we are at 
présent obliged to treat them. 

It would however be ont of place to enter into the questions 
suggested by this remark, because, for the purposes of this chap- 
ter, we are not concerned with the nature of the problem which 
gives rise to the formula (1), further than is neeessary for a clear 
understanding of the meaning of the symbols. 

In the most general case which occurs in practice, the values 
of X, Y, Z, at the time may dépend in a given manner upon the 
time, the positions of ail the points of the System, and the velo- 
cities and directions of their movements at the instant considered. 
In other words, x, y, z may be given fonctions of if, of ail the 
coordinates £C, and of their first differential coefîîcients 

This most general case has not, except in spécial 
problems, as y et been treated successfully, and we shall find it 
neeessary to limit the significations of x, y, z ; but the problems 
excluded by the limitation are comparatively unimportant. 

468.] The meaning of the Symbol of variation ô may be ex- 
plained as follows : If . be the values of the coordinates 

in the actual position of the System at the time t, then a? + ô ar, 
y + ôy, z + bz, ... are the values belonging to any other position 
which the System might hâve had at that time without violating 
the conditions by which its possible displacements are limited ; 
provided only that the two positions be infinitely near to one 
another, so that bx, by, ... are infinitésimal. 

Whatever be the nature of the conditions just mentioned, by 
which the motion of the System is constrained, they may always 
be supposed to be expressed by means of a certain number of 
équations of condition 

Li=0, La = 0, ... L™= 0; (2) 

in which Lj, Lg, ... are given fonctions of any or ail of the coor- 
dinates, and may also eontain t explicitly. Suppose n to be the 
whole number of coordinates involved in the formula (1), and m 
the number of équations of condition, m will be in ail cases 
less than n ; otherwise those équations would imply either a de- 
terminate fixed position of the System, or a determinate motion 
independent of the forces. 
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The formula (1) must be satisfied for every set of values of 
ôy, ... which satisfy the m équations, 


dx dy 

By means of these last équations any 7}i ont of the n quantities 
hx^ ... may be expressed in terms of the rest, and when their 
values so expressed are substituted in (1), that formula will in- 
volve only the remaining- 71 — m variations ; and sinee the values 
of these may be taken arbitrarily, without violating the m équa- 
tions of condition, the coefficient of each must be separately 
equated to zéro ; and thus we obtain Tt — 'ni simultaneous linear 
differential équations of the second order, that is, as many as 
there are independent coordinates- 

This process has been described bviefly, because the reader îs 
supposed to be already familiar with it, at least in i)rinciplo, and 
because we shall not hâve to perform it actually. 


469.] Instead however of eliminating the variations in the 
manner just explained, we are of course at liberty to make use 
of any équation that can be obtained from (1) by substituting 
for bx, b y , any admissible set of values ; that is, any set which 
satisfies the m équations (3). 

Among the infinité number of ways in which admissible values 
may be chosen for the variations bx, b y, there are two which 

require paxticular notice. 

First, let us suppose (what is usually, but not ncccssarily, the 
case) that every position of the System which is possible at any 
one time, is possible at any other time ; which is tho sa.me thing 
as supposing that none of the équations of condition in volve 
explicitly. In this case, it is évident, that among the positions 
which the System might hâve had at the time t is that which it 
actually has at the time t + dù\ but at tho time ^ the coor- 
dinates x^y^ ... hâve become x-\-(lx^y-\‘dy, ..., where dx = x' dt, 
dy z= y' dt ^ ... ; so that we are at liberty to take as an admissible 
set of variations the displacements which actually happen in the 
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time clt. In fact, since we are now supposing tliat the équations 
Lj = 0, ... do not involve t, tke équations = 0, , are 


âj Ij-i . diui-t , ^ 

and comparing these witk (3), we see tkat may be 

taken proportional to tkat is, to dx, dy, But if 

contained t explicitly we should bave 


Li = 


di.. di.. , 


d\.n , 


= 0 . 


wkich cannot be made to coincide with tbe équation 


d-L. ^ djj-, , 
5Li = —r-^bx -r—i 
^ dx dy 


<+... =0 


by any values whatever of 5^, ... . 

In tbe case now supposed, bowever, wben tbe values x^ dt^ 
y'dt, or dx^dy ^ ..., are substituted for ôa?, 5y, ... in (l), tbat 
formula becomes 


'Z .m^x' x'' y' y'' + z' z") dt = :s(xJ^ + y<^7y + zrZ^}; 
or, if we put T for the vis viva of tbe System, tbat is, 

we obtain c7t = -s {yi.dx + y dy 4- z &), 

an équation wbicb we sball meet witb afterwards in a somewhat 

different form. 


470.] The second way of cboosing admissible values for hXy 
ôy, . . . , is applicable in ail cases witbout exception, and may be 
explained as follows : 

Tbe n coordinates x,y, ... being subject to m équations of 
condition, it follows tbat any n — m of the coordinates may be 
considered as absolutely independent ; tbat is, their values might 
at any time t be assumed arbitrarily witboiit violating tbe laws 
of constraint expressed by the équations of condition ; and since 
tbe same thing is true at the time t +dd, it follows, tbat not only 
tbe m coordinates, but also their First differential coefficients 
x\y\ ... might be arbitrarily assumed at tbe time t\ but tbe 
values of these 2 quanti ties being given, tbose of the 

remaining m coordinates and of their first differential coefficients 
are determinate. In fact, if r/, ... be these remaining coor- 
dinates, tbe m équations of condition would suffice to express 
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df df 


each of them in terms of and so that we should hâve 

m équations, such as 

^ =/(«>y. 

from which we should get by différentiation 

dj^ 

d7j' 

where it is évident that the values of both ^ and are given 
at the time if those of â?, y, . . . , æ\ y\ ... are given. 

Now the motion of the System, under the action of the given 
forces, is completely determined if the positions of ail its points, 
and the velocities and directions of their movements, be given at 
a determinate time ; that is, if the values of ail the coordinates 
i», , and their first differential coefficients x\ y\ . . . , be given 

at that time ; and since it bas just been seen that ail these 
quantities are given if any n — moi the coordinates, with their 
first differential coefficients, be given^ we conclude that the whole 
motion is determined if the values of these — quantities 
be given at any one time ; it is convenient to take the instant 
when t = 0 for the time in question, and we may call the values 
of any quantities at that time their initial values. 

From these considérations, it is easy to conclude that the final 
intégral équations of the problem must contain 2 (n — m) arbitrary 
constants, and no more ; that is, that the values of ail the coor- 
dinates must be expressible in terms of 2 (?^ — m) arbitrary con- 
stants and t ; for otherwise, the number of coordinates and first 
differential coefficients which it would be possible to assume 
arbitrarily at a given time would be either more or less than 
2(^— m). The same conclusion folio ws from the theory of dif- 
ferential équations. 

Henée we are in ail cases at liberty to suppose that the actual 
value of every one of the coordinates at the time t is expressible 
by an équation of the form 

X -if {a, i, ... t)-, 

where ,,, are the arbitrary constants, of which the number 
is twice that of the independent coordinates. 

These constants may be the initial values of some set of inde- 
pendent coordinates and of their first differential coefficients, 
and must be expressible as functions of such initial values. 

471.] Now if we suppose the initial positions and velocities to 
receive infinitésimal alterations, or if, which cornes to the same 

PEICE, VOL. IV. T t 
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thing, we suppose the constants to be ch.ang'ed into 

a^rha, b + hh, .... the values of at tbe time t, will be 

cbanged into x + bx, y -\-by^ . . . , where 

àx ^ . dx ^ , 
ô ^ ^<35 4- ~ÿr ô i + * . . J 
dct do 

the partial differential coefficients being taken on the 

hypothesis that a?. y, are expressed, as above supposed, in terms 
of J t, 

The values of ôy, , thus formed, are distinguished from 
other admissible sets of values by important properties, which we 
proceed to point out. 

First, if we suppose to hâve the values belonging to the 

actual motion of the System, so that the jooint [x, y, z) actually 
describes the path defined by the équations x [a, b, 
then the values a + ba^ ^ + ô S, ... correspond to a motion which 
does not actually take place, but which might take place under 
the action of the existing forces, and would take place if the 
initial circumstances were suitably altered ; so tbat the substi- 
tution, at every instant, of x-\-bx fora?,... would chaiigc the 
actual paths and velocities of ail the points of the System into 
others not merely consistent with the given ec] nations of con- 
dition, but consistent also with the action of the forces. Ail 
such paths and velocities may be called ‘‘ dynamically possible.'^ 
But if the values of bx, by , ... were naerely cliosen so as to be 
consistent with the équations of condition, without any further 
limitation, then the substitution at every instant of for a?, 

would change the actual paths and velocities into others, 
which, though not inconsistent with the given laws of constraint 
of the System, eould not be produced by the action of the exist- 
ing forces. Such paths and velocities may l)e called “ geome- 
trically possible*” though dynamically impossible. 

472.] But there is another, and in some respects more im- 
portant, distinction. 

The values of ba^ ôZ», ... are arbitrary infinitésimal constants. 
Let A a, aZ», ... be any other set of similar values ; and let bu, au 

* The expressions dynamically possible ” and “ <moînctrîcally possible 
are Sir W. R. liamilton’s. 
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be the incréments of any funetion corresponding* to tbe two 
sets of incréments of the constants ; so that if be expressed as 
a funetion oî with or without we shall hâve 


^ du ^ du 

d 2 [^ du ^ 

A«<^=~Aâ:+-^ A0+ .... 

da do 

Now suppose that in the ahove value of we change ayà,.,. 
into a-^Aa, ô + a 2 , . , . , without altering the values o£ b a, b b, ; 
the corresponding incrément of b u will be 


^ d^u d^u 

Abu = Aâf.Ô<2 4- 1 — 77 
da^ dadù 


(ba.Ab-^bb.Ao) + ... ; 


but the same expression will be obtained for b au from the second 
of the ahove équations ; consequently, 

Abu = bAîù. (4) 

In this équation u may evidently be any funetion of the coor- 
dinates z , and their differential coefSeients of ail orders ; 
the property expressed by it distinguishes those variations of u 
which are due to variations of the constants a,by from those 
which, though otberwise admissible, arise in a different mannev- 
In fact, it will be found in general, either that the symbols aô, 
b A are unmeaning, or that the above équation is not true. 

473. ] Lastly, we must notice a property which belongs to the 
variations denoted by ô or a without any limitation, namely, 

that the operations b or a, and ^ are commutative ; that is, 

ut 

b{u')^{bu)' (5) 

where u is any funetion of y . , . (with their differential coefli- 
cients) and and bæ, by, ... may be considered as perfcctly 
arbitrary functions of t, subject to the sole restriction of being 
infinitésimal. In fact, the meaning of is {îo + buy — 
is, is (buy, 

474. ] Now let œ,y , ... be any n variables, functions of t, and 
subject to m équations of condition. Also let £ 17 ,... be other 
variables, of which the number is not less than n — m, and so 
connected with the former set of variables by given équations, 
which may involve t explicitly but may not involve the difler- 
ential coefficients of either set, that any variable of one set may 

T t 
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be expressed as a function of variables of tbe other set, witb or 
witbout by équations sueh as 

z=: <p 97 , . . . , ^ . 

It is to be observed, tbat tbe expressions on tbe rigbt of tbese 
équations are, to a certain extent, indeterminate in form ; for 
any function of ... and t may be variously transformed by 
means of the given équations of condition ; and tbe same may 
be said of any function of 77, . . . , if tbe number of tbe latter 
variables be greater tban n — m. 

Suppose tben tbat u is any function of ^ 5 , y, oû\ y\ 
x" ^ y'\ ... ; and let r be tbe order of tbe bigbest differential 
coefficient contained in n. By means of tbe équations, sucb as 
tbe first of (6), y, ... can be expressed as functions of 2^, 77, ; 
x\y\ as functions of zî, 77, ..., ; and so on ; so tbat ih 

can be transformed into a function of È 77, . . ., 77', ..., in wbicb 

tbe bigbest differential coefficient will still be of tbe order r. 
Also, ô â?, ôy, . . . can be transformed by means of tbe équations 
, clx ^ . dx ^ 

wbere ^ 5 ^ > . . . are given functions of 2^, 77, . . . . 

Let be for a moment an abbreviation for 
du / du / ^ du 

dx ^dx'^ ^dx"^ 

tbe sériés being continued until it terminâtes of itself. Tben 
tbe expression 

, hx + EyîO . hy’^E^U . ... 

can be transformed into anotber, involving tbe variables £ 77, ... , 
witb tbeir variations and differential coefficients, instead oi x, y , 

It is a known tbeorem in tbe Calculus of Variations tbat tbe 
resuit of tbis transformation is an expression of tbe same form, 
namely, e^u . b^+E^u , ô 77 + ... ; 

wbere u only differs from tbe former u in being expressed in 
terms of tbe new variables. 

Tbe direct démonstration* of tbis tbeorem in its general form 
is somewbat complicated, and need not be given bere, because 
tbe only case witb wbicb we are concerned is tbat in wbicb u 

* For an indirect démonstration, see Lagrange, Mécanique Analytique, 
2 ^^ partie, 4*’^° section, 6, or De Morgan’s Diff. Cale., p. 519. 


, dx ^ . dx ^ 

. . . are given functions of 2^, 77, . . 


/ dti s/ / du -J' 

^dx^^ ^dx"' ' 
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eontains no differential coefficient of a higher order than the 
first, or = F {t, a?, . . .). 

The theorem may then be conveniently written thus : 


{,dîù\ du) ^ {fd%\ du) ^ ^ 


P) 


and this admits of the following simple démonstration, due in 
principle to Sir W. R. Hamilton. 

475.] Since u^ when expressed in terms of the new variables, 
7], y will contain ^' 5 only because it originally eontains 
y', . . . , we shall hâve 

du ^ du d^ dtù drf 

IS H 1^' ’ 

dè' 


where the différentiations in ^ > 


.. are performed on the sup- 
position that . . . are expressed in terms of iî?, j/, . . . , x\ y, ... : 

now £ being expressed in terms of t, y ^ we hâve 




clt ^ dx ^ ^ 


, . , , . ■ r , 

and sinee — ) -j-j,,., do not contain x,^ . 


we obtain at 


dt dx 

once by différentiation 

dx'~dx' W 

in libe manner we should find 

dr)' dr) dvf 

dx' dx ^ dy' 

hence the above expression for becomes 

du 
dx' 

similarly we should hâve 

du du d ^ du dit] 

d^' d^'^ ••• ’ 

and so on : whence, multiplying the first of these équations by 
h Xj the second by ôy, . . . , and observing that 


' di 

dr) 


du d^ du dr) 
d^' dx dr{ dx 


dx dy 

we obtain by addition, 






du du . du ^ . du ^ 

_ôa!+^ôy + _ ~S£ + ^,Ôr,+ ... ; 
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and difFerentiating this last équation with respect to and ob- 
serving (Art. 473) that (ôa?)'= 

rd%\ du ^ , {du'd . du 

Now h 21 may be expressed in eitber of tbe folio wing ways : 

^ du ^ du . , d2ù 

lîl ^ — hx -{■ -y -7 ôâ? 4 - -y- ôy + ... } 

dx dx ây 

d2i ^ J. d2i ^ .. du ^ 

8*,=:_8^+_,S^ + _ô^+ 

and if tbe first of tbese values be subtracted from tbe left-band 
member, and tbe second from tbe rigbt-band member of tbe 
above équation, tbe resuit is tbe équation (7), wbicb was to be 
establisbed. 

476.] We now return to tbe dynamical formula ( 1 ), Art. 467. 
In tbat formula, tbe position of tbe System at tbe time t is 
assigned by means of tbe rectangular coordinates x^y^ ... ; 
but it is évident tbat any otber set of variables, ^5 C? •••j con- 
nected witb ^,y, in tbe manner supposed in Art. 474, 
would answer tbe same purpose. We may extend tbe meaning 
of tbe Word ‘‘ coordinates ” so as to include ail sets of variables of 
wbicb tbe values at tbe time t détermine tbe position of tbe Sys- 
tem at tbat time. For instance, tbe position of a rigid system 
wbicb bas one fixed point may be defined in several ways by 
means of tbree angles, wbicb may be called tbe coordinates of 
tbe System. 

Now tbe tbeorem (7), Art. 474, enables us to express tbe 
left-band member of tbe formula (1) in a form adapted to any 
System of coordinates wbatever, in tbe following manner : 

Let T* dénoté as before tbe vis viva of tbe system ; tben, in 
terms of tbe original coordinates, we bave 

2 t = 5 . m [x^'^ + /“) ; 

but wben T is expressed in terms of any otber coordinates, 
£ ? 7 , . . . , it will become in general a function of 77 ', ... , 

with or witbout not containing any differential coefficients of 
a bigber order than tbe first. Hence we may put T for 2 ^ in tbe 
équation (7), and, observing tbat 

rZx , di^ 

y = ,.»*, - = 0. 

* [Vis viva, as used bere, is one-balf of tbe quantity wbicb bas bereto- 
fore been called by tbat namc.] 


477-] 
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we obtain 


'Z.m(xf'hx 




(l^ 


X^cl^ 




wbieh is tbe required form. 

The terms + Yôy + ..., on the right of (1). when ex- 
pressed in terms of the new coordinates, will take the form 
pô^ + qÔ 77 + ..., where P, Q, ...are functions of 77, ... with or 
without ; so that the équation (1) is finally reducible to the 

( /4t / K ^ 


In the most usual and important problems, x, y, z, . . . are the 
partial differential coefficients with respect to x, y, 0, . . . of a 
function u, called the force-function, which may also contaiu 
but does not contain x^, y V • • ■ case we hâve 

+ Yôy + ...= ôu ; 

and the right-hand member of (9) is obtained by deriving 3 lt 
from U expressed in terms of the new variables : thus 

Sü = ^^8f+^Ô>, + ...; 

and the équation may then be written in the form 

this may be abridged by putting t + u = w; for, since U does not 

dT _ dw 

de “ If 

/dw/ dw : 


contain ; so that the formula beeomes 




If the coordinates ??, ... be independent, that is, subject to 
no équations of condition, the coefficients o£ 3 ^ • • • niust se- 

parately vanish ; so that (11) is équivalent to the System of 
équations .dw/ dw 


We shall refer to these as the Lagrangian équations ; a name 
given to them by Mr. Cayley. 

477.] It will be désirable to illustrate the preceding formulæ 
by some examples before proceeding further. First then, let it 
be required to exj^ress the équations of motion of a single material 
point by means of polar coordinates. 

Let m be the mass of the point, x, y, z its rectangular coordi- 
nates, X, Y, Z the components of the force acting on m, so that 
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tlie équations of motion in. tlieir primitive form are included in 
the formula 

(13) 

In polar coordinates we hâve, aceording' to the usual notation, 

X =. f sin B cos y ■=:. r sin B sin 0, z ■=■ f cos B ; 
and we must express 2t = m{x'^ +y'^ z^) in terms of r, B, cjy, 
r, B\ 4>\ Differentiating, we find 

x' = r sin 0 cos ^ r cos Bcoscj) — <j^>V sin B sin cf), 
y' = / sin B sm(l) + B^r cos ^ sin -f- sin B cos 0, 

/ = / cos <9 sin (9 ; 

hence we easily obtain 

2t = + r^ (sin ; 

and we know (Art. 476) tbat the left-hand member of (13) will 
become 



Now = mr\ ~ = r { 0'^ + (sin 0^) } , 

/Z T /Z T 

— ^ -yr = mr^ sin B cos B 

dd cùB 

^ = 0 ; 

and the se values rednce the above expression to the folio wing : 
m {/'— r0^^--r(sin 0)^</>''^} 5r 


(r^ B'Y — sin B cos B bB-hM { (sin Bfp'Ybp. 
The right-hand member of (13) will always be reducible to the 
form ’sbr + q^bB-^nbpi and in the case in which x, y, z are of 

the form ^ ^ ^ a then also P, Q, n will be of the form 
dx dy dz 

/Zü dv d\j 

(Ir ^ dB' dp 


If the motion of m be unconstrained, ôr, b B, bp are ail arbi- 
trary, and the formula (13) breaks up into three separate équations. 

478.] As a second example, let us consider the transformation 
from fixed reetangular axes to moving rectangular axes with the 
same origin. 

*Let æ, y, .s; be the coordinates of the material point m, referred 


* [Tkis is the problem which has already heen investigated iu the fîrst 
Section of Chapter VIII. The différence of notation will be observed.] 
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to thé fixed axes ; rj^ Ç the coordinates of the same point, re- 
ferred to the moving axes ; and let the position of the moving 
System at the time t be defined in the usual manner by the 
équations 

w = a^i + a^ri + a^C, y = hi+Kv + hC ^ Cj^+c^v + CqC', 

where the nine direction- eosines «2, ... are given fanctions of 
t, It will be eonvenient to introdnee the usual symbols cog , coo 
for the angular velocities of the moving System of axes, estimated 
about the axes of 77, ^ respectively. Let a rotation about the 
axis of C be positive when its direction is such that the axis of ^ 
is following the axis of rj ; then, with similar conventions as to 
the other axes, we shall hâve 

^3 + ^3 ^2 + ^3 ^2 — (^2 ^3^ + ^2 V + ^2 ^3) = ^1 5 

^1^3 ”h^i ^3 = (^ 3^1 +^3^1 H” ^3^1) ^ ^ 2 J 

^2 "h ^2 ”h ^2 {^1 ^2 "h ^2 J ~~ ^3 * 

Now differentiating the équations cc = aj^ + a^r) + ao C we 

= a,e + a 2 V+^,C + a^'i+a,'ri + a,'(, 
y' = à.^Tj^ -\r ^3^""+ ^2""^+ ^3 Cy 

z' = + ^2*^^+ ^3 C + -^^3(1 

and hence, observing the above values of co^ . . . , and the known 
relations between the nine direction-cosines, including the équa- 
tions + V + ••• 5 

a^æ' + b^y' + c^^z' = ^ + <"2 C —^*>3 
a.2x' + b.^y' =1 rj' 

+b^y'-hc^z' - r + î 

and final! y, by adding the squares of these expressions on each side 
Jry'^ -f ^ ^ ^^02 ^ 4. 

The meaning of the terms in this expression is easily seen : thus, 
is the velocity of the point (^, r), () relative to the moving 
axes, estimated parallel to the axis of and is the 

velocity, relative to fixed space, and estimated in the same direc- 
tion, which the same point would hâve if (^, 77, C) were invariable ; 
the sum is the total component of the velocity relative to fixed 
space. Hence the value of T, expressed in terms of the new 
coordinates, becomes 

T = +w^c— “3 ’))^+(’î'+" 3^— “icr+(r+“i’7— “2^)^}; 0 ^) 
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whicli is thé expression to be nsed in forming the left-hand 
member of the équation (9), Art. 476. 

The rigbt-hand member of tbat équation is to be obtained by 
transforming tbe expression 5 (xôi?? + Yôy + zô; 2 ^). 

Now from tbe équations 

a^i -{- ••• , 

we bave ga? = a^h^-^a^h7] + a^'bC^ -• 

^ 2 ,..., being treated as invariable in tbe différentiation 
denoted by 5 , because 5^, ... refer to displacements in space 
wbieb migbt subsist at tbe time t, Hence 

{a{^ + Y + Cj z) a (â 52 X + è^Y + Cç^z)br) + (a^x. + ^3 Y + ^?3 z) ô C; 

now a{X 4 - Y -f- CjZ is tbe component of tbe force acting at z), 
estimated in tbe direction of tbe axis of £ ; so tbat if we call 
tbis component S, tbe term invol ving becomes «ôf; and 

similar conclusions will resuit for tbe otber terms. Tbus tbe 
rigbt-band member of tbe équation (9) may be represented by 
: 2 .a 0 f; tbe summation referring to ail tbe coordinates as well 
as to ail tbe points, and tbe coefficient of eacb variation being 
tbe corresponding component of force. 

479.] As an illustration of tbe general formulæ of tbe pre- 
eeding Article, we may take tbe following problem : 

To find tbe modification introduced into tbe treatment of dy- 
namical problems, referring to motion near tbe eartb’s surface, 
wben tbe eartb’s rotation is taken into account. 

Neglecting the curvature of tbe path of tbe eartb’s centre, 
and assuming tbat tbe forces concerned in the problem are in- 
dependent of tbe earth’s position in its orbit, we may consider 
tbe centre as fixed. 

Let tbe primitive axes of coordinates tben bave their origin at 
tbe eartb’s centre, tbe positive axis of z being directed to tbe 
north pôle, the axes of x and y being in the plane of tbe equator, 
but fixed in space ; tbe positive axis of y being to tbe east of 
tbat of X, 

We wish to take as new axes a System fixed relatively to tbe 
eartb, and having its origin at a given point on the eartb’s 
surface. 

As an intermediate step, let 77 , refer to axes fixed in tbe 
eartb and parallel to the required axes, but baving their origin 
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at the centre. If then we eall cù tlie angular velocity of the 
eartli’s rotation, and cos a, cos y 8 , cos y tlie direction-cosines of 
the polar axis referred to the axes of rj, we shall hâve 
co^ = Cù cos a, CÜ2 = ûi cos j 3 ) 6)3 = cù cos y ; 

and the expression ( 14 ), Art. 478 , becomes 


T = ~:$.m [{£'+û)(Ccos/ 3 — 77 cosy)}^ 

+ {77^ + 61 (£cosy—f cos a)}^ + + cos a — £ cos ^) }^] ; 

and it only remains to reinove the origin to the required point 
on the surface bj writing V + Vq^ f+fo insfead of 77, C 

where ^05 ^0 coordinates of the point in question, re- 

ferred to the axes of £, rj, C with centre as origin. Tliis being 
donc, the following values will be found without difficulty : 

(It 




r = ni Où {(C+Co) cos^ — (?7 cosy}, 


= mcù (77'cosy- C <^osl 3 ) + moù^ Ü+io) 

-^mcjù^ cosa cos a 4 - (77 + 770) cos /3 + (C+ Co) cosy} ; 

consequently 

“ m^" + 2OTw(C'cos/3-jj'cosy)-OTco2 (f+^n) 

+ m ùù^ eos a {(^+ ^q) cos a + (77 + Vo) cos ^ + (C+ Co) <-'OS y } ; 
from whieh the forms of the terms referring to 77 and C ^^ l'c obvions. 

If we eall l the latitude of the j)lace at whicli tlie origin is 
fixed, and take the plane of (^, 77) horizontal, the axis of C being 
directed to the south and that of 77 to the east, wo shall hâve 
cos a = — eos eos {3 = 0 , cos y = sin l ; 
also fo = 0 , and 77^, (q are given quantities, the former l)eing small, 
of whieh the values are easily assigned in terms of tho earth’s 
axes and of l, 

Thus we obtain* 


(^/) ■” ^ == 2 ni Où sin ^77' — m (sin C 

— w. sin / eos / ( C + CiX 

r?T x' St 

(^/) ^ + 2 moù (^' sin l 3 rC^ cos /) — m où^ (?/ + 1/^), 

/r?T \ d'T 

^ C'^ — 2 m Où cos 11] —m oy^ sin l cos 1 ^ 

-mcê (cos (C+ fo) ; 


* [The équations given in (55), Art. 408, are identical with tliese wheii 
the signs of co and 77 are clianged.] 
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so tliat, finally, the general équations of motion of any System 
under tlie circumstances snpposed are comprised in tte folio w- 
ing formula : 

2 . m 4 - C) 

77 ' 0 ^) 4 - 2 O) cos ^2 .m {C ^ V v' 

— oi^ (sin cos^ ^ ^ ( C+ Co) ^ C— ^ ^ + ?7o) 

— co^sin^cos^^.m {(C+Co)^^+^^C} = 

480.] It is nofc intended in this Chapter to discuss particular 
problems; and the examples given in tlie last three Articles 
bave Leen inserted only because the Lagrangian formulæ, if left 
in their general shape without illustration, would probably fail 
to eonvey précisé notions to the mind of a reader coming to 
them for the first time. 

We proceed now to an important transformation of these for- 
mulæ, due* to Sir W. R. Hamilton, without stopping to intro- 
duce at this stage the conséquences derived from them by La- 
grange ; beeause these, with many other results, are more easily 
obtained from the Hamiltonian form. 

Conforming to the notation of recent writers, we will dénoté 
the coordinates ” in any dynamical problem by ÿi, ^25 •••î 
that the general formula (11), Art. 476, becomes 



in which we shall «suppose that w may be any function whatever 
— .andiî. 

If now we put 

(Ivf flw 

we may suppose ÿ/, ... to be expressed, by means of these 

équations, in terms of j S'u $' 2 ? ••• » with or without t ; 

and when these values of ^{^^2 , ... are introduced in the for- 
mula (15), that formula, together with (16), will give a set of 
équations invol ving the two sets of variables ÿu ^ 2 ’ ••• 5 

with their first differential coefBcients, instead of the one set 
ÿi, ^2 3 ••• with their first and second diflPerential coefficients. 

Thus, if the coordinates ÿu Jqj •••5 independent set, 

instead of n differential équations of the second order we shall 
bave 2n of the first order. 

* A first step towards this transformation was made by Poisson ; but 
we hâve not space for details on this point. 
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The general forai of these 29i équations was fîrst assigned hy 
Sir W. R. Hamilton. His démonstration dépends upon tlie par- 
ticular character of the funetion T in most actual problems ; and 
the following, which is slightly different and more general, is 
therefore substituted. 

481.] The principle of the démonstration may be most clearly 
exhibited independently, in the form of the following theorem : 

If P be any funetion of the n quantities ••• if 

other quantities ^ 1,^25 ••• defîned by the équations 
r/p (l-^ (l^ 


2/x = 


cloo^^ ' 


^2 


dx... 


^Jn = 


dx,. 


( 17 ) 


X, 


( 38 ) 


where 


then, if by means of these équations, , . . . , be exi)ressed in 
terms their values will be of the form 

r/Q, r/Q d(i 

d.y,, 

in which on the right are supposed to be cxprosHC'd in 

terms of 

Also if P contain any other quantities, , besides aq , . . . , 
then r/^p ^ dçi 

the différentiation with respect to ^ being in each case porfornunl 
only so far as f appears explicitly. 

To prove this we hâve, if the symbol d operate only on , . . . , 
y ••• > yn ) 

dp =Z (Ix.^ +y^ dx^ 4. , . . flx^^ by (17) ; 

but 

d (x^y^ + . . . + x„y„) = y^dx^, + . . . +yjx„ + x-^dy^-ir . . . + x,y/y„ ; 
hence, by subtraetion, 

_ + . ■ . + oa^yn - v) = x^dyj^+...+ xjy,, ; 

an équation whieh must be identical if botlx sidea bo exprosHcd irv 
the same way. If therefore we put, as above, q = x^y■^ + . , , i>^ 

and su2:)pose x^^, ...,on each side, exjnessed in terms of ;y, , 


since d q 


dcj 


dyi + . 


we must havo x-, 


dq. 


whieli 


proves the first part of the theorem, 

To prove the second part, we observe that the value (19) of il 
will contain £ explicitly, partly beeause it is contained explicitly 
in P, as originally expressed, and partly beeause the values of 
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...5 in terms when substituted in ? and the other 

termSj will introduce it again. Hence we sball bave 
(l(^ __ r/p clv dæ^ r/p dx^ 

~ d^ dx-^d^ **' dx,^d^ 

dæ. d'X^ 

but sinee ^ > . . . , this équation becomes simply ^ 
which was to be proved. 

Let us now apply this theorem to transform the formulæ 
(15) and (16), Art. 480. 

The équations (16) being exactlj similar to (17) of this Article, 
it follows, that if we put 

and express ÿ/, ... ÿ/ on the right in terms of ... we 

shall hâve 

, du . , 

and moreover, sinee, besides ÿ/, . . . , w contains also the 

ipiantities ÿi, <? 2 ’ ***^ analogous to ..., we shall hâve also 
dw _ du r/w ^ du 

d^h ~ ^ d(i^ dq.2^ ^ 

so that the formula (15) will become 

These results may be summed up as follows : 

If w be any fonction of ÿg» •••> S'/s ••*3 ^3 formula 
(.dws'’ dw) ^ 

is transformed into the System 

4/+5j)'î = '>" 1 

, du , du f 

dj\ ~~ dq^ç^ 

l)y the following substitutions : 

dw dw 

H =ftÿ/+i32ÿ/+...-w; 

wbere, in forming- the expression for ii, we are to express q(, q^, 


( 20 ) 
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...in terms of so that H is in general a 
function o{ , ÿi, ^2 j • • • » 

One case deserves particular notice, because it oceurs in most 
actual dynamieal problems. If w be of tbe form T + n, wbere T is 
homogeneous and of tbe second degree in , and u does 

P T 

not contain ÿ/, qj , . . . , tben p-^ t= — >, . . . , and tberefore 

aq^ 


du 

...= + ...= 2t; 

bence, in tbis case, 

H = 2t — w = T— U, 


wbere T is to be expressed in terms of />25 ••• > ••• • 

If S'iJ ^ 25 -‘* ^ sot of independent coordinates, say 7i in 

nnmber, tben tbe System (20) gives 2^ separate équations, 
namely, tbose obtained by giving to i ail integer values from 
1 to n inclusive in tbe two following : 


Pi 


( 21 ) 


d'il 

(ki’ <bi 

We sball call tbese, as Mr. Cayley bas donc, tbe Hamiltonian ” 
équations*. In treating of tbeir general properties it is usually 
unnecessary to take any aecount of tbe nature of tbe problems 
wbicb give rise to sucb a System, h is to be eonsidered merely 


as a given function of 2\ ? i?- 




qn'. 


and t. 


482.] Tbe complété solution of tbe 2n simultaneous differen- 
tial équations of tbe first order, represented by tbe formula ( 21 ), 
would consist of 2n équations involving tbe variables 

5 . . . 5 and witb 2 n arbitrary constants. Any one sucb équa- 
tion may be called an “integra! équation;” but it is désirable to 
distinguisb by a separate name tbat particular form of intégral 
équation in wbicb a function of variables only is equated to an 
arbitrary constant. We sball call sucb an équation an ^‘inté- 
gral.’’ Tbus tbe general form of an intégral will be 
=f{Pv 


* Tbe Lagrangian équations may be eonsidered as a ijarticular case of 
a more general form, upon wbicb tbe solution of a class of problems in 
tbe Calculas of Variations dépends ; and it bas been sbewn by M. Ostro- 
gradsky, tbat tbis more general form is susceptible of a transformation 
wbicb includes tbat of Sir W. R Hamilton as a particular case. See 
^‘Mémoire sur les équations différentielles relatives au problème des 
isopérimètres, 1848.” Mém. de T Acad. Impér. des Sciences de St. Péters- 
bourg. Sciences Matb. et Pbys. t. iv, 1850. 
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where tlie function on. the riglit contains no arbitrary constant ; 
and it is a convenient abbreviation to speak of snch an intégral 
as * “ tbe integ'ral 

Thns a complété solution of the System (21) may be supposed 
to consist of %n intégrais. But in order that intégrais may 
constituto a complote solution, it is neeessary that they should 
be iudepcndent ; that is, that no identieal relations should siib- 
sist betweon the fonctions equated to the arbitrary constants. 
If such relations did subsist, the variables might be eliminated, 
and eue or more équations be obtained involving the constants 
only, so that the constants would not be ail arbitrary. 

ITt'uee tlic problem of integrating the System of équations (21) 
nia, y l>e statod as follows : 

*‘To find 2;^ independent fonctions of !?i^ ÿn» 

and oach of which is constant by virtue of the differential 
e{juations (21).” 

On the other ha,nd, the samc problem might be regarded as 
Iniving for its obj(‘ct “ to express each of the 2w variables, , 
< 7 i, , as a Ainction of %n arbitrary constants and tr 

If a, complété solution weve obtained in either of these forms, 
ii. is evidc'ut ihat algebraieal processes only would be required to 
dcdut‘t\ IVoiu it a solution in the other form, as well as an infinité 
variety of^ intégral e(piations.” 

''riie considération of the two forms just mentioned is of the 
gr('atcst tlu'orct/ical importance, though neither of them is in 
gtunu’al ol)biined as a direct resuit of existing methods of inté- 
gration. 

Inastnucli. as ail complote solutions of the same system of 
dilîertmiial e([uations must be équivalent to one another, it fol- 
loWH Huit any arbitrary constant belonging to one solution must 
b(^ c‘.apal)lc of being exprossed as a fonction of the arbitrary con- 
stants belonging to any other solution. 

483.] Any 2;?^ fonctionB of the variables •••, ÿ'u ••• > 
may bc called elemmts^ provided that tlie équations by which 
they are defined arc algebraieally sufïlcient to déterminé con- 
vcrsdy tho 2n variables as fonctions of the ele- 

'l'hÎH (‘xi)r(‘Hsioîi liowcvor “the intep^ral 6*” is, to avoid circumlocution, 
UH(‘<1 îlot, only t,o Hif^nify tho équation c=/(pi, . . .)j but alRO to dénoté 
cîi hor si<h‘ oi’ t-liat équation separately, viz., citlier the constant c, or the 
fîinet ion fi'Pi, . - .), wliich lias that constant value. The last ia the most 
«Hual meaning. 
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ments and t. Thus, if the éléments 2 ^ 2 > ••• ^ 2 n defined 
by 2^ équations, sucb as 

— î*). 

tben it must not be possible to eliminate ail the 2^ variables, 
^ 1 , ÿi, from these équations, 

From the above définition, it is évident that a complété solu- 
tion of the differential équations would be obtained if any set of 
éléments were expressed in terms of arbitrary constants and t, 

It is also évident, that the fonctions which are equated to 
arbitrary constants in any complété set of intégrais are élé- 
ments.” Thus éléments may be either variable or constant. 

484.] It may be useful to exhibit at this stage, for the sake 
of clearness, the équations of a simple dynamical problem in the 
Hamiltonian form. For this purpose we may take the case of 
motion of a single material point about a fixed centre of force. 
Let m be the mass of the moving point ; then, taking the origin 
of the polar coordinates r, Q at the fixed centre, and the plane 
of the motion for the plane of the angle we shall hâve 


2t = + 

and the force-function XJ will be a given function of r, say ü = <^(r). 
Then, writing instead of r, and instead of we hâve 

consequently, 




2 , 


.Pi 




from which we hâve 

= îi 

ffù riü ij-j^ 

and therefore H, which in this case is T— u expressed in terms 
of 5 becomes, see équation (20), 


H 




and the four équations (21), Art. 481, become 




il 


-Pi 


m ' 




P2 


».5.. 

485.] If V be any fonctions whatever, containing the vari- 
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aUes A,... ÿnî it is convenient to employ the 

following synitol : let 

. /du dv du dvs 
{u,v) - flp) » 

or in the notation of Art. 466, 

d{u,v) ^ 

(u, v) — :z~Yf \ ; 

the summation extending* to ail values of i from 1 to u. 

The reader will hardly require to be reminded that the sym- 
bols (^, v), {pij q,^ on the right of the last équation, hâve only an 
accidentai resemblance to the {u, v) on the left, without any con- 
nexion of meaning. 

For example, if v contain ÿiî ?2 

du dv du dv du dv du dv 

From the above définition the following conséquences are easily 
deduced by means of the elementary principles of différentiation : 
-y) = — {v, u\ (îi, u) = 0, 

. (A.?i) = l. (ÿi.A)=-l> 

and (Piy ÿj) = 0, if J be different from i. 

Also, if a be any function ofv,w,.,,, then 
da f . da 
dv '^^^dw 

Again, if v contain ÿu ••• explicitly, and also a, 

fonctions of > then 

/ X / \ dv , . dv , . 

{u, v)z= (u, + ^ + , 

where {u^ v) represents the expression formed by differentiating 
V only so far as it contains ... explicitly. 

Lastly, if u, v contain explicitly any other quantity, say 
besides the variables then the partial differential coeffi- 

cient of {lù, v)y taken explicitly with respect to is 


, * LV KJU / \ Ll'XA/ / \ 


d , , aIu \ / 

®) + C 


dz 


dv\ 

U.-j-}^ 

dz^ 


486.] The following theorem will be of use afterwards : 

Let ^o^ w be any three fonctions whatever, containing ÿi, 
, , , , with or without other quantities, then 

{u,{v,w)} + {n,{w,'ii)] + {V),{u,v)} =0. (22) 

For if this expression, were developed, each term -would, irre- 
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speetive of sign, consist of the product of one second difFerential 
coefficient, and two first differential coefiBeients. Thus we sliould 
liave terms in which is twice differentiated, arising from 
{v,{w,u)} in the three forms 


dv dw 


dv d.w d*^n 


dv dw d‘^u 


(IPidpjdq^dq^ dqi dq^ clpiClp^ d^idq^ dq^dqj^ 
incliiding the case of ^ = % ; but the same terms would arise 
from {w, (î6y ^)} with the eontrary signs, as the reader will easily 
verify. The same thing may be said of the terms in which v 
and w are twice differentiated. Hence the équation (22) is 
satisfied identically, as was to be shewn. 

The properties established in this and the preceding Articles 
are independent of any suppositions as to the meanings of jüj , 
, . . . , and of the relations established by the differential équa- 
tions (21), to the considération of which we now return. 

487.] Suppose a complété solution of the équations (21), namely, 

, d‘ii , dw 

Pi =—77^ & = ■ 


ki 


dïi 


to hâve been obtained, so that each of the 2^ variables 

ÿj, ... is a given function of t, and of 2;^ arbitrary constants 

Also let two independent sets of arbitrary infinitésimal varia- 
tions be attributed to the constants^ and denoted by the symbols 
Ô, A, so that we should hâve 


8« = *8..+ 


dPi 

dc^ 

djPt 

dc^ 


hc^+..., 

... ; 


then the expression 

^ A S + 8 A ?2 - S ÿ2 + • • • . 

or :i{hp,Aq^-Ap^hq^ (23) 

is constant. That is, if the above values of in terms of 

the constants, their variations, and be introduced, i will dis- 
appear from the resuit, and the expression (23) will become a 
function of the constants Cg, , , . , and their variations ô , 

only. 

This remarkable theorem was discovered by Lagrange, em-r 
ploying his own form of the differential équations. The follow- 
ing simple démonstration of it is due to Professer Boole. 

V \x 2, 
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H is a given function of ÿi, ... t\ and we hâve 

«"“iS 

so that hy thé équations (21) 


and consequently 

Now performing the operation a on each side of this équation, 
we hâve 


AÔH = 2 (Aÿ/ôjî 9 .~A^/Ôÿi + 3 '/AÔj?.~;?/AÔÿ^) ; 


in like manner we should find 

ÔAH = '^{pqfAj3.-hjpf + ; 

hence, subtracting and observing that aô = ôa, 

0 = 2 (Aÿ/Ô^i+ Aÿ.Ôi?/-^AJ5/ôÿ.-~AJ9.ô^?/) ; 
now Aÿ/= (a^^)', ... ; and thus this équation is équivalent to 
0 = :s(ôj9.Ag'.-A^^ÔÿJ; 

that is, the total differential coefficient with respect to t of the 
expression ( 23 ) vanishes, and that expression is therefore con- 
stant ; which was to be proved. 


488 .] Suppose now that the %n constants <?2, ... are the 
initial values of the variables, which we will dénoté by X^, A2V • •■^n > 
/uti, fXg, ... fXni where X^, Xg, ... are the initial values of PiiP2i •••s 
and /X2, . . . of ^13 ^2» ••• • 

Since the value of '^{^Pi^qi—^Pi^q^ is independent of it 
is not altered by supposing = 0 ; but when = 0, the values 
of ôqi , are ôA^., ... ; consequently, 

- 2{è\iA^i-A\biXi). ( 24 ) 

By the help of this équation we can shew that the initial 
values Xj, considered as constant éléments, possess certain 

remarkable properties. 

Each of these éléments may be supposed to be expressed as a 
function of the variables, i!?i, §'13 ... , and t Let this supposition 
be called Hypothesis I. 

On the other hand each of the variables, jOi, ÿi, .-.3 may be 
supposed to be expressed in terms of the éléments \ , Pn ...5 and 
t. Let this supposition be called Hypothesis II. 

Now in équation ( 24 ) let hjp^^hq^^ on the left-hand side be 
expressed in terms of ôX;l, ... ; thus, 
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_ ^ 

dX^ 




and let aK-, a jj.^, on the right, be expressed in terms , ... ; 

A A - A- 

^ dfx. du. 

so that on both sides of tbe équation ail terms involving 8 will 
be vai-iations of constants, and those involving a will be varia- 
tions of variables ; and each of tbese sets of variations may bave 
arbitrary values assigned to tbem ; bence tbe coefEcients of cor- 
responding terms on tbetwo sides of the équation must be eqnal. 
Tbus we obtain by comparing tbe coejEcients of 




II 


- 

d\j 

dixj 



diXj 

d\j 

dp, ’ 

Ùl = 

dX, 

dij.^ 



(25) 


in whicb équations tbe différentiation refers to Hypotbesis II on 
tbe left, and Hypotbesis I on tbe rigbt ; and in eacb of tbem i 
ma, y be eqnal to j. 


Now suppose any one of the constants, say Xj, to be expressed, 
according to Hypotbesis I, in terms of the variables, thus 

tf (a > • • «A î $'l J • • • î 5 


if on the right of this équation each of the variables were ex- 
pressed, according to Hypotbesis II, in terms of the constants 
and t, the équation would become identical ; that is, the right- 
hand side would become identically Xj; hence, if we differentiate 
each side with respect to Xj, on Hypotbesis II, the resuit on the 
right must = 1 ; but if we differentiate with respect to any 
other of the constants, the resuit must = 0 ; thus, 

dp^ dXj dq^ dX^ ^ dp^ dX^ dq^ dX^^ ^ 
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and if c be any one of the constants except kj, 

4 dk^dp2 I ^ 0 

dp-^ de dq^ de djp^ de dq^, de 

Now in tbe fîrst of tbese équations let the values of ^ . 

given by (25) be substituted ; and it will be seen that the 
resuit is ^.) = 1 ; 

see Art. 485. But if in tbe second of tbe above équations we 
take for e eitber A^-, wbere i is not =y, or /x^., wbere i may be 
eitber equal to j or not, tbe resuit in tbe first case is 

(^iî Mi) ) 

and in tbe second it is 

By supposing [jlj expressed in ternis of ^25 •••? reason- 
ing in tbe same way, we sbould obtain tbe équation 
(Mi> Mi) = 0. 


Tbus we see that tbe éléments A^, ... A„, ... i)ossess the 

properties expressed by tbe équations 

(X,.Mi)=l, (\.Mi) = 0, (Ai,A,) = 0, {ix„f.j)=0. (26) 

If we call any pair, such as A^, /x-, conjugate éléments^ tbe above 
properties may be briefly stated by saying, that if /, y Be any 
two of the éléments, tben (/, ^) = ± 1 if /, ^ be conjugate, and 
= 0 in every otber case. 

489.] If â?!, ^ 2 , ... ^25 be éléments, such that, 

f, g representing any pair^ tbe value of (/, is ±1 or 0, 
according as /, g are a conjugate pair (that is, a pair such 
as < 2 ^, or not, tben tbese éléments are called caotoïiical 

éléments, 

It bas been sbewn in tbe preceding Articles that when tbe 
2 variables, ÿi, ..., are determined as functions of t and of 
arbitrary constants, by means of tbe liamiltonian équations 
(21), there exists one set of arbitrary constants, namely, tbe 
initial values, A^, ... , of tbe variables, whicb form a System of 

canonical constant éléments. We shall now prove that tbe 
number of such Systems is infinité. 

In fact if ... ... be determined as functions of 

Aj, Mi 3 by tbe 2n équations 

^ , dK ^ 


(27) 
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wliere a is any arbitrary function of H'm then 

... will be cauonical éléments. For we bave 

d± - 

and consequently, by (27), 
à A = 

and performing* the operation a on each sîde of this équation, 

AÔ A = 2 (a + aA^ + A^ • 

similarly we sbould find 

ÔAA = 2 (dô^Aa^ + +2(Z>iÔA«i +A^AÔ)Lti); 

wbence, subtracting* and observing that dA = aô, 

:s(da.A6--^Aa^dè^) = 2 (ôA^a/x.^ — aA^a/x^). 

But it bas already been proved, see Art. 488, tbat tbe rigbt- 
band member of tbis équation is = 2 a ^Ap-b so tbat 
we bave 


ÔA 


cIa 

da^ 


bai 


/CÏA 


:z{ba,Abi^Aa^bb,^ = î 

from wbicb it follows, tbat ail tbe conséquences deduced in Art. 
488 from équation (24) will be true, if we substitute «^ 1 , ... for 

Al, /x^, ... , and in particular that tbe conditions 

(«i, h) = 1. («i, %) = («i> y = (^i. h) = 0 , 


will subsist. 

490.] Tbe équations last written are particular cases of tbe 
folio wing general tbeorem, discovered by Poisson, 

If /, ^ be any two intégrais wbatever of tbe ITamiltonian 
équations, tben (f,q) is constant. Poissons démonstration was 
obtained by means of tbe Lagrangian form of tbe équations. 
Tbe following, founded on tbe Hamiltonian form, is much 
simpler : 

If U be any fonction wbatever ofj^i, 2 ^ 1 , , and b, we bave 

, d'i^' d%^ , du 


dt 


"b ~7 — ]}\ + 


--?/+ "-î 


but as ÿi , . . . are supposed to satisfy tbe differential équations 

(31), we hâve ^i' = - ^ = ^ > •••» s® 

f__àu /du du du 
“ “ dt V dJ)^ dq^ ~ dq^ dj)J" 
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Now if we take u = {f,9\ we hâve, (Art. 485), 
du [df \ , /■ . dffx 

and therefore 

now since/and ^ are intégrais, /'= 0, and /= 0 ; that is, 

^ + {s.f) = 0, g + (s,j) = 0; 
ttese équations are identically trne ; so that we may snbstitute 
— (h,/), ^ respectively in tlie above expres- 

sion for (/, g)\ and the resuit may be written tbus, 

(/,^)'= {9. (h,/)} + {/, + {h, {f,g)]\ 

but by tbe tbeorem proved in Art, 486, the expression on the 
rigbt o£ this équation vanishes identically, and therefore (/,y)'=: 0 ; 
or (/, g\ is constant, wbicb is the theorem to be demonstrated. 

Here it is to be observed, that/ and ^represent given functions 
of the variables and which are constant by virtue of the 
diflferential équations. But the constancy of the expression (/ g) 
may subsist in two diflPerent ways : 

Pirstj (/ g) may be identically constant, that is, a determinate 
numerical constant, or zéro : this always happens when / and g 
belong to a set of canonical éléments. 

Secondly, (/, g) may be constant, not identically, but by virtue 
of the differential équations ; and in this case 

« = {f,9) 

will be an intégral of the équations ; but here again there are 
two cases, for c may be either an independent arbitrary con- 
stant or a fonction of/and g% in the latter case, the intégral c 
is a combination of the intégrais /, y, but in the former case, it 
is a distinct independent intégral. Thus it may happen that 
the theorem will lead to the discovery of a new intégral when 
two are known. For example, the problem of motion about a 
fixed centre of force, leads, as will be seen afterwards, to three 
intégrais of the forms 

h = Jrp^ - ^ + q.l + q^% 

f = 
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and it will be found on trial that e) = O, (>5,/) = O ; but tbat 
(<^ 5 /) = wbich is neitber identically constant nor 

expressible as a function of tbe other intégrais : bence we may 
afl5rm that ^ = A ÿi - Î 2 Pï 

is a new intégral. But if we attempt to discover more intégrais 
by tbe same metbod, we sball fail ; for it will be found tbat 
{Ji,g) = 0, {e,g)=f, {f,g)=-e. 

It is to be observed also tbat tbe intégral g is as easily discover- 
able by ordinary metbods as tbe intégrais e and /*; so tbat in 
tbis case, and probably in general, tbe tbeorem is of no practical 
use as a means of obtaining new intégrais, tbougb very import- 
ant in otber points of view. 

491.] We now corne to a most important discovery, due to 
SirW. R. Hamilton. 

Suppose tbe solution of tbe System of équations (21), namely, 

, cl K 


/ ^ 


(IPi 


0 . 


to be given in tbe form of 2î>^ intégral équations invol ving tbe 
initial values, , . . . , of tbe variables, as arbitrary constants. 
By means of tbese 2n équations eacb of tbe 2n variables could be 
expressed'in terms of tbe 2w constants and t ; and tberefore tbe 
differential coeflicients of tbe variables witb respect to t could be 
expressed in tbe same way. Consider tben tbe expression 

ih +i’2 ■■■ n q ,'- h ; 

tbis being a given function of tbe variables, tbeir first differen- 
tial coefficients, and t, migbt be expressed as above supposed, and 
would become a function of tbe %n constants, A^, ... , and t. 

Suppose tbis function to be integrated witb respect to t from 
= 0, and let tbe resuit be called s ; so tbat 

(28) 




Tbe value of s, obtained in tbis way, would be also a function of 
Aj, pj, ..., and t. But by means of tbe 2n intégral équations 
we migbt express tbe quantities, A^, Ag, ... jPi^ ^25 ••• 
terms of tbe 2n quantifies Pi, p^^ ••• 5 ' 2 > ^ 5 

if tbe values of A^, ... A„, tbus expressed, were substituted in tbe 
above value of s, tbe resuit would be of tbe form 

s = E (^j , 2^2 ) • • • ÿn > Ml ) M2 > * 3 0 * 


(29) 
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Now, taking the form (28), and using the symbol b in the samé 
sense as before, so that = O, we bave, by the rules of the 
calculus of variations, 

ô s = f [2 {_Pi{è ÿf)'} + 3 (q/èPi) - ôh] cU : 

J 0 

iet H in this équation be supposed to be expressed in its original 
form as a function of^j^, ÿj, ... then 

, /cIk ^ dvi \ 

but by the differential équations (21), 

cIk , dK ^ , 

hence ô s = 3 (ÿ/ Sj?.- -j?/ 8 ; 

and if tMs be substituted in the above value of 8 s, the resuit is 

8s = ( [2{^i(8^,.)'} + 3 (;?/ 8 ÿi)]ii: 

«>'0 


= f 


Thus S s turns ont to be expressible as the intégral of a perfect 
differential with respect to t. Performing the intégration from 
t =z O, and observing that when t = O the values of are 

A,., ô/Xj., we obtain 

SS = 3(j9j8ÿi)-2(Ai8frJ. 

But if we suppose s to be expressed as in équation (29), we hâve 

Now these two values of ôs involve the same set of 2n varia- 
tions, which may ail be considered as 

arbitrary and independent, because the 2n vaiiables and 2u 
constants are only subject to 29i équations ; so that the values 
of any set of 2 n out of the 4^1 quantities could be assumed arbi- 
trarily without contradicting the équations ; consequently the 
coefficients of like variations must be equal, that is, the 2u 

équations, ds ^ 

^ = p,. ^ (30) 

must be true ; but these équations are obviously not true iden- 
tically, and they contain the 2n arbitrary constants, /x^, ... . 
Hence they can only be a particular form of the intégral équa- 
tions of the problem. 

492.] It appears from the équations (30), just established, 
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that if the single fnnction s, expressed in the form (29), were 
known, a complété set of intégral équations conld be deduced 
froni it by mere différentiation. Thus the complété intégration 
of the System of differential équations (21) is made to dépend 
upon finding the form of a single function. This is the most 
essential part of Sir W. R. Hamilton’s discovery ; but it must 
not be supposed that the above brief account of it represents the 
original form and manner of the author s investigation, much 
less that it gives any notion at ail of the general contents of his 
two elaborate memoirs On a General Method in Dynamics, 
contained in the Philosophical Transactions for 1834 and 1835. 

493.] We proceed to examine the function s more closely. 
Recollecting that s is supposed to be expressed in terms of 
••• Miî we hâve 


= ^^+2(Aÿ/), by(30); 


on the other hand, équation (28) gives by différentiation with 
respect to t, s' = ; 

compaving these two values of s', we obtain 


» 

5+“='’' 


( 31 ) 


Now H is given as a function of , 

H =f\lh^î>2, 72. 

^ S 

also, by (30), = y-; hence (31) may be written in the form 


say 

••• 0; 


' àg_: 


dt^ dq, 


ds 


1 


But this équation contains, besides t, only the 7i variables 
?i 5 ••• the n constants fti , . . . ; it cannot therefore be 

any combination of the intégral équations (30), because those 
%n équations would in general be insufficient to eliminate the 
2^ quantities hence it must be satisfied 

identically ; in other words, it is a partial differential équation of 
which s is a solution. 

494.] The above- resuit is due to Sir W. R. Hamilton, and 
so is also the following : Differentiating h with respect to ïf, 
we hâve , di\ rd'K . /d^ 

dt 


. / a ti /il a. , \ 
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but, hj the differential équations, 

, dK . dK 

so that the above équation becomes simply 

dR 


H = 


dt 


Now if H does not contain t explicitly, which is tbe case in 

dR. 

ordinary* dynamical problems, then = 0; therefore h'= 0, 

H = constant ; 


and tbis is an intégral of the problem, called the intégral of 
vis viva.” In this case the équation (31) is of the form 

ÿ + /(i’l.P2> —A. ••• Sn) = 0; 

and from this we may deduce an équation like (32) as before ; 
but since H is now constant, its value will not be altered by sub- 
stituting for^i, ... their initial values ; hence we may Write 
ds . 

^2» •** Ml? M2 î P'n) ~ ^ 5 


or, by (30), 

ds / ds ds 
dt d\L^‘ 

which is a second partial differential équation satisfied by s in 
the case supposed. 


J s 

— Mu a) = 0; (33) 


495.] We must now notice an important extension of the 
preceding theory, discovered by Jacobi, and contained in the 
following theorem : 

If Hbe/(i)i, ? 1 > ? 2 ^--- ?«> and if s be any corn- 

plete solution of the partial differential équation, 


rZs ^d^ 


ds 

W2 


ds 

Wn 


Î2> ••• ?«. 0 = 


(34) 


* Ordinary dynamical problems may be defined as those in which the 
law of ‘‘action and reaction” is maintained. This law is violated when, 

for instance, in the planetary theory, the distnrbing planet is considered 
as being itself undisturbed ; or when, in investigating the effect of the 
earth’s rotation upon the motion of a pendulum, the pendnlnm is 
supposed not to affect the motion of the earth ; or, spealdng generally, 
whenever any part of a System is supposed to be subject to an “obliga- 
tory motion.” In ail these cases h will contain t explicitly. 
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containing the n axbitrary constants ... a^, then the 2« 

équations , 

'Iâ~ ’ 

are a complété set of intégral équations of the System 
dK 


A = 


(35) 


Here ^ 2 » *»• arbitrary constants; and by a com- 

plété solution of tbe équation (34) is meant a solution containing, 
besides any constant merely added to s, n arbitrary constants 
. .. in such a manner tbat tbey cannot be ail eliminated 
so as to produce a partial differential équation of tbe first order, 
witbout employing ail tbe n-^1 differential coefficients 

dq^ ’ * ’ ' ’ dq^^ ’ dt 

Before proving tbe tbeorem we must investigate a criterion 
by wbicb it may be Imown wbetber any solution of sucb an 
équation as (34) be complété or not. 

Suppose then s = q^, ,,, q^^^ t) to be a solution; 

and tbis to give 

ds . . 

2iî ••• Sm 


— a„,q^,... q„,ty. 

now if it be impossible to eliminate tbe n quantities 
between tbese équations, tbe solution is evidently complété, be- 
cause tbe additional équation obtained by differentiating witb 
respect to t will then be required. 

But it is known * tbat tbe supposed élimination is always im- 
possible unless tbe déterminant formed witb tbe constituents 

* If tbe élimination be possible, it will lead to an identical relation 
between considered as functions of aj, . . . an, say r(<#)i, 

<#> 2 > ...^n)=o; differentiating tbis équation witb respect to we 
obtain ^ ^ çgp ddjin __ ^ 

dcj^i dai ’ ‘ * d4>n da^ 

and if from tbe n équations given by tbis formula, on putting i—i,,.., 

d F d'p • 

i = n, we eliminate tbe n terms . -rr- , tbe resuit is A = o, A 

d(pi d(pn 

being tbe déterminant mentioned in tbe text. 
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(l (1)^ cl (f)-^ 

(hd-^ dOr^ d ct,y^ 

da^ da-^^ 

vanishes identically. 

We may therefore express the required criterion as follows : 

In order tliat the solution s may be complété, it is only neces- 
sary that the déterminant formed with the constituents 

rZ^s rZ^s 

da^ dq-y da.^ dq-^ ^ * da^ dq-^ 


rPs 




d"-s 


da^dq^ ’ da./lq^ ’ ' ‘ ’ da^dq^^ 

shall not vanish identically. In the abridged notation, explained 
in the note of Art. 466, this déterminant would be written 

rZs^ 


^/d^ d^ 




d{a.^, «2,... a«) 

496.] Tbis being premised, let 

s = ^n) ? 2 î ••• ?n5 

be a complété solution of the équation (34). We hâve to prove 

that if A , j »2 5 ‘ > A defined by the n équations 


ds 

Wi 


Pi, 


and if the 2 variables A, ... A, ÿi, t)e determined as 
functions of t, and constants, by those équations joined with the 
d s 

n farther équations^ = 5^, then q,^ will satisfy the differ- 

ential équations (35). 

d s 

Putting Pi for in (34), that équation becomes 
d^ 

■^+f{Pi,P2, -■P», — = 0, (36) 

whieh is identical on the supposition that Pn are expressed 

d ^ ds 

in tlie form -7— • DifFerentiatins' the équation with 

respect to on this supposition, and ohserving that 


(¥1 


(IH 
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we tave 

(Ps 


clf s 


df d?s 

+ 


da-jU d2\da^dq^^ dp^da^dq^^ 


+ .». + 


clf cl^s 


clp^ 


0 . 


cU 


Again, differentiating the équation ^ totally, with respect 
to we fînd 


cPs , (P s 

+ - — 7- + • 


, cPs> , ^ 

q .2 + • • • + “7 — ^ 3 


dtcla^ dq-^daf^ dq^^^daf'^ ' **’ ' dq^da^ 
and subtracting the former équation from the latter, 

da^dq-^ djpJ dafq.^ dq^f ^ dq^ cl]) J ““ 

Suppose tbe n équations obtained from this by giving i ail its 
values 1 , 2 , to be written down; then it is évident, from 
tbe theory of algebraic linear équations, tbat one of two things 
must be true ; either tbe déterminant formed witb tbe co- 

must vanisb, or else eacb of tbe n terms 


efficients 


da^dq^ 


clf 

< 7 / — ““ = 0. But it was sbewn in tbe last Article tbat tbe 

cl]. 

former supposition would imply tbat s was not a complété solu- 
tion of (34). Hence tbe latter alternative is alone admissible ; 
and since ..»A, ?i 3 ••• ÿn)^) is tbe same as H, we bave 

ÿ/= ^ ; wbicb is one part of tbe conclusion to be proved. 

To establisb tbe otber part, differentiate tbe équation (36) on 
tbe same supposition as before, witb respect to obserying tbat 


Pi 


: — 3 and ^ ^ ; the resuit may tben be written, 

dq. dq^ dq^ 


d]^ 

dt 




àq.i 


ds 


dp.2. dq-2 dp„ dq^ 

on the other hand, differentiating the équation totally 

witb respect to we obtain 

,_dPi dp^ , d^ , ^ 

and combining these two équations, 


dqf^ dp^ dqj^ " dp J 

hut it has just been shewn that every term on the right of this 


672 


THEOEETICAL DYNAMICS. 


[497- 


, df r. / 1*1 

équation vanishes; hence p.i Pi “ wJiich 

complétés the démonstration. 

d s 


497.] The équations = j?,-, 


da. 


= gîve 


Ôs = 2(i9.Ôÿ,) + 2(è,ÔâîJ; 

and if from this we form the expression for aôs, and suLtract 
from it the analogous expression for ô a s, equating the resuit to 
zéro, see the process of Art. 489, we ohtain the équation 

aiAi^-Aa^hh^) ; 

and this being similar to équation (24), Art. 488, it follows, as 
in Art. 489, that h,) = 1, bj) = bj) = O ; 

so that ... ôi, are canonical éléments. 

498.] The formulæ established in Arts. 495, 496 may be 
somewhat modified in the case in which h does not contain t 
explicitly. We hâve seen, Art. 494, that in this case /^ = H 
is one of the intégrais of the problem ; h being an arbitrary 
constant, called the “ constant of vis viva.” 

Suppose then that 

h=/(A>--A,3'i. •••?«); 
and let v be a complété solution of the équation 

that is, a solution containing, besides h^n — \ arbitrary constants 
âfj, «2 9 ^n-iî iii such a manner that these n — 1 constants 
cannot be ail eliminated without employing ail the n diiferential 
dY dY 


coefficients 3 . . . — • Then, if we take 

s = — v, 

it is évident that s will be a solution of the équation 

ds ds \ 

?i. •■■Sn) = 0; 

dY 

in the équation just written = by (37), so that the two terms 
destroy one another. Also s is a complété solution, for it is 
évident that Ji cannot be eliminated in addition to 


r Z :i • 

lor we hâve — = — æ ; and since 

dt dq^ 


the second term 


without employing the diflPerential coefficient 


dt 
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If then the function v is known, the intégral équations of the 

problem will be expressible as follows : since ^ ^ 3 we 

. clY . 

shall bave n équations ~ — = . Âlso, since s contains ... 

an-.\ only as tbey are contained in v, - 7 — = - 7 — 5 so tbat tbere 

’ da, da. 


will be équations. 


r/v 

da, 




(38) 


d^ 

The retnaining intégral équation îs ^ = constant. But 


d^ 

M 


; ^ -j- 


rZv 
dh ‘ 


and tberefore, putting r for tbe constant, we may write tbe 
équation 

(39) 

In this way we sbould obtain a solation involving tbe canonical 
éléments « 2 , ... 

^13 ^2 J * * * 1 •J 


(40) 


It is to be observed, tbat tbe only one of tbe intégral équations 
containing t is tbe équation (39). And it is évident, tbat if the 
2n intégral équations were solved algebraically, so as to express 
each of the 2?^ éléments (40) in terms of the variables, tbat is, 
so as to obtain 2n “intégrais’' properly so called, only one of 
tbese intégrais would contain and would be of tbe forni 

T = -t + (t>{ 2 h, ...A.îi. ••• ?»)• 

Lastly, it is to be noticed, tbat whenever tbe constant of vis viva 
is one of a set of canonical éléments, tbe élément conjugate to 
it is tbe constant r, wbieb is added to t. 

499.] Altbougb tbe preceding theory assigns in a very re- 
markable manner certain forms in wbieb tbe intégral équations 
of tbe System (21) are capable of being expressed, y et it gives no 
assistance wbatever towards tbe actual intégration of tbat Sys- 
tem. For tbe discovery of tbe function s, according to Sir 
W. R. Hamilton's définition of it, would require a knowledge of 
a complété set of intégrais, and according to Jacobi's définition, 
would dépend on the solution of a partial differential équation 
(34), wbieb is a problem as dif&cult as the intégration of tbe 
System (21) itself. In fact, tbe most bopeful way of attempt- 

PEICE, VOL. IV. X X 



674 


THEOBETICAL DYNAMICS. 


[500. 


ing th.e integi-ation of (34) would in general be to make it 
dépend npon tbat of the System (21). See Boole’s Differential 
Equations, Chapter XIV, Art. 14, and also page 475. 

It will be seen however, from a theorem now to be demon- 
strated, tbat a knowledge of balf the intégrais of the System 
(21) will, when certain conditions are fulfilled, lead to the dis- 
covery of the function s, and therefore enable us to complété 
the intégration. 


500.] Theorem^, Suppose «g» ••• 'to be ^ intégrais of 
the System 

where h is a given function of ... ÿi, ... g'nj ^ 5 then, if 
the ^ conditions = O subsist, where i, j is any 


pair of the n indices, the remaining intégrais may be found as 
folio ws : By means of the given n intégrais, let jPi,P 2 i A 
expressed in terms of ••• ÿn, ••• ^ l â.nd let these values 

be introduced in h, so that H will be expressed in the same way. 
Then the values of . Aî —h, will be the partial differential 

coefficients with respect to $'i, $'23 ••• §"«? ^3 of a certain function of 
... ... ; and calling this function s, we may lind it 

by integrating the expression 




of which the right-hand member is a perfect differential. 
the remaining intégral équations will be 


ds 

da^ 


h,.. 


<^s _ 


(41) 

And 


(42) 


where , . . . In ^ new arbitrary constants. 

501.] The proof of this theorem consists of two parts. First, 
we hâve to shew that the above ex]pression for s is a perfect 


* Wlien this theorem was given by the writer as new, in tlie Phil. 
Trans. for 1854, p. 85, he had no means of knowing that it had bcen 
previously discovered by M. Liouville, and communicated to the Bureau 
des Longitudes in 1853; for no accessible notice of this communication 
appears to hâve been printed before 1855 (in Liouville’s Journal). Ab 
M. Liouville bas referred to the question of priority, it seemed necessary 
to mention the subject here. See note to p. 31 of Mr. Cayley’s Report, 
in which for '' second part ” read ‘‘first part.” 
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differential. Patting* e^f for any two of tlie intégrais 
suppose g = 

If iu tliis équation the values of - .• were expressed, as above 
supposed^ in terms of it would beeome identical. 

Differentiating it therefore on this hypottiesis witli res 2 )ect to 
we bave ^ de dp.^ dpn . 

and in like manner 

0^ H ^ ^ ; 

and if we multiply the first of these équations by 3 and the 

second by -r — 3 and subtraet, there results an équation wliicb 
^ dp, 

may be written thus : 

d e df d e df __ ( dpj ç de df ^ de df v | ^ 


\dq, V. 


de 

dqLhpJy 


dp, dcp dq, dp, “ ydq, ^dp^ dp, dp, dp^ ^ 3 
or, writing instead of <?, /, and employing the notation of 

Art 466, d{aa,, _ (dpj d(aa, a^)l 


^ d(aa, a^ ) 1 

" ^dq, d{pj,p),)) 


If now the terms on each side be summed with resi')ect to /, the 
resuit on the left is (< 2^3 ; and observing that on the right the 

term multiplied by will only differ in sign from that rruilti- 

plied by ? we obtain 

^ |V^ÿ; d{p^,p.^S 

the summation referring* both to i and/, and extcnding to cv(‘ry 
binary combination. 

Prom this équation it appears that in order tliat tlie condiiiou 

^ = —y may subsist for every pair of indices «',y, it is neceH^’ary 

that the condition = 0 shall be satisfied for ovory pair 

of the n intégrais We ought in strictiiOBS to prove 

that no other conditions are necessary. As howover tlio rig’or- 
ous* proof of this in volves certain preliminary theoroms, which 

* It might seem sufficient to say that the nuniber of cquatioïiK 
dp . dp. 

J, ^ 13 tlie sanie as that of the équations {cti, aj) — o, viz, ^pi {71 -* l), 


X X ri 
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hâve not been given in this Chapter, it is here omîtted ; bat 
it will be found in the Philosophical Transactions for 1854, 
pp. 84, 85. 

Assiiming then that ^ iû order to prove that the 

expression for J s, (41), is a perfeet difiFerential, it is necessarj 


also to shew that 


Here h is supposed to be 


dpi _ ^ 

dt ~ dq^ 

expressed, like jî?,-, in terms of ... q[ni Putting 

for a moment (h) to dénoté h in its original form, namely, a 
fiinction of ... i?nî ••• ^5 li^ve 


: ^ ^ + 
' Mi 


+ 


cl ( h ) dp„ , 

d'Pn clqi ' 
dp^ _ clpi 

(hi 


r " r y 

7i ••• ’ — 


in 
Wi 

d{n) , d(K) , 
uow i^=— 

Mi cip^ 

hence this équation becomes 

dn dp, , dp, 

but being expressed as above supposed, we bave 
. ^ Mi r. 

dt ^ dqp ^ ^ dqj'^ ^ 


whence the above value of becomes simply 


d'K 

Hi 


Hi. 

■ dt ^ 


whieh is the condition that was to be established, and complétés 
the proof that^j^rZ^j+ ... — is a perfeet differential. 

Secondly, we hâve to shew that is constant by virtue of the 

■ Js 


• . ri ^ ' 

differential équations, or that { — 1 =0. 

V cia. J 

Now* 

’ ' 12s 


(~) 

W-i 


" da, 
d^s 


dtda. 


dq^da^ 


ÎX + ... + 


d^s 

dq„da^ 


?» ; 


and that therefore the former set cannot imply any conditions not in- 
the latter ; but this reasoning is not absolutely conclusive. 

The reader -mil not understand this reasoning unless he be careful 
e^relLd ^ ^ ''vhich h, (h), s, jpj . . . are supposed to be 
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’ H, wlience 


t/ n , J s 
■ . ; Hîsci 

ti ti ((/, 


s t! , 

y ‘ , ' t > îin<l Çh 

dqi<la^ (i(h 

V/rf.' 


(li iiu^ tid^ tiq^ 

s<i thuf ui'oltfiiin 
<Uh 

t/n ^ ^ ^ 


' thï^ t/p^ /A/, #//\ ti îî 

but froui thc rt'lat.ion betwi‘<*n H untl (h), wi* havi* 


(/n _ ^/(h) 


4 - ... I 


ti (îî) tl ^ 


ddi tl/i^ tla^ t/p,, tin^ 

for H only <*c)n(ainH tt^ IxTauso it in intr<«IurtHl iu tlu* valm*^ ut 

' f H ^ 

uîu*(' ihu ab(>vt' lnHnaîM‘î^ ( | : <1, 

(/ s d d ^ ' 

or ^ ; which was fo bt* |innt*«l. 

(la^ 

502 .] ibnuula* ( 41 ), ( 42 ), Art. 500 . îulunî of ïïHHÎilîfHî ion 
in th(' <’uHo iu \vhi<*h th<^ so-(*iilIr(i |»rîîîtn|»lr of vin \iva** 1 m 4 »Ih 
^ n)0tl ; rminoly, tliai in which n, iîi iîn 4»ri|fina! ibrut, lUtm not 
ooniuin / oHpIicit ly, sn that n h an inio*t:ral. 

Jii tluH <*ns(^, stîpjKiso /t, f/» î î<» !»i^' /I iîîti*i,fra!»i', nalifj’ 

fvin#^’ Un* i’OînliUons (//, 0 . 0 fbr t*v»i‘y imir. If tn 

<*vid<‘!i( UuO- \vlu‘u t-lu' H 04UuU{»n'i, Ihn viüut^^i nf 4 , 

in t-tTUiH <)l th(' vuriîii*h‘s, arn holvrd Ibn* ,,, /y, aïid thr 
vnluc’H orfh(‘s<‘ !af ((T i|uant if ioM fUjiiNiituO-d in n. îhr rrnulî will 
bo idontieally llio <*oïHfuïit 4 , m that tlio vului* nf i/s |4i| wilî 
l.m.mo ,/.s , /'<// t /y/y.-t- 

wlion^ Ai,... /^n nannnt i’ontain /, (»t}nu*vvin*’ tbi>i r\j,rr^ï’àMii. vviaibî 
not bo II porlVrt îliiîbrrntiaL flrnnt^ vvn rduiU havt^ 

s -- • ■ /// f \ ; 

wboro' V is u fnnrticai of 4 , a,, im 4 run|juiiiii|,^ 

/, and |4*ivt*n by tho oquation 

t/v ^ ppiq^ i I ; (4:!; 

of wliïoh Ihn ri^ 4 it-!nuid iinnul«*r in a prrlbrf dillbrrntud. 

We Unill now lia vu 


Bt* Uiiii» if \v O put; T lot ('ht* i’oiiHtimi c’Mîij <n îlii'f oi|iiïiî 
i!orn*Hpoïidiïi^ la (-i2) nmy lu* vvrittnu 

d/t " da, da. . '•' i- 
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503.] It is useful to observe, that if c be any intégral wbat- 
ever, not containing t explicitly, and Ji tbe intégral of vis viva, 
the condition (Ji, c) = 0 necessarily subsists. For we bave, see 
tbe general expression for Art. 490, 

but ^ = 0 by bypotbesis, and (h, e) is tbe same as (Ji^ c) ; con- 
dt 

sequently (/^, c) = 0 . 

From this proposition, combined witb tbe results of tbe last 
Article, it is évident, tbat wben the independent coordinates in 
any dynamical problem in wbicb the principle of vis viva sub- 
sists are only two in number, if, besides tbe intégral of vis viva, 
one other intégral, not containing t explicitly, be given, the dis- 
covery of tbe two remaining intégrais is redueible to quadratures. 
For V is given by tbe équation d'^ = jp-^cl + A wbicb 
tbe rigbt-band member is necessarily a perfect differential. The 
reader will find it a good exercise to treat tbe problem of tbe 
simple conical pendulum in tbis manner, omitting tbe effect of 
tbe eartb’s rotation. 


504.] In the praetical use of tbe tbeorem explained in Arts. 
500—50.2, tbe following circumstances sbould be attended to. 
Instead of first finding tbe function s by integrating tbe expres- 
sion +•••" a,nd tben forming the intégral 

équations ..., it is generally more convenient to per- 

form tbe différentiations witb respect to first, and tbe 

intégrations affcerwards. Tbus we sbould bave 




7 du 

; dq^ + . . . — 5 — dt 
a,, da, 


but tbe solution tbus obtained will not be canonical, unless care 
be taken so to assume tbe inferior limits of tbe integ*rals that tbe 
functions equated to 5^, sball be, as tbey ought to be, tbe 

differential coefficients of one and tbe same function oî 

To sbew that this condition will not necessarily siibsist, we 
may take tbe case wbicb most frequently occui’s, namely, tbat in 
wbicb tbe value of j?.; contains none of tbe variables exeept q ^ , so 
tbat eacb term in tbe value of d^ will be, omitting indices, of 
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505.] 

the form <!> so far as one suclx term is 

concerned, we should hâve 


s =J% (q, ai, Ci2> ••• */> 


^ 7 1 r ^ . 

*** ^ 


,/À 


where a is an arbitraiy function of ... «„• DilHa'cntiating: 
this with. respect to a^, we obtain 
ds 
da^ 

that is, 

^'idà) , r" . 7 , ^ \ 

/.*;''« = âtJ. «.) ’ 

from whieh it is évident that diderentiating* lirst and iniegratin|^ 
afterwards will not in général givo the sanie resuit as ilie con- 
verse proeess. 

We see however that tho values of 

(I <() il (j) 


,/a da^ ^ ./* d»., 

will be the dilTercntial coefficients with respect to •** 

/ cl>,dÿj provided that a, which nuist bo th(i saine in eaeh ot 

these intégrais, bc so assunied, that 

//a 

0 


, .il A 

</> (a, iZ^^J J 


i/ch 


for every value of i. This condition may l)c seeured iu (uther of 
two ways : first, by taking a = 0, or a = any detenninato <îon- 
stant ; that is, not involving a^, ... ; or scMïondly, by taking for 
A any root of the c<|uation 

(l>(x, flj, ... «„) = 0; 

or, which is tho samc thing, a value of q which would nuike p 
vanish. 

505.] As an illustration of the principal formuhe hifhcrio 
establishcd, we will take the imporiani, problcni of i.lu* motion 
of a single pariicle about a fixed cemtre of fonns iï^ i^rditing 
which our object will bc to obtain a set of canonical (^cnuuiiii. 
The advantage of this form of solution will appt‘ar afi-erwards. 

Let m he tho mass of the partiel e, a?, //, z it s n*ctangular coor- 
dinates at tho timo l, referred to fixcd axes having their origîn 
at the ceiotrc of force. 

Thon if r, 0, k be polar coordinates^ siudi that 
0 } := r cosÀ cos Oy y ^ r cos À sin d, z r siu A, 
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r is thè radins vector ; and we may call 0 the longitude, reckoned 
from tlie axis of in the plane of (p^y) ; and À the latitude, or 
the angle between r and the plane of { 00 ^y\ 

In rectangular coordinates 2t = + ; but if 

a?', y\ ^ be expressed in terms of /, . . . , it will be found that 
2t= + 

We shall take r, \ as the coordinates of the problem, cor- 
responding to 5 ^ 1 , $'23 ^33 general formulæ. Let the vari- 

ables conjugate to them, corresponding to JPiiP 2 iP^^ denoted, 
for greater clearness^ by ^/, A./ ; so that we shall hâve 


7 */= = mr . 

dr 


fl T 

d,= j^, = mr^{eos\fd', 




and if the values of r', ô', )/ in terms of d,, X^, given by these 
équations, be substituted in T, the resuit is 


' = — jf/ 

2m \ 




(sec X)^ 


e/ + 


x; 




(45) 


Since the force is central, the force-function u is a function of r, 
say XJ = (/) (r) ; so that we shall hâve 

H = T— <3[)(r) ; 


in which T stands for the expression (45) just given. See Art. 
481. The six differential équations of the problem in the 
Hamiltonian form would then be 


, dn 

„ / 


II 

1 


'■' = -2X- 

, dK 

/,/ 

- di\ 

11 

T,; 

dK/ 


but they are not required for our présent purpose. 

506.] Since h does not contain t explicitly, the intégral of 
vis viva subsists ; namely, 

A = T — ^ (r). 

We hâve novs?- to find two other intégrais, saj^ c and 7^, such 
that c) = O, Te) = 0, (<?, le) = 0. We know that the first 
two of these conditions will be satisfied if c, k be any intégrais 
not containing t explicitly. Let us take then for c one of the 
three intégrais expressing the conservation of areas ; namely, 
c = m {æy'—x'y) ; and for hy the équation obtained from the 
three by squaring and adding, namely, 

yi = { (y/ — zy'f + {zx' — xz'f + {xy' —yx'f } ^ : 
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these however miist be expressed in ternis of tbe new variables ; 

c = (cosA)^^'= 6^, 

A := m + = {0/ (sec X)^ + 

Tbus we bave tbe tbree intégrais 


27n 




(i) 

(ii) 

(üi) 


C = 

/c= {(secX)2 0/ + X/}^; 
and if it be recollected tbat tbe meaning of (w, v) is now 
d (u, v) d {u, v) d (u, v) 
d (r,,r) d (<9,, 6)'^ d (X,, X) ’ 

it will be found on trial, not only tbat (â, c) = 0, (/^, k) = 0, as 
we know a priori, but also tbat (c, = 0. 

Hence we may apply tbe metbod of Art. 502 to tbe équations 
(i)^ (ii), (iii) ; tbat is, we may find v from tbe équation 
dY = T/dr + S^dÔ + k/dX, 

in wbicb r^, 0^^ X/ are to be expressed in terms of r, 6, X, A, c, A, 
by means of (i), (ii), (iii). 

It will be found witbout difficulty tbat 

?•,= |^2OT{;i + ^(r)}_y% 

e,= c, 

X,= — (secX)^}'^' ; 

and it is obvions tbat r;dr-{- ô^dO + X^dX is^ as it ougbt to be, a 
perfect differential. 

Supposing V to be found by intégration, tbe tbree remaining 
intégral équations would be, Art. 50.2, 

dY , dY dY 




dk 




wbere a, j3 are tbree new constants. 

The conclusions of Art. 504, however, sbew, tbat we may per- 
form tbe différentiations before tbe intégrations, if tbe inferior 
limits of tbe latter be properly ebosen ; and in accordance witb 
tbe rule tbere laid down we may take 0 as tbe limit for d and X, 

P 

and a root of tbe équation 2??^ {/^ + <^ ('/•)} —~ = 0, say as 
tbe limit for r, This being understood, we sbould bave 

v= y' ^2m{A + <j>(r))--~^^dr+c$+ J {seoXy}^ dX ; 
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and thé three new intégral équations will be obtained hy differ- 
entiating under tbe signs of intégration, and integrating after- 
wards. The intégrations with respect to r cannot be performed 
till (p (r) is assignedj and in fact will not be aetually needed ; 
those with respect to À are left to the reader. The results are 


m j r {2mr^ + (r ))— dr = t + 

O 


d — sin 


-1 


c tan k 


= a, 


(iv) 

(v) 


— ^ J i{2OTr^(^+ + = jS. (vi) 

The équations (i), (ii), (iii), (iv), (v), (vi) comprise a canonical 
solution of the problem. 

507.] It is easy to interpret the constants r, a, (B. 

The équation (iv) shews that î( + r = 0 when r = p, so that 
— r is the time at which r = p, Now if we diiïerentiate the 
équation with respect to ôy we obtain 


mr 




and we took for p a value of r, which makes this expression 
vanish ; hence, when r = p, /= 0, and it is évident therefore 
that we may suppose p to be the minimum value of r, Thus 
— r will be the time at which m is at the least distance from the 
centre of force. 

Again, if we put i for the inclination of the plane of the mo- 
tion to the plane of [cOy y), we bave, by well-known principles, 
c '=. h 0 , 0 ^ i\ hence 

c X 1 

== cot t, ï- = — ; 

sint’ 

équation (v) is therefore équivalent to 

sin (^ —a) = tan A. cot t. (46) 

Next let 5 be the ‘‘argument of latitude;” that is, the angle 
between r and the ascending node, or line joining m with the 
centre at the instant when m passes through the plane of ixy y) 
from the négative to the positive side ; considering then the 
right-angled spherical triangle, formed by the intersections with 
a sphere of the plane of (^, y), and the planes of the angles ^ and 
A, in which ^ is the hypothenuse and t the angle opposite to A, 
we see, from (46), that a is the side which is in the plane of 
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(x, j/)j and therefore a is evidently tlie longitude of the ascending 
node. 

Lastly, équation (vi) shews tliat when r=p, sin A. = sin l . sin 13 ; 
but from the triangle above mentioned we hâve also sin \ = 
sin t . sin ^ ; hence we see that when r p, ^ = {3, from which it 
is évident that ^ is the angle between the least distance and the 
node. 


508.] We shall briefly indicate the application of these results 
to the case of the undisturbed motion of a planet about the sun. 
Let ju = mass of sun + mass of planet ; then, m being the masà 

9'/?' tJL 

of the planet, we shall bave for the force-function (p (/■) = ; 

alsOj from the ordinary theory of elliptic motion, we hâve 
h z=z ^ ^ ^ ~ — c = m{pia(l’-e^)}'^eos i, 

Hence we hâve the following set of canonical éléments, ar- 
ranged in conjugate pairs. The signs of the first pair hâve been 
changed, which is obviously allowable, and p is put for a(l — 6"^), 
that is, for the semi-latus-rectum ; 


mpL 


time of perihelion passage ; 
m {p cos t, longitude of node ; 


m(ppy^, distance of pei'ihelion from node. 

These éléments were first given by Jacobi. 

509.] Variation of éléments, Returning to the general form 
of the differential équations, 

, clK , du /• 1 . • \ 

(*=1, to* = «). 

let us suppose that a complété set of intégrais ••• hû,s 

been obtained, where c ^, . . . rexn’esent certain functions of the 
variables Pi, ^i, ••• , and t, which, by virtue of the differential 
équations, hâve constant values; and conversely, p^, P 2 , are 
given functions of and New let C 2 n continue 

to represent the same functions of the variables and but let 
the variables be determined as functions of if by a different set 
of differential équations, say, 

f , 

ki' (W ^ ^ 

where Q is, like h, a given fonction of 
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but not tbe same fonction as h. Then tbe fonctions C 2 n 
will no longer bave constant values. In other words, tbe élé- 
ments Cq, wbieb were constant in tbe former problem, 
are variable in tbe latter problem. 

Tbe tbeory of tbe variation of éléments bas for its principal 
object to transform tbe équations (47) bj tabing as new variables 
tbe fonctions C 2 n 3 instead of tbe original variables 

Tbe intégration of tbe équations after tbis transformation 
would give C 2 n as fonctions of t and 2^ constants; and 
tbe variables ••• would tben be known as fonctions oit, 
because tbej are tbe same fonctions of tbe éléments ^ 2 , ... 
and tj as tbey were in tbe original problem. 

In practice, it is usually convenient to put Q = h + n, wbere H 
is tbe same as before, and n is a given fonction of Pn 3 
and is called tecbnically tbe ‘^disturbing fonction.” 
Tbus tbe équations (47) become 

' dq^ dq^' 

and tbese are transformed as foUows : we bave 


de. 




/dc-j_ 

that is, introdueing the above values of j)f, q[, 

/ de.. 

now Cl is by hypotbesis a funetion of ... and t, whicb in tbe 
undisturbed” problem, tbat is, wben n = O, is constant; and 
tbis eonstaney -would be expressed by tbe équation 

-^ + (h, Ci) = 0, 

wbicb is identically true, ail its terms being funetions of jSj, ... , 
ÿi, , A But since and h are tbe same funetions of , 
ÿi,..., in tbe disturbed, as tbey were in tbe undisturbed 
problem, tbe above équation is still identically true, and tbe 
expression for c{ tberefore becomes simply 

~ ('^3 ^1) • 

bere n is expressed in its original form as a funetion of jOi, ... , 

^ - ’ ^1’ •” expressed in 

O «i>...e 2 «, û wiU become a funetion of tbe latter 
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quantities, and denoting, for a moment, tlie new form of n by 
a, we shall hâve, by the elementary properties of tlie symbol 
U, v), Art. 466, 


f f V â €l f K â Cl r 4 

^l) = (^1 . ^l) + ^ (<?2 . ^l) + • • • + , C^) l 


(l) 


(Ic-^ M/t/2 

in which the first term vanishes, sinee (^?i , Cj) = 0 . 

The general form is evidently, omitting the line over n, 

» Cl / * â Cl f » (1' <n » X / >4 O \ 


involving 2^^— 1 terms on the right-hand side. And l)y giving 
to i the values 2 , ... 2 ^^^ we obtain a set of %n didcrential 
équations, which will involve only the new variables rj, 6 * 2 , ... 
instead of^i, , when the terms (<?i, , which are given 

functions of the old variables, are expressed in ternis of the new. 
It follows, from what was proved in Art. 490, that when so ex- 
pressed they will not contain A 


510.] But the formula®(48) undergocs a rcmarkalilc sinqilifi- 
cation when are a sot of canonical eleincnts; for in 

that case ail the terms (q, ej, (e^, 6 *^), ... vanisli except ono, 
namely, that in which c\ is combined with its conjug-ato clenuvni;, 
and then the term is either +1 or — 1 . 

Suppose then that âfj, ... ... arc canonical eleinonts, 

so that (æ-, = 1 , (ij-, = — 1 , and ail other combinations 

give zéro. The formula (48) will be seen at once to givo 




( 4 . 9 ) 


which are the transformed équations in this case, and are of i.lie 
same general form as the original équations. 

These formulæ werc discovered in a partievilar case by La- 
grange; namely, that in which ... are the initial values 

of j??!, ÿi, The extension to canonical elcïuents in gcuu'ral is 

due partly to Sir W. R. Ilamilton and partly iio Jaeobi. 

There are many jioints of interest and irnpori.anco conneet-ed 
with the fiirther development and api>lication of the theory of 
the variation of éléments, but we cannot aiïbrd space for tluun 
here. 


511.] We shall eonclude this Chapter by a brief notice of nu 
addition to the general theory of the Hamiltonian ecpiutiouH 
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made by M. Bour, and improved in accordance witb a sugges- 
tion of M. Liouville*. 

Let ^2 3 ••• ^23 before, a set of canonical 

intégrais of the équations 

, (Ik , 


If we represent any intégral wbatever by the équation C^= 0 

gives (h, f) = 0 ; which, written in fuU, would be 
(ùt 


dC du dC du dC 
dt dq-^ dq^ dp^ 


'djOndÇn clq^ d])^ ' \ ) 


dPndqn dq^ djo^ • \ J 

are given fonctions of Pi,.., 


In this équation - 7 — ^ ••• are given fonctions of 
dPi <^$1 

Aï ?i) ••• ?%3 5 so that with reference to C if is a linear partial 
differential équation of the fîrst order, of which any solution 
whatever is an intégral of the équations (50), and of which the 
general solution might be put in the form 

C=/K,---««. ^1. v^«)> 

where/is an arbitrary fonction. 

Thus the complété intégration of the équations (50) would be 
effected if we could find the general solution of (51). But this 
transformation of the problem is practically useless, since the 
only known general method of treating the équation (51) re- 
quires the intégration of the System (50), as the reader will see 
at once on applying Lagrange’s method to the former. 

The proposition we are about to demonstrate is the following : 

Suppose m of the % intégrais to be known ; say 

^23 ••• where m is of course less than n ; and the condition 
a^) = 0 to subsist for every pair ; then by means of these m 
intégrais, m of the variables, say Pu Pm might be ex- 

pressed in terms of 

J ^23 • * * ^ms ^m+lî ••*Pn'i ^ 5 


* See Liouville’ s Journal, t. xx. pp. 185-200, 201, 202. The miter is 
not aware whether M. Bour’s investigations hâve yet been pnblished 
complété in the Memoirs of the Academy. He believes that the process 
and results in the text must be substantially what those of M. Bour 
become when h contains t, which is the generalization propose! by 
M. Liouville ; but he can only speak from conjecture on this point. 

[The Memoir of M. Bour, to which the note refers, is pnblished in 
Tome XIY of the Mémoires des Savants Etrangers, p. 792 ; having been 
presented to the Academy of Sciences at Paris on March 5th, 1855.] 
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and hj the substitution of ttese values of ... ir and ( 
might be expressed in the same way : we sliall prove tluit after 
this substitution tbe équation (51) would still subsist, tlio dif- 
férentiations being ail performed only so far as the variables 
would appear explicitly. But since ir and C would no longer 
contain ...Ai explicitly, ail the terms in (51) which in volve 
différentiation witli respect to these m variables would disappear ; 
and the équation would become 


dC , du dC 


■ + 


dï^ dC du dÇ 

'Im+l djhn+i dj)„ (Iq^ 


du d( 


dt djhn^x dp,, dq^ dq^dp^ 

in whicli the number of terms is diminished by %vu 

In this équation K is a given function of the quantifies (%52) ; 

tho variables , . . . , 


0; (53) 


but as it does not involvc 4— .... ; 

% dq^ 

would be treated as constants in intégration. Any solu- 
tion of it will be a function of tho saine <piantiti('s (52), 
and will be an intégral of (50) ; but the number of distinct 
solutions will bo less by than those of (51). ïn fact (53) 
will be satisfied by j ^nj 

5^, ... and it follows that any solution c of (53) will 
satisfy the conditions (c, a J = 0, (6*, = 0, but any l»\v() solu- 

tions, 0 , e, will not necessarily satisfy the condition (c, <!>) = 0. 

512,] We proceed to demonstrate what lias beem staiied in 
the last Article. Lot ii, when transformed by substitiding for 
As Au 'V'alues obtained from the given intégrais 
in terms of the quantit.ies (52), be denoted by u. The équation 
(51) is d>C 

y + (H,0=0; 

but by the olementary property of the symbol (u, f), lieforc 
referred to, we hâve 

(ir, 0 = (ïï, + 0 + ••• + C) ; 

in which tho expression (lï, C) fe be h)rm{Hl b}^ dilîereni.iating 
îî with respect to tlic variables only so far as ihvy app(‘ar (îxpli- 
citly. Thus the équation (51) bccomos 

dxi , . 

= 0 ; 


ddl f. .. d\\ f .. 

'; + + 0+--- + 


M ' ^ da,,_ 

and this would still be satisfied by putting f = 
(50). But if any one of the intcgmils 


any ini(*gral of 

« , J. I * * , 



688 


THEOEETIOAL DYNAMICS. 


[ 512 . 


we sHall hâve (%, C) == (^ 2 > C) — O’-^i whereas 

one of these terms would be unity if C were one of tlie integials 
... Conseqnently the équation 

g + (H,0 = 0 (54) 

will be satisfied by ... ^m+i, ... ^n> by <5]^ , . . . 5^. 

In this équation however f is still supposed to be expressed in 
terms of ail the variables if we sup- 

pose C to be fcransformed in the same way as H, and then to be 

denoted by f we shall hâve 

d(da^ dÇ da^ ^ 
dt^ dt'^ da^ dt *** da^ dt 

(h, C) = (H, 0 + §- (H, a,)+... + ■§ (H, a J) ; 


so that the équation (54) becomes 


in which aU the terms after the first two vanish ; for, since is 

dd 

an intégral, we hâve a{ = 0, that is, + (h, = 0 ; but 

dt 

(h, — (h, ^ «1) + . . * + (^wj %)j 

and (%, ûj) = 0, <3^^) = 0, ... (a„,, = O, so that (h, 

= (h, a^) ; and therefore + (h, zZj) = 0 ; and the same rea- 
soning applies to the other terms ; finally, therefore, the equa- 

f+(S,f)=0; (6S) 

and this will be satisfied by the same intégrais as (54) with the 
folio wing exceptions. Suppose the intégral a. to be 

^ (jPli * jPnj ... ^nf 0 3 

then (54) is satisfied by putting for f the function ^ on the right 
of this équation. And if this function be transformed by putting 
for j)j, ... their values in terms of the quantities (52), will 
in general be expressed as a function of the same quantities, and 
(55) will be satisfied by taking this function for f; but if i be 
one of the indices 1, 2, ... it is évident that the transforma- 
tion in question will reduee the right-hand member of (56) iden- 
tically to so that cj) will cease to contain any of the variables ; 


J+(h, 0-0; 
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and (55) will then only te satisfied by f in the sense tbat 
ail tbe differential coefficients of f vanish separately ; tbat is^ in 
tbe sense tbat tbe équation is satisfied by putting f = any 
constant. 

It folio ws tberefore tbat, in tbe ordinary sense, (55) is satis- 
fied by ^m+iî ... ^«5 expressed in terms of tbe quan- 

tifies (52), but not by tbe remaining intégrais of tbe canonical 
set. 

If tbe distinctive notation of (55) be omitted, and tbe équa- 
tion be written at lengtb, the resuit is tbe équation (53) of tbe 
last Article. 

Tbese formulæ require some alteration in tbe case in which 
the principle of vis viva subsists ; but we bave not space to enter 
furtber into the subject. 

513.] In taking leave of tbe subjeet, it is proper to mention 
the investigations of Jacobi, contained in bis Memoirs, entitled, 
‘‘Tbeoria nova multiplicatoris systemati æquationum differen- 
tialium vulgarium applicandi,” Crelle’s Journal, Vols. XXVII 
and XXIX. Tbese investigations are only so far connected 
witb tbe subjeet of tbis Cbapter, tbat they are applicable to tbe 
Ilamiltonian équations as a particular case. But altbougb tbe 
results are interesting and important, they are omitted here 
because tbe démonstration dépends on tbe properties of func- 
tional déterminants, and could not be given witbout a long 
digression. 


THE END. 
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Amoldi, Agrell, Field, Eoediger: edidit R. Payne Smith, S. i.P. 

VoL I, containîng Paseiculi I-V, sm. fol-, 5 ^ S®- 
Vol. II, eompleting the work, containmg Fascieuli VI-X, b(. as. 

A Compendious Syriac Dictionary, founded upon the above. 
Edited by Mrs. Margoliouth. Small 4to, complété, 03s. net. 1 art IV, 
15s. net. Paru I-III can m Unger he supplied. 

A Dictionary of the Dialects of Vernactdar Syriac as spoken 
by the Eastern Syrians of Kurdistan, North-West Persia, .and the Plain 
ofMosul. By A. J. Maclean, M.A., F.R.G.S. Small 4 to, 15a. 

An English-S-wahili Dictionary. By A. C. Madan, M.A. Second 

Ddilion, Betjised. Extra fcap. 8vo, 7s. 6d. net. 

Swahili-English Dictionary. By A. C. Madan, M.A. Extra fcap. 

8vo. 75. 6d. net 

A Sanskrit-English. Dictionary. Etymologically and Philologically 
arrangedj 'with spécial reference to cognate Indo-European Languages. 
By Sir M. Monier- Williams, M.A., KCJ.E.; with the collaboration of 
Prof. E. Leumann, Ph.D. ; Prof. C. Cappeller, Pli.B. ; and other scholars. 
New Edition^ greatîy Endarged and Improved, Cloth, bevelled edges, 3 ^* ^ 3 ®» » 

half-morocco, 4?. 4s. 

A Greek-EngHsh. Lexicon. By H, G. Liddell, D.D., and 

Kobert Scott, D.D. Eighth Edition, Revised, 4to. lîl. 1 6s. 

An Etymological Dictionary of the English Language, 
arranged on an Historical Basis. By W. W. Skeat, Litt.I), Third 
Edition. 4to. 21. 4s. 

A Middle-English Dictionary. By F. H. Stratmann. A new 

édition, by H. Bradley, M.A., Ph.I). 4to, half-morocco. il. lis. 6d. 

The Student’s Dictionary of Anglo-Saxon. By H. Sweet, M.A., 

Ph.D., LL.D. Small 4to. 8s. 6Æ. net 

An Anglo-Saxon Dictionary, based on the MS. collections of the 
late Joseph Bosworth, D.D. Edited and enlarged by Prof. T. N. Tôlier, 
M.A. Parts I-III. A-SÂK. 4to, stiff covers, 15s. each. Part IV, § i, 
SÂR-SWtBRIAN. Stifif covers, 8s. 6d. Part IV, § 2, SWff>-SNEL- 
fTMEST, i8s. 6d. 

An Icelandie-English Dictionary, based on the MS. collections of 
the late Richard Cleasby. Enlarged and completed by Q-. Vigfûsson, 
M.A. 4to. 32. 7$. 

2. LAW ♦ 


Anson. Principles of the 

English Law of Contracty and of Agency 
in its Relation to Contract By Sir 
W. R. Anson, D. C. L. Tenth Edition. 
8vo. los. 6d. 


Anson, Law and Gustom qf 

the Constitution. 2 vols. 8vo. 
Parti. Parliament. Third Edition. 

I2S. 6d. 

Part IL The Crown. SecondEd. 14s. 


Oxford: Clarendon Press. 
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Bryce . Studies in History and 

Jurisprudence. 2 Vols. 8vo. Bytho 
Bight Hon. J. Bryce, M.P. 25s. nef. 

Goudy. Von Jherioig’s Laio 

in Daily Life. Translatée! by H. 
G-oudYjD.C.L. Crown s vo. ^s. 6 cl.net. 

Digby. An Introduction to 

the Hisiory of ihe Law cf Real Property. 
By Sir Kenelm E. Bigby, M. A. Fifih 
Edition. 8vo. ï 2 s, 6 d. 

Grueber. Lex Aquilia. By 

Erwin Grueber, Dr. Jur., M.A. 
8vo. los. 6 d. 

Hall. International Law. 

By W. E. Hall, M.A. Fifth Edition. 
EevLsecI by J. B. Atlay, M.A. 8vo. 
21S. net. 

ATreatiseontheForeign 

Powers and JurisdicUon of the British 
Crown. 8vo. los. 6 d. 

Holland. Eléments of Juris- 
prudence. By T. E. Holland, D.C.L. 
Ninth Edition. 8vo. los. 6d. 

Studies in International 

Law. 8vo. los. 6 d. 

Gentilis, Alberici, De 

lure Belli Lihri Très. Small 4to, 
half-morocco. 21s. 

The Institutes of Jus- 

tiniany edited as a recension of 
the Institutes of Gaius. Second 
Edition. Extra feap. 8vo. 5 s. 

The Eurapean Gonmi 

in iko IJasfern Questionj a collection 
of troaties ancl otlier public acfcs. 
8vo. 12 s. 6 d. 

Holland and Shadwell. Select 

Titlesfrom the Digest of Justinian. By 
T. E. Holland, D.C.L., and C. L. 
Shadwell, D.C.L. 8vo. 14s. 

Also sold in Parts, in paper covers — 
Part I. Introductory Titles. 2s. 6 d. 
Part II. Family Law. is. 

Part III. Property Law. 2s. 6 d. 
Part IV. Law of O bligations (No. i ), 
3s. 6 d. (No. 2), 4s. 6 d. 

Ilbert. The Government of 

India. Being a Digest of the 
Statute Law relatin g thereto. 
With Historical Introduction and 


Illustrative Documents. By Sir 
Courtenay Ilbert, K.C.S.I. 8vo, 
half-roan. 215. 

Ilbert. Legislative Forms and 

Methods. 8 vo, half-roan. 16.9. 

Jenks, Modem Land Law. 

By Edward Jenka, M.A. 8vo. 15^. 
Jenkyns. BTitish liule and 
Jurisdictioyi heyond fhe Seas. B y tho 
late Sir Henry Jenkyns, IC.C.B. 
8vo, half-roan, 16.9. net. 

Markby. Eléments of Law 

cons-idered with reference to Principles of 
Oen&ralJurispimidence. By SirAVillîam 
Markby, D.C.D. Fifth Edition. 8vo. 

I2S. 6 d. 

Moyle, Imperatoris lus- 

tiniani Instituiionum Lihri Quatkior, 
with Introductions, Commentary, 
Excursus andTi*ansIatîon. ByJ. B. 
Moyle, D.C.L. Foitrth Edit ion. 2 vo I h . 
8vo. Vol. I. 165. Vol. II. 6.9. 

Contract of Sale in the 

Civil Law. 8vo. lOS. Cd. 

Pollock and Wright. An 

Essay on Possession in the Common Law. 
By SirF. Pollock, Bart., M.A., and 
Sir K. S. Wright, B. C.L. Svo. Bh.ChL 
Poste. Gaii Institutionum 

Juris avilis Commentarii Quattuor ; or, 
Eléments of Romaix Law by Gains. 
With a Ti-anslation and Comnnm- 
tary by Edward Poste, M.A. TfUnl 
Edition. Svo. 18.9. 

RadclifiTe und Miles. 

Ilîuslraiing ihe J^rinciplvH <»/’ ihr. Lato of 
Torts. By F. R. Y. Raiïclu-'I'j:, K.C., 
and J.C.Mitæs, M.A. 8vo. 1 2s.C)d. nof. 

Sohm. The Institutes. A 

Text-book of tlio Hisiory and 
System of Roman Privait^ Law- 
By Rudolph Sohm. Translatod by 
J. C. Ledlie, B. C.L. Becond 'Edition^ 
revised and enlargcd. Svo. 189. 

Stokes. The Anglo^^Indian 

Codes. By Whitley Stokes, LL.D. 
Vol. I. Substantive Law. Svo. 30.9. 
Vol. II. Adjective I^aw. Svo. 359. 
First and Second Sux)pïements to 
tho above, 1887-1891, Svo. 6s. 6d. 
Separately, NTo.i, 2s.6d. ; No. 2, 4B.6d. 


London : Henry Feowdk, Amen Corner, E.O. 
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Asser, Life of King Alfred, 

together with the Annals of St* 
Noets, erroneonsly ascribed to 
Assêr. Edited with Introduction 
and Commentary by W. H. Steven- 
son, M. A. 2 vols. Crown Svo. 12s.net 

Aubrey. ‘ Brief Lives^* chiefly 

oj Contempiyranes, set down hy John 
Aubrey, between the Years 1669 and 
1696. Edited from the Author’s 
MSS., byAndrewClark, M.A., LL.D. 
With Facsimiles. 2 vols. 8vo. 25s. 
Ballard. T/ie Bomesday Bot- 

oughs. ByAnoLPHUS B ALLARD, B. A., 
LL.B. 8vo. With four Plans. 6s. 6 d. 
net. 

Barnard. Gompanion to Eng- 

lîsh Sistory (Middîe Ages). With 97 
Illustrations. By E. P. Barnard, 
M.A. Crown 8vo. 8s. 6 d. net, 

BoswelPs Life of Samuel 

Johnson, LL.D. Edited hy G. Birk- 
beck Hill, D.C.L. In six volumes, 
medium 8vo. With Portraits and 
Facsimiles. Half-bound. 3^. 3s. 

Bright. Chapters of Early 

JEnglîsh Church Eîstory. By W. 
Bright, D.B. Third Edition. Revised 
andEnlarged. With a Map. 8vo. 12s. 

Bryce. Studies in History 

and Jurisprudence. By J. Bryce, M. P. 
2 vols. 8vo. 25s. net. 

Butler. The Arah Conquest 

of Egypt and theïast thiriy years ofihe 
Bomcm Dominion. By A. J. Butler, 
B.Litt., F.S.A. With Maps and 
Plans. 8vo. i6s. net. 

Chambers. The Mediaeval 
stage. By E. K. Chambers. With 
tv70 illustrations. 2 vols. 8vo. 2 ^s.net 

Clarendon’s History of the 

BebeUion and Civil Wars in England. 
Ke-edited by W. Dunn Macray, 
M.A., F.S.A. 6 vols. CrownSvo. 21. 5s. 
Earle and Plummer. Two of 

the Saxon Chronicles, Parallel, loith 
Supplemenfary Extracts from the others. 
A Bevised Text, edited, with Intro- 
duction, Notes, Appendices, and 


Glossary, by C. Plummer, M.A., on 
the basis of an édition by J. Earle, 
M.A. 2 vols. Cr. 8vo, half-roan. 
Vol. I. Text, Appendices, and 
Glossary. los. 6 d. 

Vol. II. Introduction, Notes, and 
Index. 1 2s. 6 d. 

Fisher. Studies in Napole- 

onic StatesmansMp . — Germany. By 
H. A. L. Fisher, M.A. With four 
Maps. 8vo. T2S, 6 d. net. 

Freeman. The History of 

Sicilyfrom the Earliest Times. 

Vols. I and II. 8vo, cloth. 21.2s. 
Vol. IIL The Athenian and 
Carthaginian Invasions. 24s. 
Vol. IV. From the Tyranny of 
Bionysios to the Beath of 
Agathoklês. Edited by Arthur 
J. Evans, M.A. 21s. 
Freeman. The Beign qf 

WüLiam Eufus and the Accession of 
Henry the First, By E. A. Freeman, 
B.C.L. 2 vols. 8vo. il, i 6 s. 

G-ardiner. The Constitutional 

Documents of the Puritan Révolution, 
1628-1660. ByS.R. Gardiner,B.C.L. 
Second Edition. Crown 8vo. los. 6d. 

Gross. The Gild Mer chant; 

a Contribution to British Municipal 
History. By Charles Gross, Ph.B. 

2 vols. 8vo. 24s. 

Hill. Sources for Oreek 

History between the Persian and Pelopon- 
nesian Wars. CoUected and arranged 
by G. F. Hill, M.A. 8vo. 105. 6 d. 
Hodgkin. îtaly and Tier In- 
vaders. With Plates & Maps. 8 vols. 
8vo. By T. Hodgkin, B.C.L. 

Vols. I-II. Second Edition. 42g. 
Vols.III-IV. Second Edition. 36s. 
Vols. V-VI. 36s. 

Vol. VII- VIII (completing the 
Work), 245. 

Johnson. Letters of Samuel 

Johnson,LL.D, CoUected and Edited 
hy G. Birkheck Hill, B.C.L. 2 vols, 
half-roan. 28s. 

JohnsonianMiscellanies, 

2 vols. Medium 8vo, half-roan. 28s. 


OadfordL: OlarendoH Presa* 
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Banke. A History of Eng- 

landf prîTwipally in the Seventeenth 
Century, By L. von Eanke. Trans- 
lated under the snperintendence of 
a W. Kitchin, D.D., and C. W. 
Boase, M.A. 6 vols. 8vo. 63s. 
Revised Index, separatély? 

BashdalL The TJniversities of 

Europe in the Middle Ages. By Hast- 
ings Rashdall, M.A. 2 vols, (in 3 
Parts) 8vo. With Maps. 2Z. 5s. net 

Ehys. Studies in the Arthur- 

ian Legend. By John Ehÿs, M.A. 
8vo. I2S. 6 d. 

Celtic Folklore : W elsh and 

Manx. Bythesame. 2 vols, 8vo. 21s. 

Bogers. History of Agriml- 

ture and Prices in Sngïand, a. d. 1 2 59- 
1793* By J* E. Thorold Eogers, 
M.A. 8vo. 

Vols. I, II (1259-1400), 42s. 

Vols. III, IV (1401-1582), 505. 
Vols. V, VI (1583-1702), 50s. 

Vol. VII, 2 Parts (1703-1793). 
ByA. G.L. Eogers, M.A. 50s. 

Sanday. Sacred Sites of the 
Gospels. ByW. Sanday, B.D. With 
many illustrations, includingdraw- 
ings of the Temple by Paul Water- 
house. 8vo. 13s. 6 d, net. 

Scaceario. De Necessariis 

Olservantiis Scaccarn Dialogus. Com- 
monly callecl Dialogus de Scaceario. 

4. PHILOSOPH 

Bacon. Novum Organum, 

Edited, with Introduction, Notes, 
&e., by T. Powler, D.D. Second 
Edition. 8 vo. 1 5s. 

Berkeley. The Works of 

George Berkeley f P. P., formerly Bishop 
ofCloyne; including many of his loriU 
ings hitherto unpublished. With Pré- 
facés, Annotations, Appendices, 
and an Account of his Life, by A. 
CampbellFraser,Hon.D. C.L., LL. D. 
New Edition in 4 vols. , cr. 8vo. 24s, 

• The Life and Letters, 

with an account of his Philosophy. By 
A. Campbell Fraser. 8vo. i6s. 


By Richard, Son of Nigel, Treasurer 
of England and Bishop of London. 
Edited by Arthur Hughes, C. Gr. 
Crump, and C. Johnson. 8vo, 
12s. 6d. net, 

Smith’s Lectures on Justice^ 

Police^ Revenue and Arms. Edited, 
with Introduction and Notes, by 
Edwin Cannan. 8vo. los. 6d. net. 

Wealth of Hâtions. 

With Notes, by J. E. Thorold Eogers, 
M.A. 2 vols. 8vo. 21S. 

Stubbs. Select Charters and 

oiher lîîustrations of English Constitua 
tional Historyj from the Earliest Times 
to the Beîgnof Edward I. Arranged 
and edited by W. Stubbs, D.D. 
Eighth Edition. Crown 8vo. Ss. 6d. 

The Constitutional His- 
tory of England, in its Origin and 
Development. Lihrary Edition. 3 vols. 
Demy 8vo. 2 Z. 8s. 

Also in 3 vols, crown 8vo. 12 s. oach. 

Seventeen Lectures on 

the Study of Mediaeval and Modem 
History and kindred subjecis. Crown 
8vo. Third Edition. 8s. 6d. 

Registrum Sacrum 

Anglicanum. Sm. 4to. Ed. 2. ios.6d. 

Vinogradoff. Villainage in 

England. Essays in English Medi- 
aeval History. ByPaiilVinogradoff, 
8vo, half-bound. 16s. 

r, LOGIC, ETC. 

Bosanquet. Logic; or^ the 

Morphology of Knowledge. By B. 
Bosanquet, M.A. 8vo. 21s. 

Butler. The Works of Joseph 

Butler J D.C.L.J sometime Lord Bishop 
of Durham. Edited by the Eight 
Hon. W. E. Q-ladstone. 2 vols. 
Medium 8vo. 14s. each. 

Campagnac. The Cambridge 

Platonists: being Sélections from the 
writings of Benjamin Whichcoto, 
J ohn Smith, and Natlianael Culvor- 
wel, with Introduction by E. T. 
Campagnac, M.A. Cr.Svo. 6s.6d.net 


Oxford : Clarendon Press. 
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